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Relations between labor and prices constitute a central issue of the labor theory 
of value (LTV) and have been a subject of much reflection and debate in the his-
tory of economic thought. According to Dooley (2009), the LTV has predecessors 
among the classical, scholastic and renascence authors but owes its most influ-
ential versions to modern thinkers like Hobbes (1994), Petty (1963), Cantillon 
(2001), Locke (2003), Hume (1996), Hutcheson (2000), Smith (1981), Ricardo 
(2004) and Marx (1991).

Both Ricardo and Marx sustain, with certain qualifications, that the labor required 
to produce a good determines its exchange relations with other goods, a thesis 
so notoriously polemic that the LTV has been partially identified with it.2 Nev-
ertheless, other ideas associated with the LTV that are compatible with modern 
economic analysis also have important implications for income distribution. To 
demonstrate this, the paper analyses a non-Walrasian model vis-à-vis Marxian and 
Smithian concepts. The interpretations adopted are based on the passages from the 
original texts quoted on each case but the hermeneutical discrepancies involved 
are not discussed.3 

Section 1, describes an economy in which all the production processes are simul-
taneous and of equal length. Transactions are made only at the start and end of 
production so that there is only one production period and two significant dates. 
Moreover, there is no fixed capital and future periods are not considered in the 
choices made by the agents. Some aspects of income distribution are simplified by 
the presence of a bank that possesses all the initial endowments, offers goods on 
the first date and demands equal quantities of them on the second, whenever the 
corresponding profit is not negative. In this manner, the quantity deposed of each 
good is the same at the start and end of production, limiting the consumer’s spend-
ing to the revenue obtained during the current period. 

The following sections, examine certain relations between agents or groups of 
agents implicit in the transaction plans realized during the period. Section 2, pro-
vides a definition of industrial branches and establishes equations describing the 
investment cost and the price of the good produced in each branch as well as in the 
whole industrial system. Section 3, analyses the labor incorporated in merchan-
dises, indicating the cases for which it is possible to calculate this. The indirect 
exchange of labor for labor is examined in Section 4, surplus income and sur-
plus value rates in section 5, real and labor commanded prices in Section 6, non-

2 Important critics of this thesis are represented by Malthus (1823), Pareto (1978), Bohm-Bawerk 
(2007) and Samuelson (1966). The counterexample shown by Sraffa (1960, 37-38) is enough to 
prove the independence of the two sets of variables, although the degree of proximity between 
them may be a relevant issue. For Smith (1981, 65-67) the thesis holds when all the income goes 
to wages, but not as a general rule. 

3 There is a large literature pointing out different possible meanings of important concepts from the 
LTV. For instance, Schumpeter (1994, 188) identifies three different labor-value theories in Smith 
(1981). Marx (2000) criticizes several inconsistencies in the texts of his predecessors and differ-
ent views about Marx´s concepts are compared in Steedman et al. (1981), Mohum et al. (1994) 
and in Freeman, Kliman, and Wells (2004). 
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wage revenues in Section 7 and the incorporation of capital into labor in Section 8. 
The last section presents some comments of a general character and the Appendix 
offers a brief exposition of the distinctive features and the proof of the existence 
of equilibrium situations when markets are organized under a rationing schema.

1. A TWO DATES MODEL
As far as I am aware, no complete explanation has been forwarded of how quanti-
ties exchanged are determined under constant relative prices, a trait characterizing 
the situations studied by Marx and Smith. In this regard, it is worth remarking that 
in a Walrasian model relative prices are not necessarily the same at two different 
dates. However, Benitez (1995) proves the existence of K-equilibriums (defined 
in the Appendix) with constant relative prices using the rationing model proposed 
by Benassy (1982) of which a simplified two-step version will be provided here. 
In this section, merchandises, transaction plans, economic agents (excepting the 
bank) and their choice procedures are defined following the Arrow-Debreu model. 
In the Appendix, Benassy’s model is completed and a rationing scheme presented 
where individual agents choose their optimizing plan taking into account the price 
system and their perception of the choices made by the other agents, an idea previ-
ously considered by Keynes (1973). The economy presents the following features:

 I. Two classifications of goods. A) In terms of their physical properties, goods 
are classified in U types, each one possessing a particular index u = 1, 
2,…,U. The first n are produced goods and will be also represented by the 
indexes i,j = 1,2,…,n; the next U – n are non-produced goods of which the 
first q – n are different types of lands that suffer no depreciation by participa-
ting in production; the last U – q are different types of labor (1  n < q < U). 
B) There is only one place and two dates to deliver goods, these last being 
the beginning and the end of the production period. A second classification 
includes the delivery date in the definition of goods so that for each u there 
are two indexes: h = u and h = 2u corresponding to the good delivered in the 
first and the second date, respectively. 

 II. Two payment dates. A) Vectors p = (p
1
,p

2
,…, p

U
) and p = (p

1
,p

2
,…,p

H
) repre-

sent a spot price system and a price system actualized at the first date with 
an interest rate i* ≥ 0, respectively.4 The rate may differ from one system to 
another; P and P represent the corresponding vector sets. B) Each p Î P has 
the following properties: 1) p

h
 ≥ 0  h, 2) if h  U then p

h
 = 0 Û p

2h
 = 0 and 

3) h, h’  U and p
h
p

h’ 
> 0 Þ p

h
/p

h’
 = p

2h
/p

2h’
. It is worth noting that given any 

p Î P, the corresponding spot prices are the first U coordinates of p. Thus, 
the last proposition implies that relative prices of physically defined goods 
are constant. 

4  The asterisk distinguishes the interest rate from index i. 
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 III. Two types of agents. A) There are two types of agents, F consumers and G 
enterprises, a particular index (f = 1,2,…,F and g = 1,2,…,G respectively) 
corresponds to each. The bank’s index is g = 1. B) For each u  q there is 
an initial endowment d

fu 
≥ 0 in the bank, belonging to consumer f at date 

1 (d
fu
 = 0 if u > q), let d du f fu=  . C) Vectors x

f
 = (x

f1
,x

f2
,…,x

fH
) and y

g
 = (y

g1
, 

y
g2

,…,y
gH

) represent a plan of consumer f and enterprise g, respectively, the 
corresponding sets are X

f
 É RH and Y

g
 É RH. 

IV. Assumptions about enterprises. For every g: A) θ
 
Î Y

g
. B) In y

g
 positive 

quantities represent offers and negative ones represent demands, there are 
no offers of labor. C) Y

g
 is closed and convex. D) For each p Î P, enterprise 

g chooses in Y
g
 a plan that maximizes profits, equal to the product y

g
p. For 

every g > 1: E) If y
g
 Î Y

g
 and y

gh
 > 0 for a certain h there is also in y

g
 at least 

one demand for labor and another for land. F) The production plans do not 
consider the price system nor the initial endowments so that offers are not 
bounded: if y

g
 Î Y

g
 and y

gh
 > 0 there is another plan y’

g
 Î Y

g
 such that y’

gh
 = 

ly
gh

  l > 1. G) If (y
g
, y’

g
) Î Y

g
 and (y

g
, y’

g
) are two different efficient points 

then ly
g
 + (1 – l) y’

g
 is an interior point of Y

g
 for every l Î ]0,1[. For g = 1: 

H) Y
1
 = {y Î RH |  u: a) 0  y

u
  d

u
 and b) y

u
 = – y

2u
}.

