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This paper aims to analyse asymmetric volatility dependence in the exchange rate 
between the British Pound, Japanese Yen, Euro, and Mexican Peso compared to 
the U.S. dollar during different periods of turmoil and calm sub-periods between 
(1994-2018). GARCH and TARCH models are employed to model conditional 
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variance. Once volatility is estimated, the Copula approach provides an upper 
and lower tail dependence measure for each subperiod: 1994-1999, 2000-2007, 
2007-2012, 2013-2018. The empirical joint distribution of exchange rate volatil-
ity pairs displays high tail-dependence in the lower tail and low tail-dependence 
in the upper tail. Results have important implications in term of risk management 
and investment strategies.

Keywords: Exchange rates; volatility modelling; tail dependence.
JEL: G01, G15, F65, C58.

Sosa Castro, M., Bucio Pacheco, C., & Díaz Rodríguez, H. E. (2021). Depen-
dencia extrema de la volatilidad en los tipos de cambio. Cuadernos de Econo-
mía, 40(82), 25-55. 

Este artículo analiza la dependencia asimétrica de la volatilidad de los tipos de 
cambio entre la libra esterlina, yen japonés, euro y peso mexicano en términos 
del dólar americano, en un periodo que comprende episodios de calma e incerti-
dumbre (1994-2018). Los modelos GARCH y TARCH se emplean para modelar 
la volatilidad del tipo de cambio. Una vez que la volatilidad se estima, se calcula 
la dependencia de la cola superior e inferior, para cada subperiodo: 1994-1999, 
2000-2007, 2007-2012, 2013-2018. La dependencia bivariada de la volatilidad 
cambiaria muestra alta dependencia en la cola inferior y baja dependencia en la 
cola superior.

Palabras clave: tipo de cambio; modelación de volatilidad; dependencia de cola.
JEL: G01, G15, F65, C58.

Sosa Castro, M., Bucio Pacheco, C., & Díaz Rodríguez, H. E. (2021). Depen-
dência extrema da volatilidade nas taxas de câmbio. Cuadernos de Economía, 
40(82), 25-55. 

Este artigo analisa a dependência assimétrica da volatilidade das taxas de câm-
bio entre a libra esterlina, o iene japonês, o euro e o peso mexicano em relação 
ao dólar norte-americano, em um período que inclui episódios de calma e incer-
teza (1994-2018). Os modelos GARCH e TARCH são usados para modelar a vola-
tilidade da taxa de câmbio. Uma vez que a volatilidade é estimada, calcula-se a 
dependência da cauda superior e inferior, para cada subperíodo: 1994-1999, 2000-
2007, 2007-2012, 2013-2018. A dependência bivariada da volatilidade da taxa de 
câmbio mostra alta dependência na cauda inferior e baixa dependência na cauda 
superior.

Palavras-chave: taxa de câmbio; modelagem de volatilidade; dependência da 
cauda.
JEL: G01, G15, F65, C58.
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INTRODUCTION
A fundamental issue closely related to asset allocation and risk management is the 
increasing of interdependence in financial markets during crisis episodes. There is 
a common concern related to the fact that disequilibrium generated in one region 
is extended to a wide range of markets and countries, and fundamentals are not 
enough to explain these changes. Dependence phenomenon started to be measured 
and studied after the crisis in the 1990s by using correlation analysis, often based 
on ARCH type models (Hamao, Masulis, & Ng, 1990; King & Wadwhani, 1990; 
Lin, Engle, & Ito, 1994; Malliaris & Urrutia, 1992; Susmel & Engle, 1994). 

Exchange rate is a key financial and economic variable. Since 1970 (after the 
abandonment of the gold standard), relative currency prices have been fluctuating, 
and countries have experienced periods of instability and constant depreciations 
(appreciations) associated with crises. In this sense, the exchange rates returns 
experiences similar behaviour when financial disequilibria occurs. Financial  
literature has identified this phenomenon as: asymmetric dependence. Asymmet-
ric dependence is displayed when two returns exhibit greater correlation during 
market downturns than market upturns. A possible explanation could be because 
investors are more uncertain about state of the economy (Patton, 2006). 

Asymmetric dependence between exchange rates could come from portfolio 
rebalancing or could be explained by Central Banks’ differentiated responses to 
exchange rate movements. For example, to guarantee trade competitiveness, if 
country A observes that the currency of country B is depreciating, and both coun-
tries are commercial rivals; country A’s Central Bank will intervene to ensure a 
matching depreciation between the currency of country A and B. In other words, 
currencies from country A and B will depreciate in the same magnitude, in rela-
tion to the currency of the common business partner. Changes in these variables 
are translated into higher volatility for both currencies. Thus, dependence level 
could be higher during high volatility periods than during low ones (Patton, 2001).

Evidence of the non-normality in distributions of many common economic and 
financial variables has been widely reported. These kinds of variables exhibit  
stylized facts including: skewness, kurtosis (peaked and heavy-tailed distribu-
tions), non-linearity, long run memory (shocks effects remain during long time), 
leverage effect (good news has lower impact than bad in volatility), and asym-
metric dependence. To overcome difficulties in financial variables estimation, this 
paper proposes using ARCH models as a suitable approach to capture time-varying  
behaviour of series. In terms of measuring the strength of linkages between finan-
cial variables, Copula is a more informative measure of dependence between two 
(or more) variables than linear correlation. 

This paper analyses bivariate asymmetric dependence in the exchange rate volatil-
ity of: the British Pound, Japanese Yen, Euro, and Mexican Peso in comparison to 
the U.S. dollar during four sub-periods: 1994-1999, 2000-2007, 2007-2012, 2013-
2018, which are characterized by the presence of turmoil and then subsequent 
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periods of calm. To achieve this goal, univariate GARCH and TARCH models are 
employed to estimate conditional volatility of series. Once conditional variance 
is modelled, a Copula approach is used to measure volatility dependence and tail 
volatility dependence by currency pairs. Tail dependence results allow us to deter-
mine whether there is higher dependence during high volatility episodes. 

This article makes two contributions. First, it proposes a relatively innovative 
methodology to analyse asymmetric dependence in a market to which not much 
attention has been paid: the exchange rate market. Second, it provides valuable 
information about the dependence structure of currency prices, which promotes 
better investment strategies in terms of asset allocation, pricing, and risk man-
agement.1 Related to monetary policy, policy-makers could use this information 
to anticipate Central Bank decisions and have a better market response, avoiding  
disequilibria in other markets and loss of commercial competitiveness. 