V. Assumptions about consumers. For each f: A) q Î X
f
. B) In x

f
, positive quan-

tities represent demands and negative ones represent offers. There are no 
demands for labor and each consumer offers only one type of labor. C) The 
consumption plans consider neither the initial endowments nor the price 
system so that demands are not bounded: if x

f
 Î X

f
 and x

fh
 > 0 there is ano-

ther plan x’
f
 Î X

f
 such that x’

fh
 = lx

fh
  l > 1. D) The quantities of labor that a 

consumer may offer are finite so that X
f
 is bounded from below. E) X

f
 is clo-

sed and convex. F) There is a utility function U
f
: X

f
 →R which is continuous, 

strictly concave and increasing in all its arguments. G) Enterprises belong 
entirely to consumers. Each consumer f owns a fraction a

fg
 of enterprise g 

for every g > 1. On the other hand, for each u, the benefit corresponding to f 
for his property of d

fu
 is proportional to the fraction that this quantity repre-

sents in d
u
. As the bank’s offer of u (y

1u
) on the first date equals its demand 

on the second one (– y
1,2u

), the benefit is (d
fu
/d

u
)(y

1u
)(p

u
 – p

2u
). Consequently, 

consumer f’s budget is I d d y p p y pf u fu u Iu u u g fg g= ( )( ) −( ) + =Σ Σ ∝/ 2 2  where y
g 

is the plan chosen by the enterprise g.5 H) For each p Î P consumer f choo-
ses in X

f
 the plan that maximizes his or her utility function according to the 

restrictions of the available budget. 

 VI. Market situations. A market situation is a complete collection of transaction 
plans (one for each agent) represented by vector z = (y

1
,…,y

G
,x

1
,…, x

F
) and 

the set of all the possible situations is Z = Y
1
 ´…´Y

G 
´ X

1
´…´ X

F
. I will 

consider a posteriori a situation represented by a particular vector z* ¹ q 

5  Alternatively, echoing a suggestion by Debreu (1959, 51), in order for a consumer f to obtain the 
benefits from the initial endowments a particular “bank” may be introduced for these goods.
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assuming that demands and offers where equal in every market. It is worth 
noticing that z* is not necessarily a Walrasian equilibrium; it may also be a 
K-equilibrium as argued in the Appendix. 

The model presented in this section does not consider the interaction between 
society and its natural environment, nor those aspects of social life that determine 
the initial situation. Therefore, it is possible to describe synthetically the phenom-
ena represented as follows.

Definition 1
Economic activity consists in the production and exchange of merchandises dur-
ing a period of time in which technology, preferences and the number of economic 
agents are constant. It transforms an initial situation, characterized by a set of mer-
chandises and the distribution of their property among agents, into a final situation 
characterized by another set of merchandises and another distribution of property, 
not necessarily different from the initial ones. 

2. PRODUCTION EQUATIONS
This section examines the relation between production cost and the price of goods 
produced in the industrial branches of z*, representing the price system adopted 
during the period as p* > q. Each good is measured by the amount of it produced, 
each type of labor by the sum of the time dedicated to all types of labor and spot 
prices by the sum of wages paid during the period. The following definitions do 
not consider g = 1. 

Definition 2
A good j is jointly produced with a good i in the following cases: a) directly, if at 
least one enterprise produces both simultaneously and b) indirectly, if there is at 
least one set of different indexes D = {i, j1, j2,…, jD, j} such that, starting from j1, 
each good is jointly produced directly with the good to its left.

The first case is the only one generally considered as joint production, for instance 
by Marshall (2009, 321-26) and Sraffa (1960, 43). To simplify matters it will be 
referred to as joint production. I extend the content of the concept by including the 
second case which contemplates two goods whose supply is linked by a relation 
that may originate a wave-like effect not, as far as I know, previously discussed in 
the economic literature.6 Definition 1 permits the industrial branches to be defined 

6 Let us assume that: a) there is one enterprise jointly producing i and j1, another jointly producing 
j1 and j2 and so on, b) prices and demands for goods j1 to j are constant and c) given a) and b), an 
enterprise producing any good from j1 to j increases its offer when the output of this good from other 
enterprises decreases and vice-versa. On these conditions, when the production of j1 from the 
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in a way that satisfies the following conditions: a) the branches constitute a par-
tition of the set of enterprises that is unique and depends only on the technology 
employed in the particular vector z* being considered and b) each good is pro-
duced exclusively in one branch. The resulting definition is as follows.

Definition 3
An industrial branch is a set integrated by all the enterprises that satisfy any of the 
following conditions: a) produce one good on its own, not jointly with any other or 
b) produce one jointly-produced good or any of the goods jointly produced with it.

A particular index m = 1,2,…,M (1  M  n) corresponds to each branch. Accord-
ing to II.B), given any p

u
* > 0 it is possible to infer the interest rate from the 

equality p
u
* = p

2u
*(1 + i*). Thus, the bank’s benefit for each unit of u sold and 

bought is p
u
* – p

u
*/(1 + i*) which, actualized at the end of the period is p

u
*i*. In 

this manner, the cost at the second date of each unit of u consumed in the produc-
tion process is p

u
*(1 + i*), a function that permits the cost of the means of pro-

duction in each branch to be calculated. To this end, for any couple (u,m) such 
that u q a y yum g m gu um g m g u≤ = − =( ) ( ), , let  and Σ ∗ δ Σ ∗2  

represent the quantity of u con-
sumed and produced in branch m, respectively. The notation g(m) indicates that 
the sum must include only the enterprises belonging to branch m, a

um
, 

um
 ≥ 0  m 

and a
um

, 
um 

> 0 for each m at least for one u (not necessarily the same u). On the 
other hand, let vectors l

m
 = (l

q + 1
,
 m

, l
q + 2

,
 m

,…, l
U,m

) and s = (p
q + 1

, p
q + 2

,…, p
U
) where 

l yum g m gu= − ( )Σ ∗  for each u such that q < u  U indicate respectively the quanti-
ties of the different types of labor employed in the branch and the corresponding 
prices. The profit of branch m (p

m
) is the difference between the price of the goods 

produced and their total cost actualized at the second date. In these conditions, the 
following equation system is verified.7

 a p i l s i p m Mum u
u

m m um u
u

1 1 1 2+( ) + + +( ) = =∑ ∑* * , , ,π δ …  

For each m, it is possible to distinguish on the left side of the corresponding equa-
tion the rent χ Σ ∗m u n um u

q

a p= = +1  charged on land and the interest or “normal profit” 
according to Keynes (1973, 68) which is the sum i a p i l sim u um u m

n

∗ Σ ∗ ∗= +=1  charged 
on the other goods and on labor. It follows from I.A) that in each production equa-
tion the units of land appear on both sides so that they may be canceled out and, 

first enterprise increases or diminishes the second one will reduce or augment its supply of the 
couple (j1, j2), respectively. For its part, the third enterprise will increase or diminish its offer 
of the couple (j2, j3), respectively, and similar changes will take place successively. Therefore, 
as a consequence of an increase in the production of i the production of j will grow if D is even 
and will diminish if it is odd. This describes the effect and a set of sufficient conditions; further 
research is required to determine the necessary conditions. 

7 Marx (1990, 279) and Smith (1981, 83) assume that wages are paid on the first date.
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consequently, the two summations will include only produced goods. Hence, the 
previous system may be written as: 

 a p i l s p m Mim i m m m m
i

jm j
j

+ + + + = =∑ ∑∗ χ π δ …     1 2, , ,  (1)

Where δ
jm 

= 1 if branch m produces good j and δ
jm 

= 0 if it does not. It should be 
remarked that i

m
*, c

m
 ≥ 0  m because it is required that i* ≥ 0 for the bank to make 

an offer. On the other hand, it follows from IV.A) and IV.D) that p
m
 ≥ 0  m. As 

the amount of profit may be zero in one branch and greater than zero in another the 
profit rates of different branches are not necessarily equal.

3. LABOR AND WAGES INCORPORATED 
This section, defines the quantity of each type of labor required to produce a com-
modity bundle using the technology described in (1). Let c

i
 be a nonnegative quan-

tity of i, vector c = (c
1
, c

2
,…, c

n
) a commodity bundle and x

m
 a coordinate of a 

nonnegative vector x Î RM. Multiplying each equation of (1) by the correspond-
ing x

m
, we obtain: 

 x a p x i x x x l s x p m Mm jm i m m
i

m m m m m m m jm j
j

+ + + + = =∑ ∑∗ χ π δ …     1 2, , ,  (2)
 

Definition 4
The real income of (2) is the vector c determined by:

 x x a c i nm i m
m

im i( ) − = =∑      1 2, , ,  (3)

In this formula, m(i) indicates the branch producing i. This means that at the end of 
the production period c is obtained after replacing the quantity of each good con-
sumed during production.8 Summing up the m equations in (2) yields:

 x a p x i x x x l s x pm im i m m m m m m m m m j j
jmmmmim

+ + + + = ( )∑∑∑∑∑∑∑ ∗ χ π  (4)

It follows from (3) that m m im i i i m i ix a p c p x p∑ + = ( )  for each i, hence i m m im ix a p∑ ∑ +

i i i i m i ic p x p∑ ∑= ( ) . Substituting the right side of (4) for the left side of the last

equation results in m i m im i m m m m m m m m m m m mx a p x i x x x l s∑ ∑ ∑∑ ∑ ∑+ + + + =∗ χ π  

m i m im i i i ix a p c p∑ ∑∑ + . Canceling out the first term in each side yields: 

8 Pasinetti (1977, 133) points out that for the classical economists advanced wages are not a part of 
the net product, c is then equal to real income only if it is paid at the end of production.
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 x i x x x l s c pm m
m

m m m
m

m
m

m m
m

i i
i

∑ ∑∑ ∑ ∑+ + + =∗ χ π  (5)

This equation shows that the price of c is equal to the sum of revenues obtained 
producing c, as observed originally by Smith (1981, 68)9. On the other hand, the 
collection of the different types of labor required directly as well as indirectly to 
produce c is the vector defined in the first of the following equations.

 a)            b) l c x l w c x l Sm m
m

m m
m

( ) = ( ) =∑ ∑  (6)

I shall refer to this as the labor incorporated in c and also, following Marx (1990, 
129)10 as the value of c. Also, I will refer to the vector l(c) corresponding to (1) as 
the labor unit and to w(c) as the wages incorporated in c.

Defining i c x i c x c xm m m m m m m m m
∗ ∗,π π χ χ( ) = ( ) = ( ) =∑ ∑ ∑,  and, due to the fact that 

cp c pi i i= ∑ , it is possible to write (5) under the first of the following expressions:

 a         b  1) * ) *i c c c w c cp i c c c w c( ) + ( ) + ( ) + ( ) = ( ) + ( ) + ( ) + ( ) =χ π χ π    (7) 
 

In the second equation i*(c), p(c), c(c) and w(c) represent interest, profits, rents 
and wages in (5) measured with the corresponding real income, respectively.11� 
The preceding procedure determines the labor incorporated in any c on the con-
dition that it is possible to obtain c as the real income of a system of type (2), in 
which case l(c) is defined.

If, contrary to what is assumed in IV.F), the returns to scale are constant, l(c) is 
defined for every c on the conditions that (1) is viable and only one good is pro-
duced by each branch, as shown in Benítez (2011). But if there is joint produc-
tion in at least one branch this is not always the case. For instance, consider a one 
branch economy producing two goods of which only the first one participates in 
production. There is no x > 0 allowing the calculation of a system of type (2) in which 
the real income does not include the second good. Therefore, the labor incorpo-
rated in the first good cannot be defined. 

The phenomena modelled in system (1) may be described synthetically as follows.

9 “In every society the price of every commodity finally resolves itself into some one or other, or all 
of those three parts; and in every improved society, all the three enter more or less, as component 
parts, into the price of the far greater part of commodities.” The three parts mentioned here are 
wages, rent and profit.

10 “What exclusively determines the magnitude of the value of any article is therefore the amount of 
labour socially necessary, or the labour-time socially necessary for its production.”

11 It follows from the definitions that in system (1) we have w(c) = 1.
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Definition 5
A production process transforms an initial set of merchandises employed as the 
means of production, with the participation of labor, into another set integrated by 
the real income and a collection of means of production equal to the initial one.

4. INDIRECT EXCHANGE OF LABOR 
FOR LABOR
Given two defined vectors l(c) and l(c’) it is possible to compare the quantities of 
labor of each type contained in them, but it is not always possible to compare the 
vectors themselves. Despite this difficulty, I intend to show that some propositions 
from the LTV considered in this paper are valid as well for economies with one or 
with several types of labor. To study the indirect exchange of labor for labor, the 
following result will be useful. 