The structure of this paper is the following: section 2 presents the literature review, 
section 3 develops the methodology and data used, section 4 analyses empirical 
evidence, and section 5 concludes the paper.

LITERATURE REVIEW
Copula is an approach which overcomes the limitations of traditional methodolo-
gies, and captures non-linearity, non-normality, skewness, and asymmetry in joint 
distributions without considering which distributions financial series exhibit.

Due to the advantages of copula, there is a growing body of literature on the 
approach (Arreola Hernandez, Hammoudeh, Nguyen, Al Janabi, & Reboredo, 
2017; Bouri, Gupta, Lau, Roubaud, & Wang, 2018; Liu, Long, Zhang, & Li, 2019 
are some examples). 

Closely related with this research, recently, academia has focused on research 
about dependence in heavy tail distributions. Yao and Sun (2018) study tail depen-
dence structure between policy uncertainty and financial markets; their results 
show changes in tail dependence structure across time and regime switching 
behaviour. Boako, Tiwari, Ibrahim, and Ji (2018) analyse tail dependence between 
gold and stock markets. They identify co-jump phenomenon and conclude that 
there is a positive dependence between the markets.

Asymmetric dependence is an interesting topic, and several studies have been 
undertaken about this phenomenon on different assets, but especially on stock 
markets. Longin and Solnik (2001) test the hypothesis of increasing equity market 
correlation in volatile times. They use Extreme Value Theory to model the Multi-
variate Distribution Tails and measure extreme correlation. Empirical results show 
that correlation increases in bear markets but not in bull markets.

1 As Pappadà, Durante, and Torelli (2018) point out, the selection of copulas that have a specific 
tail behaviour may allow us to properly estimate the region of the distribution that is most needed, 
especially in risk management procedures. 



Extreme volatility dependence in exchange rates  Miriam Sosa Castro et al.  29

Patton (2004) analyses two types of asymmetries in joint distributions: skewness  
in individual stock market distribution and asymmetry in dependence between 
stocks. The study measures the importance of these two asymmetries in terms 
of asset allocation. Evidence reveals that, for investors with no short-sales  
constraints, knowledge of higher moments and asymmetric dependence leads to 
gains that are economically significant and statistically significant in some cases.

Kenourgios, Samita, and Paltalidis (2011) study asymmetric dependence in 
BRICS and U.S. and U.K. stock markets, employing a multivariate regime-switch-
ing Gaussian copula model and the asymmetric generalized dynamic conditional  
correlation. Findings suggest a contagion effect from the crisis country to all others. 

A vast amount of literature about extreme dependence estimated by copulas, 
between stock markets and oil price, has recently been developed. Among these 
studies are: Kocaarslan, Sari, Gormus, and Soytas (2017), Mensi, Hammoudeh, 
Shahzad and Shahbaz (2017), Li and Wei (2018), Ji, Liu, Zhao, and Fan (2018), 
and Shahzad, Mensi, Hammoudeh, Rehman, and Al-Yahyaee (2018).

In terms of asymmetric dependence on exchange rate estimated by copulas, the 
literature is scarcer than that on about equity markets. Patton (2001 and 2006) 
test for asymmetry in a model of dependence between the Japanese Yen and the 
Deutsche Mark. Both articles find that the mark–dollar and yen–dollar exchange 
rates are more correlated when they are depreciating against the dollar than when 
they are appreciating. 

Closely following Patton’s research, this paper aims to analyse the asymmetry 
in exchange rate volatility dependence between the British Pound, Japanese Yen, 
Euro, and Mexican Peso compared to the U.S. dollar. The difference with Patton’s 
studies, in terms of variables, is that, in this article, dependence is modelled on 
volatility, instead of on returns. Methodologically, there are also numerous differ-
ences. In this study, symmetric and asymmetric GARCH models are used to esti-
mate conditional volatility. Then, copulas are used to measured tail dependence on 
volatility (by pairs). Upper and lower tail dependence parameters confirm whether 
exchange rate dependence is higher during episodes of turmoil.

DATA AND METHODOLOGY
Data 
This paper uses daily exchange rate data (LCU/USD) from four currencies: the 
British Pound, Japanese Yen, Euro, and Mexican Peso. The series go from 1994 
to 2018 and are divided into sub-periods, according to episodes of calm and tur-
moil: 1994-1999, 2000-2007, 2007-2012, 2013-2018.2 Descriptive statistics are 
presented in Table 1.

2 Periods were established according to the conditional variance graphic analysis presented in  
Figure 1. It is observed that each subperiod is related to calm and turmoil episodes that have 
different intensities in each currency, but which are all well-defined.
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Table 1. 
Descriptive Statistics Exchange Rate Returns Series

 EURO POUND PESO YEN

Mean -1.48E-06 2.48E-05 4.84E-06 0.000292

Median 0.0000 -0.0001 0.0000 0.0001

Maximum 0.0474 0.0816 0.2016 0.0399

Minimum -0.0439 -0.0389 -0.1797 -0.0724

Std. Dev. 0.0063 0.0057 0.0100 0.0069

Skewness -0.1122 0.6414 2.9340 -0.5454

Kurtosis 6.0259 13.4805 93.2160 8.8791

Jarque-Bera 2416.7 29265.0 2145505.0 9385.2

Source: Own elaboration.

The non-normality of the data is apparent from the coefficients of skewness and 
kurtosis. Also, the Jarque-Bera test (reported in the last line of the table) strongly 
rejects normality.

Methodology
GARCH Model
ARCH models (Autoregressive Conditional Heteroscedasticity), GARCH, and all 
the extensions have been identified in the empirical literature as effective as they 
model the volatility of financial series. This is because GARCH models capture 
some features of asset returns volatility flows. Among these stylized facts are: 
thick tails, volatility clustering, leverage effects, accumulative information in non-
trading periods, strong inverse relations between volatility, and serial correlation 
and co-movements in volatilities (Bollerslev, Engle, & Nelson, 1994).

Based on the GARCH approach’s effectiveness and good fit on modelling asset 
prices volatility, this paper uses them to analyse whether dependence increases 
between exchange rates during high volatility periods.