Lemma 1. Let c be the real income of (1), c’  c and l(c’) a defined vector. Then

 a       b       c  ) ) )l c l c l c l c c c  ( ) ≤ ( ) ( ) ≠ ( ) ⇔ ≠  (8)

Proof. As c is the real income of (1) x
j 
= 1  j in (3). The equations of type (3) that corre-

spond to c and c’ may be written in the forms 1 = + = ′ +∑ ∑c a x c a xi imm m i i imm m and ( ) , 
respectively. Consider an i such that x

m(i)
 ≥ x

j 
 j. To simplify, I will suppose that 

c’
m(i)

 > 0. The assumption c’  c implies that x
m(i)

  1 because otherwise the two 
preceding equations could not be valid simultaneously. Thus, x

i
  1  i, a result 

that implies (8.a). Given the same result, it follows from (8.b) as well as from (8.c) 
that x

j
 < 1 for at least one j, because otherwise l(c’) = l(c) and c’ = c, respectively. 

Hence, (8.b) Þ (8.c) and (8.c) Þ (8.b). 

This lemma shows that we may compare the labor incorporated in two bundles 
c and c’ on the condition that: a) l(c) and l(c’) are defined and b) c and c’ may be 
compared. Therefore, assuming a) we may compare the labor incorporated in the 
real income of (1) with that incorporated in the part of this bundle that corresponds 
to wages, in this case the following proposition is valid.

Corollary to Lemma 1. Let c be the real income of (1) and c’ the bundle acquired 
with the wage. Then: a) c’ and c verify (8.a) and b) the non-wage income obtained 
producing c is greater than zero if and only if (8.b) is verified.

Proof. The bank possesses the same quantity of each good at the start and finish of 
the period. Therefore, c’  c and a) is verified, according to Lemma 1. On the other 
hand, as c’  c and p > 0, equations (7.a) and (7.b) imply that i*(c) + c(c) + p(c) 
> 0 Û (8.c). Hence, it follows from Lemma 1 that i*(c) + c(c) + p(c) > 0 Û (8.b).
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Definition 6
 The indirect exchange of labor for labor is not equivalent if every c’ that may be 
acquired with the wage such that l(c’) is defined verifies (8.a) and (8.b).

It is important to observe that l(c) and l(wc) are defined if c is the real income of 
(1) and w Î [0,1]. The meaning of the corollary may be stated in the following 
manner:

•	 Proposition	1. Non-wage incomes are greater than zero if and only if the 
indirect exchange of labor for labor is not equivalent. 

It is worth underlining that Definition 6 refers to wages and not to workers’ reve-
nue, which may include non-wage incomes. Considering this, in an economy with 
only one type of labor and no joint production, the Fundamental Marxian Theo-
rem, as defined by Morishima (1973, 53), may be inferred from Proposition 1 and 
vice-versa. But if the total income of workers is taken into account there may be 
situations in which profits are greater than zero but no exploitation occurs. More-
over, in the present context the exploitation rate can be calculated only in particu-
lar cases, as shown in the next section.

5. SURPLUS INCOME AND SURPLUS 
VALUE RATES
The following rates measure the excess of the price of a given vector c over the 
wages incorporated in c and the excess of the labor incorporated in c over the labor 
incorporated in a vector c’ acquired with w(c), respectively. 

Definition 7
Given a vector c, the surplus income rate is the proportion between the non-wage 
and the wage income generated producing c:

  S(c) = [i*(c) + c(c) + p(c)] / w(c)  (9)

Definition 8
Given a system of type (1), let c be the real income and c’ the bundle acquired 
with wages, the necessary labor is l(c’), the surplus labor l(c) – l(c’) and the sur-
plus value or exploitation rate is12

12 The following three quotations come from Chapter 9, of Marx (1990). “We have seen that the 
worker, during one part of the labour process, produces only the value of his labour-power, i. e. 
the value of his means of subsistence…If the value of his daily means of subsistence represents 
an average of 6 hours’ objectified labour, the worker must work 6 hours to produce that value…. 
I call the portion of the working day during which this reproduction takes place necessary labour 
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	 r(c) = [l(c) – l(c’)]/l(c’)  (10)

The first rate is the non-wage income per unit of wage and can be calculated for 
any c for which l(c) is defined; the second rate is the quantity of surplus labor per unit 
of necessary labor and can be calculated only if the proportion between the quan-
tities of each type of labor incorporated in vectors (c – c’) and c’ is the same for all 
types. When labor is heterogeneous, this is the case if the fraction of revenue spent 
on each good is the same for wages and for total income, although it may differ for 
different goods. Indeed, in this case, the distribution of cost among the different 
goods in vector (c – c’) is equal to the corresponding distribution in c’, so that each 
vector is a multiple of the other, verifying the following proposition.

Lemma 2. If the proportion of the revenue obtained producing c spent on each 
good is the same for wages and for total income then S(c) =

 
r(c).

Proof. Let nw = i*(c) + c(c) + p(c). Then, we may write (c
i 
– c

i
’)p

i 
/ nw = c

i
’p

i 
/ 

w(c)  i. For this reason, (c
i 
– c

i
’) / nw = c

i
’ / w(c) and (c

i 
– c

i
’) = c

i
’[nw/w(c)]  i 

so that (c
 
– c’) = c’[nw/w(c)]. Substituting the numerator of (10) for the right side 

of the last equation yields r(c) = l{c’[nw/w(c)]} / l(c’) = l(c’)[nw/w(c)] / l(c’) = 
nw/w(c) = S(c). 

This result establishes a relation between the two rates but the proportions involved 
are not necessarily equal for any given c. Therefore, to determine the exploitation 
rate normally requires the conversion of complex into simple labor in order to 
express the quotient indicated as a division of real numbers.13 In this regard, Marx 

time and the labour expended during that time necessary labour…” (pp. 324-325). “During the 
second period of the labour process, that in which his labour is no longer necessary labour …
he creates surplus-value which, for the capitalist, has all the charms of something created out of 
nothing. This part of the working day I call surplus labour time, and to the labour expended dur-
ing that time I give the name of surplus labour…” (p. 325). “In other words, the rate of surplus 
value, s/v = (surplus labour)/(necessary labour) (p. 326). Morishima (1973, 46-51) presents three 
different (but equivalent) definitions of r, among them the one adopted here.

13 The relevance as well as the difficulty of this conversion is highlighted by Cassel (1967, 178): 
“The idea that the proceeds of production can be shared according to the principle of causality, in 
proportion to the work done by each of the several factors, is very popular. It is confirmed when 
we consider cases where the activities necessary to make the product are homogeneous, and can 
therefore be reduced to a common measure. It is then possible to distribute arithmetically accord-
ing to work done. But if the activities required to make the product are of very different kinds, it 
is impossible to reduce them to a common measure, and there can be no ‘correct’ distribution in 
the objective sense.

 This applies primarily to activities of the most heterogeneous nature which we are accustomed 
to lump together as “work”. There is no common measure for the work of the thinker, the artist, 
the manager of a business, and the manual worker. Their common product can never be shared 
according to the work done by each”.

  Some alternative views on this matter are discussed by Klimovsky (1995).
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(1990, 135)14 and (1991, 241-242)15 provides a criterion to calculate simple labor 
quantities given wages when he implicitly affirms that the wage corresponding to 
each type of labor is roughly proportional to the quantity of simple labor being 
paid. However, other than the assumption that prices (in this case, wages) are 
approximately proportional to the corresponding quantities of labor incorporated, 
there appears to be no basis for his conclusion. Moreover, as already indicated, this 
proportionality is not valid as a general rule. Despite this difficulty, assuming the 
hypothesis indicated in the next proposition, it is possible to calculate the exploi-
tation rate of that part of the economy producing wage goods.

Corollary 1 to Lemma 2. If the wage obtained producing c’ is spent buying goods 
in the same proportions as the whole wage S(c’) =

 
r(c’).

Benítez (2011) proves that in economies with homogeneous labor, the surplus 
income rate of that part of the industrial system producing wage goods is equal to 
the exploitation rate of the whole system. On the other hand, for any c for which 
l(c) is defined, the numerator of (9) can be written as w(c)S(c) and the left side of 
(7.a) as w(c)S(c) + w(c). Consequently, (7.a) may be written as the first of the fol-
lowing equations:

 a)  =    b) cp w c S c cp c p w c w c S c S( ) ( ) / ( ) / ( ) ( ) / (1 1 1+( ) ′ = ′[ ] +( ) + ′′( ) c )  (11)

If prices are measured in wage units and wages are proportional to quantities of 
labor w(c) is the value of c. Therefore, in this case (11.a) indicates that prices are 
equal to values multiplied by 1 plus the surplus income rate, a relation studied in 
Benítez (2011). In the present context, this equation shows that the price of c is 
equal to the wage incorporated in c multiplied by the factor indicated. On the other 
hand, the rate at which the price of c outgrows w(c) is [cp – w(c)] / w(c) = S(c). For 
this reason, the surplus income rate may be considered as a measure of the distance 
between the price and the wages incorporated in a given vector c (or its value, in 
especial cases). Equation (11.b) shows that the exchange relation between two dif-
ferent vectors c and c’ is equal to the proportion between the wages incorporated 

14 “Simple average labour, it is true, varies in character in different countries and at different cul-
tural epochs, but in a particular society it is given. More complex labour counts only as intensi-
fied, or rather multiplied simple labour, so that a smaller quantity of complex labour is considered 
equal to a larger quantity of simple labour. Experience shows that this reduction is constantly 
being made”.

15 “Other distinctions, for instance in the level of wages, depend to a large measure on the distinction 
between simple and complex labour that was mentioned already in the first chapter of Volume 
1, p. 135, and although they make the lot of the workers in different spheres of production very 
unequal, they in no way affect the degree of exploitation in these various spheres. If the work of 
a goldsmith is paid at a higher rate than that of a day-labourer, for example, the former’s surplus 
labour also produces a correspondingly greater surplus-value than does that of the latter. And 
even though the equalization of wages and working hours between one sphere of production and 
another, or between different capitals invested in the same sphere of production, comes up against 
all kinds of local obstacles, the advance of capitalist production and the progressive subordination 
of all economic relations to this mode of production tends nevertheless to bring this progress to 
fruition”.
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in the corresponding goods (or, in especial cases, their values) multiplied by a fac-
tor determined by the income distribution rates.

Let us consider the following propositions.

•	 Proposition	2. The exchange relation between two goods is equal to the 
proportion between the quantities of labor incorporated in the goods.

•	 Proposition	3. The exchange relation between two goods is equal to the 
proportion between the quantities of wages incorporated in the goods.

Proposition 4. The wage is equal to total income. In any system of type (1) Propo-
sition 4 implies Proposition 3 (P.4 Þ P.3) and for most systems P.3 Þ P.4 although 
there are some special systems studied in Benítez (2008) in which P.3 may be ver-
ified while non-wage incomes are greater than zero. Therefore, excluding these 
particular cases we may say that, as a general rule P.4 Û P.3, a conclusion permit-
ting to consider P.3 as a normative principle because it characterizes a situation 
in which all the income pertain to workers. If non-wage incomes are greater than 
zero, an increase in wages is at the same time a reduction in the distance between 
prices and wages incorporated (or values, in especial cases) and vice-versa. If 
labor and wages incorporated in the different c obey to the same proportion, then 
P.2 Û P.3 so that in the preceding conclusions P.3 may be substituted for P.2.

6. REAL AND LABOR COMMANDED PRICES
Montaigne (2003, 51)16 observes that the value of a good for a particular person is 
linked to the cost in which he incurs to possess it; while Hume (2008, 160)17 sug-
gests that the price of a merchandise indicates a certain amount of labor for which 
it may be exchanged. Both ideas were adopted by Smith (1981, 47)18 who distin-
guishes two cases: a) someone who owns a merchandise and desires to exchange 
it for something else and b) someone who acquires a good in exchange for his own 

16 “That our opinion gives value to things is seen by the many things that we do not think about 
event to appraise them, preferring to think about ourselves instead. We consider neither their 
qualities nor their uses, but only the cost to us of getting them, as if that where some part of their 
substance; and we can value in them not what they bring, but what we bring to them. At which 
point I note that we are great economizers of our expenditure. According as it weighs, it serves for 
the very fact that it weighs. Our opinion never let it run at a false valuation. Purchase gives value 
to the diamond, and difficulty to virtue, and pain to piety, and harshness to medicine”.

17 “Every thing in the world is purchased by labour; and our passions are the only causes of labour”.
18 “The value of any commodity, therefore, to the person who possesses it, and who means not to 

use it or consume it himself, but to exchange it for other commodities, is equal to the quantity of 
labour which it enables him to purchase or command. Labour therefore, is the real measure of the 
exchangeable value of all commodities.

 The real price of every thing, what every thing really cost to the man who wants to acquire it, is 
the toil and trouble of acquiring it. What every thing is really worth to the man who has acquired 
it, and who wants to dispose of it or exchange it for something else, is the toil and trouble which 
it can save to himself, and which it can impose upon other people. What is bought with money or 
with goods is purchased by labour as much as what we acquire by the toil of our own body”. 
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labor. The following definitions correspond to the first and the second perspec-
tive, respectively.

Definition 9
The labor commanded by a vector c is its price measured with labor of a particular 
type or with a collection of different types of labor arbitrarily chosen. 

Definition 10
The real price of a vector c for a consumer is the quantity of labor of the type he/
she usually offers necessary to acquire c. 

In both definitions, labor measures the prices of goods that are present in the mar-
ket place. For this reason, labor commanded and real prices are determined by the 
price system and refer to the same quantity of labor from two different perspec-
tives. The labor commanded by a good is equal to the labor that individuals have 
to carry out if they are to pay indirectly for the good in this manner. But the two 
quantities differ when society as a whole is considered. Indeed, in this case the 
labor commanded by a good is still determined by the price system, but the quan-
tity of labor that a society must realize in order to acquire a vector c is l(c). There-
fore, we can formulate the following conclusion.