Daily returns are identified as the difference in the natural logarithm of the 
exchange rate for the two consecutive trading days;

 R IPC t IPC tt = ( )( )− ( ) −( )log log 1  (1)

Unit root tests are applied to prove the presence stationarity in individual financial 
series. Therefore, the Augmented Dickey Fuller test is used, where, for a return 
series Rt, the ADF consists of a regression of the first difference of the series 
against the series lagged k times as follows:
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 ∆ ∆r r rt t i t i ti

p
= + + +− −=∑α δ β1 1

e  (2)

 ∆r r r r Rt t t t t= − = ( )−1; ln  (3)

The null hypothesis is H0 0: =  y H1 1: .<  The null hypothesis acceptance means 
that the series has a unit root. 

GARCH modelling (Bollerslev, 1986; Taylor, 1986) assumes conditional  
heteroscedasticity with homoscedastic unconditional error variance. The changes 
in variance are functions of the realizations of preceding errors and of the squared 
disturbances (Casas & Cepeda, 2008). Thus, the conditional variance of GARCH 
(p,q) is specified as follows:

 h ht j t jj

q
i t ii

p
= + +−= −=∑ ∑α α β0

2
1 1

e  (4)

With    0 1 20 0> … ≥, , , �q  y    1 2 3 0, , ,… ≥q  to ensure the conditional  
variance is positive, h

t
 represents the conditional variance estimated with the  

relevant past information; 
i
 are the lagged GARCH coefficients, which indicates 

that changes in the conditional variance disappear slowly. In other words, this 
shows volatility persistence; 

j
 is the error coefficient. If it takes high values, it 

means that there is a high sensibility of the volatility related to market movements. 
If (+) value is near but lower than the unit, it means that a shock at time t will  
persist in future periods. Being near to the unit implies that series has long  
memory (Joshi, 2012). This GARCH model is also known as symmetric because it 
considers that negative and positive variations have the same impact on volatility. 
The model is then tested for the ARCH effect using ARCH-LM test. If the coeffi-
cient is not statistically significant, the model will be adequate.

TARCH Model

There is a high variety of asymmetric GARCH models: EGARCH de  
Nelson (1991), GJR-GARCH (Glosten, Jagannathan, & Runkle, 1993), T-GARCH 
(Zakoian, 1994), APARCH (Ding et al., 1993), PNP- GARCH (Bae & Karolyi, op 
cit.) or T- GARCH (Hsin, 2004) are just a few.

The TARCH model proposed in this paper has the following generalized specifi-
cation of the variance equation:

 σ α β σ α2 2
1

2
1

2
1

= + + +−= −= − −=∑ ∑ ∑j t jj

q
i t ii

p
h t h t hh

r
dε γ ε  (6)

Where dt =1 if t < 0

In this model, if ε >t i- 0, the positive residual values are interpreted by posi-

tive shocks. If ε <t i- 0 , the negative residual values are represented as negative 
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shocks. The positive news has an 
1
 impact and negative news has a 1 1+ g  effect. 

Whether g1 0> , negative news increases volatility, this effect is known as asym-
metric volatility or leverage effect. In other words, if g1 0¹ , the impact of good 
and bad news is asymmetric (Joshi, 2012).

Copula

Once, conditional variance is estimated, copula function is employed to measure 
dependence on exchange rates volatility. Copula function can link the marginal 
distributions of different series to their joint distribution to describe the correlation 
between two or more series (Wen & Liu, 2009). There are several copula families, 
in this paper Archimedean and Elliptical copula are chosen because of their advan-
tages and benefits. Elliptical copulas are applied because they provide a better 
fit, specifying different levels of correlation between the marginals. Meanwhile, 
Archimedean copulas allow modelling dependence in arbitrarily high dimensions 
with only one parameter that governs the strength of dependence (Grover, 2015).

Definition of Copula 

According to Nelsen (2005), Copulas are “functions that join or couple multi-
variate distribution functions to their one-dimensional marginal distribution func-
tions” (p. 402)

A C n: , , �0 1 0 1[ ] →[ ] function is a copula if has the following properties:

•	 ∀ ∈[ ] … …( )= u C u u0 1 1 1 1 1, , , , , , , ,

•	 ∀ ∈[ ] …( )= u C u ui n0 1 01, , , ,  if at least one of u 'si  is equal to zero

•	 C is defined if n-growing, i.e., the C-volume are in [0,1]n is positive

Sklar theorem allows a copula to be derived for each multivariate distribution 
function.

Sklar Theorem

Let F be an n-dimensional distribution function with margins F F1, ,¼ n, then there 
is an n-copula C n: , , �0 1 0 1[ ] →[ ]:

 F x x C F x F xn n n1 1 1, , , ,…( )= ( ) … ( )( )  (7)

If F F1, ,¼ n are all continuouos, then C is uniquely determined through n-dimen-
sional density. If C is an n-copula and F F1, ,¼ n are distribution functions, the 
function F defined above is an n-dimensional distribution function with margins 
F F1, ,¼ n
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Therefore, if F is a continuous multivariate distribution function, Sklar’s theo-
rem says that it is possible to separate the univariate margins from the dependence 
structure. The univariate margins are then used to build a multivariate distribution. 
The dependence structure is represented by the copula. In (2), c is the C copula 
density, this result allows the election of different marginals and dependence struc-
ture given by the copula.

 f x x f x * *f x *c F x F xn n n n1 1 1 1, , , ,…( )= ( ) ( ) ( ) … ( )( )  (8)

Copulas have properties that are very useful in the study of dependence: i) copu-
las are invariant to strictly increasing transformations of the random variables, ii) 
they are widely used measures of concordance between random variables (Nelsen, 
2005), iii) asymptotic tail dependence is also a property of the copula (Rodríguez, 
2007). This last property has important implications for this study.

Asymptotic Tail Dependence

For this study, asymptotic tail dependence is the propensity of markets to experi-
ence joint high (low) volatility periods. 