•	 Proposition	5. For society as a whole the real price of a good is the quantity 
of labor necessary to produce it.

 Accordingly, the terms “labor incorporated”, “actual cost”19, “value”, “socially 
necessary labor” and “real price for society” refer to the same thing, which 
will be considered further in the following section. 

 Although prices can be measured with any good, real and labor comman-
ded prices make it possible to visualize some economic relations that are 
not similarly clear using other units of measuring. To illustrate this, I shall 
consider the choice of a consumer i, given a p Î P. Let x

i
 be the consump-

tion vector chosen by agent i, and x
i
 the same vector after the labor quanti-

ties present in x
i
 have been substituted by zeros. In Figure 1, the horizontal 

axis indicates quantities of the type of labor realized by i, the left side of the 
vertical axis multiples of vector x

i
 and its right side the price of this vector 

measured with i’s labor. Each one of the straight lines A, B and C represents 
a budget destined to acquire x

i
 with an income coming exclusively from 

labor, from labor and property and only from property, respectively. In the 
three cases the real price of x

i
 to consumer i is equal to l

a
; in the first one 

19According to Marx (1991, 118): “The capitalist cost of the commodity is measured by the ex-
penditure of capital, whereas the actual cost of the commodity is measured by the expenditure 
of labour”.



346 Cuadernos de Economía, 32(60), julio-diciembre de 2013

he realizes entirely l
a
, in the second one he realizes only l

b
 and his non –

wage income commands the rest while in the last case l
a
 is entirely com-

manded. The segment [0, l
a
 – l

b
] indicates the work commanded by agent i’s 

non-wage incomes, which is equal to segment [– l
a
, – l

a
 + l

b
] and represents 

the labor that the consumer spares to him or herself, as indicated by Smith.

FIGURE 1.
REAL AND COMMANDED PRICES IN CONSUMER CHOISE
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Although the real price of x
i
 is the same in the three cases it means different things 

depending on the consumer’s wealth. If the agent’s budget line is A, the real price 
represents an exchange of labor for goods in which two aspects of labor, as pro-
ducer and evaluator of goods, are tightly linked. If it is C, the real price measures 
a particular form of power exerted over the labor or the product of the labor of 
other agents, as Smith (1981, 48) pointed out20. Someone with budget line B par-
ticipates from both revenue sources according to B’s distance from the extreme 
positions A and C. 

On the other hand, the choice made by each consumer i establishes the equiva-
lence between the bundle x

i
 chosen and the quantities of labor given in exchange, 

actual and commanded. In a similar manner, the transactions in the different mar-
kets of z* establish the equivalence between real income and the corresponding 
labor commanded income measured by the labor unit, determining simultaneously 
the price of this unit in terms of the real income. The resulting situation is illus-
trated in Figure 2 where the vertical axis measures multiples of vector c, the real 

20 “The power which that possession [of a fortune] immediately and directly conveys to him [who 
possesses the fortune], is the power of purchasing; a certain command over all the labour, or over 
all the produce of labour which is then in the market”.
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income of (1); the left side of the horizontal axis measures multiples of l(c) and its 
right side the wage measured with the real income. The curve represents the func-
tion relating each quantity of the second vector to the maximal quantity produced 
of the first one. When vector (w,1) indicating the wage measured with the real 
income is to the right, on or to the left of point (1,1) the budget line correspond-
ing to wages passes above, on or below point (-1,1) and profits are lower, equal to 
or greater than zero, respectively. In this regard, it is worth noting that in the first 
case the enterprises will not produce goods whereas workers are normally willing 
to exchange one unit of labor for less than the corresponding real income. Hence, 
the typical case is the third one in which wages permit worker only to buy a vec-
tor wc such that w < 1 or an equivalent bundle.

FIGURE 2.
REAL INCOME AND WAGES
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7. DEDUCTIONS FROM THE PRODUCT OF LABOR 
Smith (1981, 83)21 and Marx (2000, 85)22 coincide in explaining the origin and 
magnitude of non-wage incomes as follows.

21 “As soon as land becomes private property, the landlord demands a share of almost all the pro-
duce which the labour can either raise, or collect from it. His rent makes the first deduction from 
the produce of the labour which is employed upon land. 

 It seldom happens that the person who tills the ground has the wherewithal to maintain himself 
till he reaps the harvest. His maintenance is generally advanced to him from the stock of a master, 
the farmer who employs him, and who would have no interest to employ him, unless he was to 
share in the produce of his labour, or unless his stock was replaced to him with a profit. This profit 
makes a second deduction from the produce of the labour which is employed upon land”.

22 Marx comments the passage quoted in note 8 in the following terms: “Here therefore Adam Smith 
in plain terms describes rent and profit on capital as mere deductions from the workman’s product 
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•	 Proposition 6. Interest, rents and profit: a) are deductions from the product 
of labor and b) their relative magnitudes depend on the social strength of the 
group receiving each type of income.

 I present two comments on Proposition 6.a that are based on arguments 
developed from the previous sections.

 1) The means of production consumed in (1) are completely replaced by the 
end of the production period. Therefore, the following conclusion, sugges-
ted by Marx (see note 18), may be formulated:

•	 Proposition	7. The net cost paid by a society to acquire a vector c is l(c).23  
Accordingly, the net cost paid by a society to acquire real income is the 
labor realized during the period. 

 2) In the model studied here, labor is just one among several production 
factors. However, it is the only human activity directly involved in the pro-
duction process.24 To underline this condition of labor vis á vis other human 
activities it may be said that real income is the product of labor and, con-
sequently, each form of income is a deduction from product of labor. It 
follows that it is possible to indicate two differences between wages and 
other types of incomes: a) wages pay labor with (a part) of its own product 
and b) the other types of income remunerate ownership either of enterpri-
ses or of goods, a legal relation that, as such, does not count among produc-
tion factors. 

The preceding comments highlight the importance of labor in contrast to owner-
ship of goods and enterprises. In this regard, because they cover entirely the net 
cost of the real product, some socialist thinkers like Menger (2010) have vindi-
cated the worker’s right to the whole product of labor. However, this position over-
looks the fact that the production process in z* (which includes labor) depends on 
a social framework that is not labor’s product alone but constitutes the outcome 
of the entirety of social life. This fact justifies at least those deductions from the 
product of labor required to maintain and improve the corresponding set of eco-
nomic, political, juridical and cultural institutions. On the other hand, because pri-

or the value of his product, which is equal to the quantity of labor added by him to the material. 
This deduction, however, as Adam Smith has himself previously explained, can only consist of 
that part of the labour which the workman add to the materials, over and above the quantity of 
labour which only pays his wages, or which only provides an equivalent for his wages; that is, the 
surplus labour, the unpaid part of his labour”. 

23 It is important to remark that this cost is independent of the amount and of the payment date of 
the different incomes, because the corresponding data does not affect the production process. See 
Benítez (2009).

24 A vector l(c) may include the personal services of the entrepreneur and his assistants, as pointed 
out by Keynes (1973, 213). “I sympathize, therefore, with the pre-classical doctrine that every-
thing is produced by labour, aided by what used to be called art and is now called technique. It is 
preferable to regard labour, including, of course, the personal services of the entrepreneur and his 
assistants, as the sole factor of production, operating in a given environment of technique, natural 
resources, capital equipment and effective demand”.
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vate enterprises and the search for profits are mutually dependent, their influence 
on the production process and on social welfare must be evaluated together. Such 
a task requires a model allowing the study of enterprise formation instead of tak-
ing these variables as a given, contrary to the model studied here. It may be added 
that, without losing sight of their negative effects, Marx (1990, 929)25 and Smith 
(1981, 27-28)26 recognize the role of these institutions in the development of the 
division of labor and the introduction of technical innovations. 

It is probably impossible, as Cassel (see note 17) and Pullen (2010) affirmed, to 
divide the net product in proportion to the contribution provided by each mate-
rial input participating in production. In a similar manner, it may also be impossi-
ble to determine the proportional share corresponding to the contribution of those 
immaterial elements of the social framework that act to stimulate the production 
process. These difficulties give relevance to the discussion of income distribution 
from ethical and political perspectives.27

Profits, interest and rents depend on the situation z* being considered which, 
together with the distribution of property, determines the non-wage revenues 
received by each consumer. In this regard, propositions 6.a and 7 provide a strong 
argument in favor of public policies that reduce inequalities between the living 
conditions of social classes resulting from the given distribution of property. On 
the other hand, although Proposition 6.b will not be discussed in this paper, it can 
be argued that it would be possible to represent (at least partially) the relative 
strength of different agents either by introducing rigidities in the price system or 
by means of the relative positions of the different agents in the rationing scheme 
presented in the Appendix.

Some concepts discussed in this paper are illustrated in Figure 3, where 6 columns 
are shown, each one representing two particular sets of physical quantities (except 
for column 3 which represents prices). The broken lines dividing some columns 
indicate the separation of vectors. The sets in column 1 correspond to the start and 
those in column 2 to the end of the production process in which a certain amount 
of labor l(c) and of initial endowments (IE) are transformed into real income c and 
another set of initial endowments. The next three columns are related only to c: 

25 “One capitalist always strikes down many others. Hand in hand with this centralization, or this 
expropriation of many capitalist by a few, other developments take place in an ever-increasing scale, 
such as the growth of the co-operative form of the labor process, the conscious technical application 
of science, the planned exploitation of the soil, the transformation of the means of labour into forms 
in which they can only be used in common, the economizing of all means of production by their use 
as the means of production of combined, socialized labour, the entanglement of all peoples in the 
net of the world market, and, with this, the growth of the international character of the capitalist 
regime”.

26 “It is not from the benevolence of the butcher, the brewer, or the baker, that we expect our dinner, 
but from their regard to their own interest. We address ourselves, not to their humanity but to their 
self-love, and never talk to them of our own necessities but of their advantages”.

27 Kölm (2004) and Zucker (2001) study ethical and political aspects of income distribution. They 
also provide extensive bibliographies on these matters. 
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column 3 shows the real income divided into wage and non-wage revenues that are 
exchanged respectively for vectors c – c’ and c’ appearing in column 4. These col-
lections of goods correspond to necessary and surplus labor of column 5 which, in 
turn, add up to the initial labor force.

FIGURE 3. 
SOME CONCEPTS RELATING LABOR AND PRICES 
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8. INCORPORATION OF CAPITAL INTO LABOR
The following propositions, suggested respectively by Smith (1981, 118-119)28 
and (1981, 282)29 and Marx (1990, 274)30 and (1990, 276)31 explain the difference 
in wages as a consequence of the different cost incurred preparing the labor force 
to each task.

28 “When any expensive machine is erected, the extraordinary work to be performed by it before it 
is worn out, it must be expected, will replace the capital laid out upon it, with at least the ordinary 
profits. A man educated at the expense of much labour and time to any of those employments 
which require extraordinary dexterity and skill, may be compared to one of those expensive ma-
chines. The work which he learns to perform, it must be expected, over and above the usual 
wages of common labour, will replace to him the whole expense of his education, with at least 
the ordinary profit of an equally valuable capital. It must do this too in a reasonable time, regard 
being had to the very uncertain duration of human life, in the same manner as to the more certain 
duration of the machine.

 The difference between the wages of skilled labour and those of common labour, is founded upon 
this principle”.

29 “The improved dexterity of a workman may be considered in the same light as a machine or 
instrument of trade which facilitates and abridges labour, and which, though it cost a certain 
expense, repays that expense with a profit”.

30 “The value of labour-power is determined, as in the case of every other commodity, by the la-
bour-time necessary for the production, and consequently also the reproduction, of this peculiar 
article”.

31 “In order to modify the general nature of an organism in such a way that it acquires skills and 
dexterity in a given branch of industry, and becomes labour-power of a developed and specific 
kind, a special education and training is needed, and this in turn cost an equivalent in commodities 
of a greater or lesser amount. The cost of education varies according to the degree of complexity 
of the labour-power required. These expenses (exceedingly small in the case of ordinary labour-
power) form a part of the total value spent of producing it”.
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•	 Proposition	8. Differences in wages are mainly due to the different invest-
ments required to prepare the labor force for each task.

•	 Proposition	 9. Wages pay the quantity of labor required to produce the 
labor force; the differences in wages are due to the different quantities of 
labor necessary to this end. 

In both propositions, the capacity to realize a particular task is conceived as the 
product of a previous production process that has given the individual the required 
skills. Therefore, each type of work has a price that covers the corresponding cost 
and profit. In this sense, it is possible to say that each type of labor incorporates 
an amount of capital equal to the investment done qualifying it.32 As even the sim-
plest employment requires some education, each type of labor incorporates a cer-
tain capital that may be estimated according to Becker (1964). It must be noted 
that: a) all workers own a non-transferable capital incorporated in his labor-power 
and b) differences in wages may be quite significant. On this basis, we may con-
clude that this constitutes one of the main varieties of capital alongside goods and 
enterprises. Moreover, the two remarks may be of interest in the study of the social 
stratification of workers. In particular, they provide an economic argument of the 
stratification explored by Touraine (1966) and may also imply some consequences 
in the definition of labor and in the general relation between labor and capital.

9. CONCLUSION
Contrary to other ideas of Marx and Smith, propositions 1, 5, and 6 commented 
on in this paper are compatible, at least partially, with different theories that seek 
to explain how resources are assigned and prices determined. Indeed, the price of 
each productive factor and its marginal productivity; the profit rate in each branch 
and its average level in the economy; as well as the value proportion of goods and 
their relative price may or may not be equal. Nevertheless, the contents of these 
propositions do not depend on the proximity between the couples of variables just 
mentioned, some of which may not even be defined. 