Let (X, Y), be a vector of continuous random variables with marginal distribution 
functions F and G. Let u = F(X), and v = G(Y). The coefficient of upper tail depen-
dence of (X,Y) is:

 lim
u uIP Y G u Y F u
↑

− −> ( ) > ( ){ }=
1

1 1|   (9)

The coefficient of upper tail dependence can be expressed in terms of the copula 
between X and Y as follows:

 If bivariate copula is such that:

 lim
u u

u C u u
u↑

− + ( )
−

=
1

1 2
1

,
  (10)

If this is true, then C has upper tail dependence if u ∈ ](0 1, , and upper tail inde-
pendence if u = 0

                In the same way, the coefficient of lower tail dependence can be defined as:

 lim
u LIP Y G u X F u
↓

− −< ( ) < ( ){ }=
0

1 1|   (11)

 And, in terms of copulas: 

 lim
u L
C u u
u↓

( )
=

0

,
  (12)
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If this is true, then C has a lower tail dependence if L ∈ ](0 1, , and lower tail inde-
pendence if L = 0.

Dependence Measurements Via Copulas

Each of the multiple families of copulas is characterized by a parameter or a param-
eter vector. These parameters measure the dependence of marginals, and they are 
called dependence parameters . It is important to note that the relation between 
this dependence parameter and Kendal’s Tau concordance measure is as follows.

Let X
1
 and X

2
 be two random variables with marginal continuous distribution F

1
 

and F
2
 and a coordinated distribution function F. The typical concepts of depen-

dence, Pearson correlation, and  Kendall can be expressed in terms of copula for 
F.

Pearson correlation is given by: 

 r X X
C u u u u dF u dF u

SD X SD X1 2
0

1

1 2 1 2 1 1 2 2

1 2
,

, ,
( )=

( )−  ( ) ( )

( ) (
∫∫ ← ←

))
 (13)

Kendall correlation is given by:

  (14)

It is observed that the  Kendall is functioning with copulas X
1
 and X

2
 while the 

coefficient of Pearson’s lineal correlation only depends on the marginal.

For the copulas analysed in this work, that is, the elliptical and Archimedean copu-
las, there is a relation between rank correlations and lineal correlations. This work 
especially focuses on the relation with the  Kendall. The properties of copulas are 
summarized below:

Gumbel Copula

C u v u vG =( )= − −( ) + −( )



















, ,   exp ln ln
1

 ∈ ∞)1,

This copula is characterized by having a lower tail dependence and upper tail 
dependence. Its main properties are:

a) =1 implies

 C u v uvG =( )=, ;1  
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the independent copula.

b) As →∞, C u vCl , ;q( )→min (u,v). This limit is the upper Frèchet-
Hoeffding bound. It can be shown that if U and V are two random  
variables uniformly distributed in (0,1) with copula equal to min (u,v), 
then IP(U=V)=1

c) Lower Tail Dependence: L = 0.

d) Upper Tail Dependence: λ δ
L = −−

−
2 2

1

e) Kendall’s τ
δ

:1 1
-

Clayton Copula

 C u v u vCl =( )= + −{ }− − −
, ,q q q q1

1
 q³ 0

This copula is characterized by upper tail dependence and lower tail indepen-
dence. Its main properties are

a) 0 implies

 C u v uvCl = ↓( )=, ; ,0

  the independent copula.

b) As q→∞ , the upper Frèchet-Hoeffding bound is attained

c) Lower Tail Dependence L =
−

2
1
q

d) Upper Tail Dependence U = 0

e) Kendall´s  : q
q+ 2

Frank Copula

 C u v
e e

eF

u v

=( )=− +
−( ) −( )
−













− −

−, ; ,
 



1 1
1 1

1a
ln  ∈ IR.  

This copula is characterized by upper and lower tail independence. Its main  
properties are:

a) ® 0 implies

 C u v uv = ↓( )=, ; ,0

 the independent copula.

b) As q→∞, the upper Frechet-Hoeffding bound is attained.

c) Lower Tail Dependence: L = 0
d) Upper Tail Dependence: U = 0
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e) Kendall’s τ
α

α

:1 4 1
1

0

− −
−












∫

t
e

dtt

Note that, the Frank copula implies asymptotic tail independence, while the  
Clayton and Gumbel copulas imply dependence in one of the tails but not in the 
other. Intuitively, this means that Clayton assigns more probability mass to events 
in the left tail (joint lower volatility episodes), Gumbel assigns more probability 
mass to events in the right tail (joint higher volatility episodes), and Frank is sym-
metric, assigning zero probability to events that are deep in the tails. 

It is in this sense that the Clayton and Gumbel copulas describe asymmetric depen-
dence. On the other hand, no clear association in the tails can be observed for the 
Frank copula.

Student t Copula

This is derived from the t-Student multivariate distribution. It gives a natural  
generalization of the multivariate t-Student distributions. The t-copula with ν 
degrees of freedom and correlation is written as: ρ

 C u v s st t
v

t u t vv v

, ; ,�ν ρ
π ρ

ρ

ρ
( )=

−( )
+

− +

−( )∞

( )

∞

( )− −

∫ ∫
1 1

1

2 1
1 2

12

2 2

2















−
+ν 1
2

dsdt  

The t-copula is symmetric and exhibits tail dependence. The coefficient of depen-
dence is:

  L u vt= = − +( ) −( ) +( )( )



+2 1 1 1 11 ν ρ ρ/ ,  

Where tv+1 is a standard univariate t distribution with v+1 degrees of freedom. 
Note that two random variables with copula C u v, ; ,ν ρ( ) can be asymptotically tail 
dependent, even in the extreme case in which they are uncorrelated.

As n→∞  with ρ≠0, the normal copula, and therefore, tail independence is 
obtained. Kendall’s tau is related to the correlation coefficient through the  
formula:

τ ρ=
2
p

arcsin( )

To sum, Table 1 shows parameters estimation.
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Table 1. 
The Elliptical and Archimedean Copulas and Kendall’s 
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Source: Authors’ own elaboration based on Rodríguez (2007) and Fortin and Kuzmics (2002).

EMPIRICAL RESULTS
Basic conditions to estimate GARCH and TARCH models are: stationarity, 
absence of autocorrelation, and heteroscedasticity in series. The condition of  
stationarity is checked applying the ADF test. Results reported in Table 2 suggest 
that the null hypothesis about the presence of unit root is rejected; exchange rate 
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returns  are greater than the critical MacKinnon value at a 1 % level. Therefore, it is 
confirmed that the series are stationary both for levels (logs) and first differences.