 In a similar manner, consumers may chose a plan without considering the labor 
commanded by their budgets, which indicates, as shown in Section 5, the amount 
of labor that they would have to perform in order to acquire the goods that they 
desire if they own no properties. However, consumers’ perception of the relation 
between their own income and other people’s labor (and vice-versa) may influence 
their judgment on important matters, for instance, about wage negotiations and the 
state budget. Labor commanded prices are also interesting to ethics because they 
highlight the fact that the freedom from labor allowed by the different forms of 
property is possible only because someone else does the work required. Although 

32 According to note 2, the proportion between the cost incurred qualifying a particular type of labor 
and the quantity of labor required to this end is not necessarily the same for all types of labor. 
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envisaged here as an imposition of material wants, labor is not conceived as some-
thing necessarily unattractive.

For Marx and Smith, labor is related to prices mainly under two different aspects, 
as producer of goods and as a mean to pay indirectly for merchandises. Produc-
tion requires time while purchasing occurs instantly, but they determine each other 
simultaneously in the consumer’s choice. The Smithian concept of real price (for 
society) and its Marxian equivalent of value highlight the net cost paid by society 
in order to acquire economic goods. In this manner, they provide important argu-
ments favoring politics which tends to diminish social inequalities due to: a) the 
distribution of income between wages and non-wage revenues and b) wage differ-
entials originated in the capital incorporated into different types of labor. 

APPENDIX
This Appendix presents the basic features of fix price equilibrium when markets 
are organized according to a queue rationing system. It follows Benassy (1982) 
but presents a simplified version of his work because each agent has the same 
position in the queues of all the markets and no money is considered. Moreover, I 
assume that p > q and i* > 0.

As the initial endowments are finite and there are no increasing returns to scale, 
the greatest quantity that can be offered of any good is also finite. Let Q be an 
upper bound for these offers, p

a
 ≥ p

h
  h and p

b
  p

h
  h. Under these conditions, 

the transaction that an agent can expect to realize in any market is smaller or equal 
to N = HQp

a 
/ p

b
. Let T

h
 = [–N, N] for each h, T = T

1
´… ´T

H
, Y

g
 = Y

g 
ÇT for each 

g and X
f
 = X

f 
Ç	T for each f. Hence, all the market situations compatible with the 

initial endowments, available technology and given prices are comprised within 
the set Z(p) = Y

1
´… ´Y

G
 ´X

1
´… ´X

F
.

Given a vector z Î Z(p), for each h the aggregated demand and offer of good h are 
D y x S y xh ghg fh hf ghg fhf

= − + = −− + + −∑ ∑ ∑ ∑ and , respectively. The superscript 
indicates that the summation must include only those coordinates having the cor-
responding sign. Each agent chooses his desired transaction considering the restric-
tions imposed by D

h
 and S

h
 together with the transactions desired by the agents 

preceding him in the queue. Therefore, in market h, each enterprise g and each 
consumer f must choose his desired transaction within the interval determined 
respectively by the first and the second couple of constraints indicated.

 
d S      Sgh h gh

g

g

gh gh
g

g

= − −






= −− +

=

−

=

−

∑ ∑min , max ,0 0
1

1

1

1

y D yh








 
d S y y      S D yfh h gh fh

f

f

g
fh h gh-= + −







= − ++ +

=

−

∑∑max , min ,0 0
1

1

−−






−

=

−

∑∑ y      
fh

f

f

g 1

1
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They permit the intervals T
gh

 = [d
gh

, s
gh

] and T
fh
= [s

fh
,d

fh
] for each couple (g,h) and 

(f,h), respectively to be defined. As well as the hypercube T
g
 = T

g1
 ´ T

g2
 ´…´ 

T
gH

 for each g and T
f
 = T

f 1
 ´ T

f 2
 ´…´ T

fH
 for each f. Then, the producer g must 

choose within the set Y
g 
Ç	T

g
 and the consumer f within the set X

f
 Ç	T

f 
. It is 

important to remark that in each case the vector chosen is unique. Indeed, due to 
the fact that i > 0, every transaction possible for the first agent reports an earning 
greater than zero. Therefore, two different plans can not maximize profits because 
in that case an additional earning could be reached adding a transaction to any of 
the plans included only in the other one. For the rest of the agents the singularity 
of the choice follows from the assumptions in paragraphs IV and V of Section 3. 
Thus, applying the rationing schema in a vector z Î Z(p) led to a second vector 
z’Î Z(p). If supply and demand are not equal in all the markets in the second vec-
tor the rationing schema is applied to z’ and so on until a vector z* is reached ver-
ifying this equality. The preceding indications permit the functions F: Z(p) ® Z(p) 
and G: Z(p)® R2H(G + F) to be defined associating with each z vectors F(z) = z* and 
G(z) = (G

1
, …, G

G
, G

1
,…,G

F
) respectively. In the last, G

g
 = (d

g1
, s

g1
,…, d

gH
,s

gH
) for 

each g and G
f
 = (s

f 1
, d

f 1
,…, s

fH 
,d

f H
) for each f.

Given a constraint vector G(z) the effective demand z
gh

 (or z
ih
) from agent g (or 

f) in market h is defined as the choice of the agent in market h when the inter-
val T

gh
 (o T

fh
) has been substituted for T

h
 in T

g
 (or T

f
 ). In this manner, the agent 

considers the restrictions in every market except in market h. It is important to 
indicate that the choise is unique. Let z: Z(p) ® Z(p) be the function associating 
to each z the vector z(z) = (z

1
,…, z

G
,z

i1
,…, z

IF
) where z

g
 = (z

g1
,…, z

gH
) for each 

g and z
f
 = (z

f1
,…, z

fH
) for each f, this function expresses the transaction desired by 

the agent in each market when the restriction has been suppressed in that particu-
lar market.

•	 Definition	A.1. A K- equilibrium for a price system p* is a couple of vectors 
z and z* such that: a) z* = F(z) and b) z = z(z*).

 A K- equilibrium is a situation where the consistent transactions depend on 
the effective demands and vice-versa. It is possible to prove the following 
proposition.

Theorem A.1. For every p Î P such that i* > 0 there is a K- equilibrium.

Benassy (1982) demonstrates this result in a pure exchange economy. Neverthe-
less, the proof that he presents is also sufficient for the model considered here on 
the condition that F(z) are z(z) are continuous, something argued in the text just 
cited for the case of the consumer. The proof of this property for the case of the 
enterprises does not offer particular difficulties although it is tedious, a reason not 
to include it here. The interested reader may find this proof in Benítez (1995) and 
a supplementary discussion of this type of equilibriums in Benassy (2002). 
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