The Breusch-Godfrey test is applied. The null hypothesis requires the residuals to 
not be serially correlated, the probability value to be is greater than 0.05, and the 
existence of autocorrelation to be rejected.

Table 3 presents ARCH-LM test results; the null hypothesis is rejected. This 
means that series present heteroscedasticity. Thus, the series exhibits all the  
properties that need to be analysed using the GARCH approach.

Table 2. 
Augmented Dickey Fuller Test

Levels First Differences

Series t-Stat Prob. t-Stat Prob

Euro -80.969 (0.0001) -29.608 (0.000)

Pound -76.575 (0.0001) -25.614 (0.000)

Peso -57.974 (0.0001) -23.4 (0.000)

Yen -79.452 (0.0001) -27.92 (0.000)

Null hypothesis: series have unit root test. * means statistical significance at 1%.
Critical MacKinnon criteria at a significance level of 1% is -3.44
Source: Authors’ own elaboration.

Table 3. 
ARCH-LM Test Results

F-statistic Probability

Euro 146.8261 (0.000)*

Pound 295.001 (0.000)

Peso 317.7619 (0.000)

Yen 333.5778 (0.000)

*Probability values are in brackets
Note: ARCH-LM test is the Lagrange Multiplier used to detect ARCH effect.
Null Hypothesis: series does not present heteroscedasticity; this term is distributed as 2(k).
Source: Authors’ own elaboration.

Table 4 presents the results from the GARCH model. The GARCH (1,1) model 
is selected according to the maximum log likelihood method. Results are robust 
and consistent; all parameters are positive and statistically significant at 1%. The 
ARCH-LM test is run to confirm that heteroscedasticity disappears after GARCH 
model estimation; results are significant at 5%.
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Table 4. 
GARCH Results

Coef Euro Pound MX Peso Yen


0

1.88E-07 3.29E-07 5.29E-06 4.38E-07

(0.000)* (0.000) (0.000) (0.000) 

1

0.030545 0.05026 0.14312 0.0499

(0.000) (0.000) (0.000)  (0.000)

1

0.96495 0.939786 0.77101 0.9412

(0.000) (0.000) (0.000) (0.000) 

1+ 1 0.9955 0.99004 0.91414 0.99121

ARCH LM (1)
0.02057 3.25030 0.00174 3.2331

(0.8859) (0.0715) (0.9667) (0.0722)

*Probability values are in brackets
Source: Authors’ own elaboration.

Figure 1. 
Conditional Variance GARCH Model
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Source: Authors’ own elaboration using estimation results.
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The 
1
 coefficient result is, in all cases, higher than 

1
. This implies that there is 

volatility persistence: in other words, shock effects remain for a long time. 
1
+ 

1 

is lower than the unit but very close to one. This means that the ARCH process is 
stationary, so variance does not increase indefinitely. Figure 1 presents conditional 
volatility estimated by the GARCH (1,1) model.

TARCH Model Results
The GARCH model provides a measurement of symmetric conditional volatility. 
Financial variables tend to present a leverage effect, which means that volatility is 
higher when there is an abrupt fall than when a positive shock of the same magnitude 
occurs. In this sense, GARCH extensions have been developed to capture differen-
tiated effects on variance and asymmetric volatility. This study uses the TARCH to 
model volatility in exchange rate, and the results are presented in Table 5. 

The () term represented by RESID<0 ARCH (1) in Table 5 is greater than zero 
and statistically significant; this condition evidences leverage effect. Positive and 
negative shocks have differentiated effects on volatility. Good news has an 

1 
effect

 

and bad news has 
1
+  impact: in other words, bad news has a higher impact on 

volatility than the good news for all the exchange rates analysed. TARCH results 
suggest that the Euro, followed by the Peso, are the currencies that have highest 
asymmetry. The ARCH-LM test shows that the model is accurate, probability val-
ues are greater than 0.05, which means that ARCH effect disappears after TARCH 
estimation.

Table 5. 
TARCH Results

Coef Euro Pound MX Peso Yen

0

1.83E-07 3.43E-07 4.79E-06 5.10E-07

(0.000)* (0.000) (0.000) (0.000)

1

0.03201 0.05567 0.20442 0.03912

(0.000) (0.000) (0.000) (0.000)

RESID<0 ARCH (1) 
0.96527 0.93824 0.790765 0.93795

(0.000) (0.000) (0.000) (0.000)

1+  0.99728 0.993915 0.995188 0.97708

ARCH LM test
0.00661 2.77696 0.008054 2.01877

(0.9352) (0.0960) (0.9285) (0.1554)

*Values in brackets represent probabilities.
Source: Authors’ own elaboration.
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Conditional variance is graphically represented in Figure 2. Results are consis-
tent with the GARCH model. There are common volatility periods as well as some 
other are individual effects for each currency; for example, in 2013 when Japanese 
authorities started a quantitative easing programme, or in 2016, when the BREXIT 
process started (to mention some of the most significant events).

Copula Results

Conditional dependence results are graphically represented in Figures 3 and 4. 
Empirical evidence signals that, when asymmetry is included in volatility estima-
tion, conditional dependence is higher in most cases. In other words, dependence 
estimated using TARCH variance is slightly higher than with volatility estimated 
by GARCH.

Copula parameters given by Normal, T-student, and Frank Copulas evidence that 
the Euro and the Pound are the most correlated currencies. Dependence between 
the Euro and the Pound increased in the periods before the Global Financial Crisis 
(GFC) and decreased after that moment. The Yen and the Pound presented higher 
correlation during the periods between (1994-1999) and (2007-2012). This could 
be related with the impact of the Asian and the GFC crisis. 

Figure 2. 
Conditional Variance TARCH Model
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Source: Authors’ own elaboration with estimation results.
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Figure 3. 
Conditional Dependence (GARCH Model)

Normal Copula Parameter T- student Copula Parameter

Frank Copula Parameter

Lower Tail- Clayton Upper Tail- Gumbel

Source: Authors’ own elaboration with estimation results.

The Mexican Peso is the only currency that has increased its dependence param-
eters with the rest of the currencies in the sample from 1994 to 2012; after crisis 
its relation decreases, except with the Japanese Yen. This can be partly explained 
due to the Mexican peso being one of the most traded emerging currencies in the 
world. This currency becomes, therefore, a speculative instrument, vulnerable to 
other currencies movements.3

3 In the case of the Euro and other highly traded currencies from developed countries/group of 
countries, speculation is lower because the economies that it represents are stronger and have  
certain characteristics (including developed financial markets, stronger regulatory frameworks) 
that allow a strong currency to be maintained. In the case of Mexico, the country has a tight 
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In terms of conditional tail dependence, Clayton and Gumbel Copula evidence that 
Upper tail dependence is higher than the Lower one. This means that, dependence 
between currencies does not increase during high volatility periods; correlation is 
higher during low volatility periods (except for Euro-Peso (1994-1999) and Peso-
Pound, Peso-Yen and Pound-Yen (2000-2007). Detailed results are presented in 
Appendix 1. Results are consistent with those obtained by Fortin and Kuzmics 
(2002) and Nikoloulopoulos, Joe, and Li (2012).

dependence on the international capital flows; which increases exchange rate vulnerability, vola-
tility, and dependence, making the Mexican peso a profitable asset through speculative strategies.

Figure 4. 
Conditional Dependence (TARCH Model)

Normal T-student

Frank

Lower Tail- Clayton Upper Tail- Gumbel

Source: Authors’ own elaboration with estimation results.
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Some mechanisms behind variations in the exchange rate dependence could include 
the following: common or differentiated monetary policy responses to changes 
in key international variables (for example: T-bills rate and oil prices); monetary  
programmes including Trouble Asset Rescue Program (TARP) and Quantitative 
Easing (QE), which increased worldwide liquidity; and news that changes inves-
tors’ expectations motivating global asset allocation. 

CONCLUSIONS
This paper has aimed to analyse asymmetric volatility dependence between the 
British Pound, Japanese Yen, Euro, and Mexican Peso compared to U.S. dollar 
during different periods of turmoil and subsequent calm sub-periods from 1994-
2018. GARCH and TARCH models were used to model conditional variance. 
Once conditional volatility is estimated, Copula approach is employed to measure 
bivariate dependence between exchange rate volatility. 

The TARCH model results indicates that there is leverage effect in series, which 
means that, negative news has a larger impact on the degree of dependence than 
positive news. Exchange rate series also presents long memory and persistence of 
shocks in the volatility. 

In terms of copula results, the assumption of asymmetrical tail-dependence dis-
tribution is sustained. The empirical joint distribution of exchange rate volatility 
pairs displays high tail-dependence in the lower tail and low tail-dependence in 
the upper tail. 

The copula results show strong evidence of time-varying and high average (tail) 
dependence in exchange rate volatility by pairs. These results have several impor-
tant implications for hedging strategies and diversification benefits for FX traders 
and institutional investors. They also have important implications for both global 
investment risk management and international asset pricing by taking into account 
joint tail risk.

In this sense, currencies are assets used to build investment portfolios. Non-linear 
and extreme correlation level between two series is key information to be able to 
take financial decisions, in terms of diversification. On the other hand, exchange 
rate is one of the most important determinants of real return in a financial invest-
ment; thus, information about the common behaviour in currencies is also crucial 
to decide where to invest, according to market conditions (periods of calm and  
turmoil). Regarding pricing, correlation options or rainbow options are options 
relating to one asset that are only activated when a second asset moves in or out of 
a specific range. Extreme dependence is very important in terms of pricing these 
options and some other financial instruments.

Future research could include analysis of other variables, for example: commod-
ities, bonds, and equities. Other GARCH models could also be included to com-
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pare results. In economic terms, future research may analyse fundamental factors 
to explain mechanisms and implications behind the exchange rate dependence. 
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APPENDIX 1

Elliptical Copula

Normal Copula t-Student Copula

Copula 
parameter

Kendall 
Parameter

Upper and 
Lower Tail 

Dependence

Copula 
parameter

Kendall 
Parameter

Upper and 
Lower Tail 

Dependence

  u = l   u = l

• •  • •  

19
94

 - 
19

99

Euro - Peso 0.167372 0.107056 0 0.143160 0.091453 0.093219

Euro - Pound 0.544405 0.366489 0 0.541745 0.364472 0.275434

Euro - Yen 0.373143 0.243440 0 0.357529 0.232761 0.146376

Peso - Pound 0.096884 0.061775 0 0.081403 0.051880 0.065404

Peso - Yen 0.086774 0.055312 0 0.096910 0.061792 0.067173

Pound - Yen 0.290713 0.187785 0 0.271994 0.175366 0.108820
        

20
00

 - 
20

07

Euro - Peso 0.230826 0.148285 0 0.233791 0.150227 0.010389

Euro - Pound 0.592857 0.404000 0 0.604580 0.413318 0.272292

Euro - Yen 0.322416 0.208990 0 0.323675 0.209837 0.011882

Peso - Pound 0.181926 0.116466 0 0.181423 0.116140 0.005211

Peso - Yen 0.096889 0.061779 0 0.097930 0.062444 0.061050

Pound - Yen 0.251339 0.161741 0 0.258984 0.166776 0.036147
 

20
07

 - 
20

12

Euro - Peso 0.469737 0.311302 0 0.473979 0.314365 0.020299

Euro - Pound 0.562458 0.380288 0 0.561723 0.379723 0.038950

Euro - Yen 0.209532 0.134388 0 0.205094 0.131500 0.000026

Peso - Pound 0.431711 0.284180 0 0.428620 0.282000 0.102428

Peso - Yen 0.140074 0.089468 0 0.122379 0.078105 0.019181

Pound - Yen 0.360891 0.235055 0 0.357193 0.232533 0.041893
 

20
13

 - 
20

18

Euro - Peso 0.261821 0.168646 0 0.261042 0.168132 0.052839

Euro - Pound 0.427439 0.281169 0 0.415211 0.272584 0.116958

Euro - Yen 0.305148 0.197412 0 0.294664 0.190415 0.086538

Peso - Pound 0.375507 0.245063 0 0.376878 0.246005 0.121338

Peso - Yen 0.352184 0.229122 0 0.339909 0.220793 0.203469

Pound - Yen 0.270743 0.174539 0 0.265757 0.171244 0.092615
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Archimedean Clayton Copula

Copula  
Parameter

Kendall 
Parameter

Upper Tail 
Dependence 

Lower Tail 
Dependence 

  u l

• •   

19
94

 -
 1

99
9

Euro- Peso 0.287688 0.125755 0 0.089871

Euro- Pound 1.080793 0.350817 0 0.526591

Euro - Yen 0.683953 0.254831 0 0.362967

Peso- Pound 0.116554 0.055068 0 0.002614

Peso - Yen 0.208199 0.094285 0 0.035820

Pound - Yen 0.547144 0.214807 0 0.281719

20
00

 -
 2

00
7

Euro - Peso 0.435563 0.178835 0 0.203644

Euro- Pound 1.290780 0.392241 0 0.584500

Euro - Yen 0.578549 0.224370 0 0.301774

Peso- Pound 0.275666 0.121136 0 0.080907

Peso - Yen 0.136431 0.063859 0 0.006216

Pound - Yen 0.423661 0.174802 0 0.194741

20
07

 -
 2

01
2

Euro - Peso 0.948796 0.321757 0 0.481642

Euro- Pound 1.172628 0.369608 0 0.553715

Euro - Yen 0.306988 0.133069 0 0.104570

Peso- Pound 0.819620 0.290684 0 0.429259

Peso - Yen 0.203686 0.092430 0 0.033272

Pound - Yen 0.724112 0.265816 0 0.383952

20
13

 -
 2

01
8

Euro - Peso 0.574645 0.223194 0 0.299327

Euro- Pound 0.878562 0.305209 0 0.454319

Euro - Yen 0.633299 0.240496 0 0.334706

Peso- Pound 0.814286 0.289340 0 0.426888

Peso - Yen 0.705679 0.260814 0 0.374471

Pound - Yen 0.550070 0.215708 0 0.283624
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Gumbel Copula 

Copula 
Parameter

Kendall 
Parameter

Upper Tail 
Dependence 

Lower Tail 
Dependence 

  u l

• •   

19
94

 -
 1

99
9

Euro - Peso 1.129736 0.114838 0.153028 0

Euro - Pound 1.584070 0.368715 0.451056 0

Euro - Yen 1.306222 0.234433 0.299962 0

Peso - Pound 1.082265 0.076012 0.102647 0

Peso - Yen 1.064877 0.060924 0.082700 0

Pound - Yen 1.212734 0.175417 0.228977 0

20
00

 -
 2

00
7

Euro - Peso 1.161145 0.138781 0.183428 0

Euro - Pound 1.668206 0.400554 0.484865 0

Euro - Yen 1.238977 0.192883 0.250288 0

Peso - Pound 1.126817 0.112544 0.150089 0

Peso - Yen 1.078409 0.072708 0.098297 0

Pound - Yen 1.187388 0.157815 0.207237 0

20
07

 -
 2

01
2

Euro - Peso 1.432820 0.302075 0.377830 0

Euro - Pound 1.575342 0.365217 0.447296 0

Euro - Yen 1.145006 0.126642 0.168078 0

Peso - Pound 1.385738 0.278363 0.350948 0

Peso - Yen 1.097726 0.089025 0.119685 0

Pound - Yen 1.281341 0.219568 0.282355 0

20
13

 -
 2

01
8

Euro - Peso 1.175332 0.149177 0.196470 0

Euro - Pound 1.345524 0.256795 0.326110 0

Euro - Yen 1.217185 0.178432 0.232675 0

Peso - Pound 1.294007 0.227207 0.291425 0

Peso - Yen 1.289269 0.224367 0.288059 0

Pound - Yen 1.191830 0.160954 0.211134 0
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Frank Copula

Copula Parameter Kendall Parameter
Upper and Lower 
Tail Dependence

  u = l

19
94

 -
 1

99
9

Euro - Peso 0.865093 0.095411 0

Euro - Pound 3.744440 0.368679 0

Euro - Yen 2.260733 0.239370 0

Peso - Pound 0.463643 0.051406 0

Peso - Yen 0.601944 0.066642 0

Pound - Yen 1.646541 0.178206 0
 

20
00

 -
 2

00
7

Euro - Peso 1.437049 0.156486 0

Euro - Pound 4.480245 0.422550 0

Euro - Yen 2.000341 0.213928 0

Peso - Pound 1.098419 0.120604 0

Peso - Yen 0.585082 0.064788 0

Pound - Yen 1.623054 0.175791 0

20
07

 -
 2

01
2

Euro - Peso 3.190303 0.323622 0

Euro - Pound 3.867736 0.378174 0

Euro - Yen 1.091684 0.119881 0

Peso - Pound 2.789578 0.288609 0

Peso - Yen 0.667700 0.073861 0

Pound - Yen 2.209369 0.234412 0

20
13

 -
 2

01
8

Euro - Peso 1.566279 0.169932 0

Euro - Pound 2.636797 0.274731 0

Euro - Yen 1.788700 0.192711 0

Peso - Pound 2.370683 0.249882 0

Peso - Yen 2.145456 0.228200 0

Pound - Yen 1.629926 0.176498 0
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TARCH

Elliptical Copulas

Normal Copula t-Student Copula

Copula 
parameter

Kendall 
Parameter 

Upper and 
Lower Tail 

Dependence

Copula 
Parameter

Kendall 
Parameter 

Upper and 
Lower Tail 

Dependence

  u = l   u = l

19
94

 - 
19

99

Euro - Peso 0.168473 0.107767 0 0.145329 0.092848 0.093551

Euro - Pound 0.544194 0.366329 0 0.541850 0.364552 0.270607

Euro - Yen 0.377444 0.246394 0 0.363128 0.236582 0.153943

Peso - Pound 0.094462 0.060226 0 0.080489 0.051296 0.063539

Peso - Yen 0.087717 0.055914 0 0.099511 0.063456 0.068673

Pound - Yen 0.290587 0.187701 0 0.272085 0.175426 0.109494

20
00

 - 
20

07

Euro - Peso 0.230939 0.148360 0 0.233909 0.150304 0.008351

Euro - Pound 0.592015 0.403335 0 0.604098 0.412933 0.276650

Euro - Yen 0.328848 0.213321 0 0.329713 0.213904 0.006704

Peso - Pound 0.179160 0.114676 0 0.178620 0.114327 0.002539

Peso - Yen 0.097470 0.062150 0 0.099070 0.063173 0.060084

Pound - Yen 0.253470 0.163144 0 0.261268 0.168281 0.036004

20
07

 - 
20

12

Euro - Peso 0.468488 0.310402 0 0.472413 0.313234 0.017476

Euro - Pound 0.563863 0.381370 0 0.563435 0.381041 0.024971

Euro - Yen 0.209617 0.134443 0 0.204034 0.130811 0.000190

Peso - Pound 0.431720 0.284186 0 0.428508 0.281921 0.112118

Peso - Yen 0.142507 0.091032 0 0.125288 0.079971 0.019983

Pound - Yen 0.363019 0.236508 0 0.359507 0.234110 0.040194

20
13

 - 
20

18

Euro - Peso 0.264475 0.170397 0 0.263764 0.169928 0.053441

Euro - Pound 0.425179 0.279578 0 0.412372 0.270599 0.116553

Euro - Yen 0.305205 0.197450 0 0.295215 0.190783 0.079101

Peso - Pound 0.380107 0.248226 0 0.382551 0.249909 0.119467

Peso - Yen 0.352346 0.229232 0 0.338016 0.219512 0.192836

Pound - Yen 0.272853 0.175935 0 0.267097 0.172129 0.096514
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Archimedean Copula

Clayton Copula

Copula 
Parameter

Kendall 
Parameter

Upper Tail 
Dependence 

Lower Tail 
Dependence 

  u l

19
94

 -
 1

99
9

Euro - Peso 0.286284 0.125218 0 0.088816

Euro - Pound 1.075574 0.349715 0 0.524954

Euro - Yen 0.688200 0.256008 0 0.365244

Peso - Pound 0.109814 0.052049 0 0.001814

Peso - Yen 0.208516 0.094414 0 0.036002

Pound - Yen 0.543404 0.213652 0 0.279273

20
00

 -
 2

00
7

Euro - Peso 0.435489 0.178810 0 0.203589

Euro - Pound 1.290460 0.392182 0 0.584422

Euro - Yen 0.581635 0.225297 0 0.303698

Peso - Pound 0.269515 0.118754 0 0.076395

Peso - Yen 0.132046 0.061934 0 0.005251

Pound - Yen 0.423966 0.174906 0 0.194969

20
07

 -
 2

01
2

Euro - Peso 0.941755 0.320134 0 0.479018

Euro - Pound 1.182815 0.371625 0 0.556541

Euro - Yen 0.304668 0.132196 0 0.102788

Peso - Pound 0.818875 0.290497 0 0.428929

Peso - Yen 0.201584 0.091563 0 0.032113

Pound - Yen 0.722796 0.265461 0 0.383283

20
13

 -
 2

01
8

Euro - Peso 0.576155 0.223649 0 0.300275

Euro - Pound 0.873310 0.303939 0 0.452168

Euro - Yen 0.639502 0.242281 0 0.338278

Peso - Pound 0.826862 0.292502 0 0.432451

Peso - Yen 0.701972 0.259800 0 0.372533

Pound - Yen 0.553888 0.216880 0 0.286098
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Gumbel Copula

Copula  
Parameter

Kendall  
Parameter

Upper Tail 
Dependence 

Lower Tail 
Dependence 

  u l

19
94

 -
 1

99
9

Euro - Peso 1.131002 0.115828 0.154295 0

Euro - Pound 1.582883 0.368241 0.450547 0

Euro - Yen 1.313437 0.238639 0.304911 0

Peso - Pound 1.081058 0.074980 0.101290 0

Peso - Yen 1.066079 0.061983 0.084108 0

Pound - Yen 1.212839 0.175488 0.229064 0

20
00

 -
 2

00
7

Euro - Peso 1.160121 0.138021 0.182470 0

Euro - Pound 1.666714 0.400017 0.484301 0

Euro - Yen 1.244202 0.196272 0.254394 0

Peso - Pound 1.123775 0.110142 0.147007 0

Peso - Yen 1.079502 0.073647 0.099534 0

Pound - Yen 1.189542 0.159340 0.209131 0

20
07

 -
 2

01
2

Euro - Peso 1.431718 0.301538 0.377226 0

Euro - Pound 1.575500 0.365281 0.447365 0

Euro - Yen 1.146592 0.127850 0.169611 0

Peso - Pound 1.387994 0.279536 0.352288 0

Peso - Yen 1.100470 0.091298 0.122644 0

Pound - Yen 1.284419 0.221438 0.284580 0

20
13

 -
 2

01
8

Euro - Peso 1.179048 0.151858 0.199819 0

Euro - Pound 1.342162 0.254934 0.323949 0

Euro - Yen 1.215108 0.177028 0.230953 0

Peso - Pound 1.299357 0.230388 0.295189 0

Peso - Yen 1.286235 0.222537 0.285886 0

Pound - Yen 1.193893 0.162404 0.212930 0
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Frank Copula

Copula  
Parameter

Kendall  
Parameter

Upper and Lower 
Tail Dependence

  u = l

19
94

 -
 1

99
9

Euro - Peso 0.880505 0.097085 0

Euro - Pound 3.747863 0.368945 0

Euro - Yen 2.303185 0.243445 0

Peso - Pound 0.456557 0.050623 0

Peso - Yen 0.618796 0.068494 0

Pound - Yen 1.644624 0.178009 0

20
00

 -
 2

00
7

Euro - Peso 1.442691 0.157076 0

Euro - Pound 4.473288 0.422072 0

Euro - Yen 2.039615 0.217814 0

Peso - Pound 1.078771 0.118496 0

Peso - Yen 0.594358 0.065808 0

Pound - Yen 1.641384 0.177676 0

20
07

 -
 2

01
2

Euro - Peso 3.183108 0.323011 0

Euro - Pound 3.889972 0.379866 0

Euro - Yen 1.101929 0.120980 0

Peso - Pound 2.789235 0.288578 0

Peso - Yen 0.687772 0.076061 0

Pound - Yen 2.227754 0.236190 0

20
13

 -
 2

01
8

Euro - Peso 1.579944 0.171345 0

Euro - Pound 2.612200 0.272470 0

Euro - Yen 1.788861 0.192728 0

Peso - Pound 2.416809 0.254249 0

Peso - Yen 2.133932 0.227075 0

Pound - Yen 1.638817 0.177413 0
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