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Abstract

In this paper, we use the notion of crisp stochastic process and refined neutrosophic theory to define the concept of refined
neutrosophic stochastic process. This project came to us due to the necessity to study randomness on neutrosophic theory taking
the idea that in real world indeterminacy is around it. Besides, we choose refined neutrosophic theory since there are several
indeterminacy situations in one problem. Throughout the paper, we present some important results and define the concept of
n-dimensional AHisometry for defining some results on refined neutrosophic process.

Keywords: keyword 1, keyword 2

Recepcion: 29-Julio-2023
Aceptacion: 22-Septiembre-2023

IEstudiante de Doctorado en Mateméticas, Universidad de Antioquia, Medellin, Colombia.
Email address: carlosgranadosortiz@outlook.es

2 profesor Titular, Instituto de Matematicas, Universidad de Antioquia, Medellin, Colombia.
Email address: lalexander.valencia@udea.edu.co

114


https://doi.org/10.19053/01217488.v15.n1.2024.16305

Carlos A. Granados Ortiz and Leon A. Valencia Henao

1 Introduction

The notion of neutrosophic probability theory was presented
by Smarandache [1]; in this text, the author showed a new
topic that could be studied in which indeterminacy is differ-
ent from randomness. For example, let’s consider that we
are throwing a coin. In classical probability theory, there
are two possibilities, but in real life, it is well-known that
other aspects can affect the results. This means that there
is an indeterminacy that can show that neither of those pos-
sibilities can be obtained. In this order, in 2021 Zeina and
Hatip [2] introduced the notion of neutrosophic random vari-
able, and in this paper, the authors proved some relevant
results. Following that idea, Granados in 2021 [3] presented
some new notions on neutrosophic random variables which
complemented the original idea of [2]. Besides, in the same
year, Granados and Sanabria [4] showed the notion of in-
dependence on neutrosophic random variables. Taking into
account these notions, many results have been developed by
several authors following these ideas, such as neutrosophic
continuous distribution [5], discrete distribution [6], and
convergence [7]. Furthermore, some real-life applications
have been presented. Nguyen et al. [8] used an interval
neutrosophic to present a model using stochastic Brownian
motion; and Mullai et al. [9] presented an inventory model
by applying these concepts.

The concept of refined neutrosophic is one of the most im-
portant notions in neutrosophic theory since it admits the
existence of a division of indeterminacy. Indeterminacy
can be divided into several parts. When indeterminacy is
divided into two parts, it is called quadipartitioned; when
divided into three parts, it is called pentapartitioned; when
divided into four parts, it is called heptapartitioned; and
when divided into n-parts, it is called refined indetermi-
nacy [10]. We shall recall that when refined neutrosophic
is studied, it is the more general concept that can be stud-
ied since all the divisions, from one until n, are involved in
that notion. Following this idea, we will present a gener-
alization of neutrosophic stochastic process [11] by using
the n-refined concept. Besides, we present the notion of
n-dimensional AH-isometry, which is important to prove
our theorems. The concept of refined literal indeterminacy
neutrosophic number (refined literal neutrosophic number)
was defined as A4, =a+ b1l + ...+ b,l, for i € N, where
a,by,....b, e R

2 Refined Literal Neutrosophic Stochastic Process
Definition 2.1

Let {{(t),t € T} and {m1(t),t € T}, {m2(t),t €T}, ...,
{Na(t),r € T} be a collection of crisp (classical) stochastic
processes. Refined literal neutrosophic stochastic process
is defined as {A;(z),t € T} where A;(t) = (t) + i (1)1 +
mO)h+...+ M), neN; for N: (QxT) —R(I). {(r)
and 1, (¢) are called the determinant part and indeterminant
parts of 4,(t), respectively.
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Remark 2.2

For a better use, we sometimes write A} (¢

+Znn

Theorem 2.3

Let {A4(t),t € T'} be a refined literal neutrosophic stochas-
tic process. Then, the ensemble average function of {4/ (z),r €
T} is given by:

I (8 1)+ Zun”
Proof. For afixedt € T, {{(t),t € T} and {n,(¢),r € T},
n € N, become random variables. Thus, {4;(f),r € T}

becomes a literal neutrosophic random variable. Based on
properties of literal neutrosophic random variables, we have:

ELA ()]

cm+imm4
i=1

IVAGES

=E

= E[{()+E |,

m+iﬂmmu
:wm+§mmﬂ

Theorem 2.4

Let {4/(t),t € T} be a refined literal neutrosophic stochas-
tic process. Then, the autocorrelation function is given by:

x%",y;_(s,l‘) = %g(s,t) + Z[n [‘%gnn (SJ) -‘r%nng(s,l) +‘%ﬂn (S,l)] .
i=1
Proof.
By (5,0) = ELA(s) - A1)

—E (aw+inam0~<an+inam0

=E | 8()C0)+E(s),

M:

+Znn ()& (1) +Znn

=E|C(5)8(1)+E(s)

’H‘MS

n

=E[C(s)

=R (s,1) + Z{In [Zen, (5,0) + P, (5,0) + Zn, (5,0)] -
i=

Remark 2.5
If s =1, Z 4(t,t) is followed by

Re(t,0)+ ) In [, (t.0) + Ty, ¢ (1,0) + %2, (1,1)] =

i=1

+21

2%y, (1,1) +E[nn( )] -
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Theorem 2.6

Let {A4/(t),t € T} be a refined literal neutrosophic stochas-
tic process. Then, its auto-covariance function is given by

C oy (5,1) = Ry (5,0) — Py (8) s (1)

Proof.
Gy (5,1) = cov[ A (s), A2(1)] = E{[AL() — gy ()] [A(0) — sz (1))}

A
= E{ N () A1) = tp (£) A2 (5) — Hop (8) A7 () + trz () sy () }
=R (5:1) — w,(t)w,() m,() YAQRNPAGIIVAG)
X r(s7t) “ﬁr() /,(t)

1.€,

Conlo) = A 5) + L [, 50) i, 5) 580, 5]

- <.u§ (s)+ i Ha, (S)In> (#g (1) + iﬂnn (I)In>

= A (s,1) = e () +Zl[@4nn (s,0)+
%n,lg(S,f)JF%nn(S:f)]
—ilzn b (5) g (1) + 1 (5) by () + i (5)p, ()]

= %g(&l) —/.Lg(s)‘ug(l) + é[n [%gnn (s,1) -‘r%nng(s,t)"r
P, (5,1) = i, (s)Hg (1) — e (5) o, () — Koy, (5) g, ()] -

Remark 2.7. If s =1, € 4. (s,1) is followed by

COV[ A (1), A5 (0)] = A1) — oy ()] 0) -

In this case, var[4;(¢)] is given by

Ry (1) — e (Dpg () + ;ln (Zin, (t,0) + Py, (1,0) + P, (1,1)

— i, (1) g (£) — g (£) oy, (1) — oy, (1) i, ()]

=E[32(0)] -pf(n)+ iln [2%¢y, (t.1)

=2 (t)pan, (1) — g (1) +E [m2(1)]] -

Theorem 2.8. Let A;(t;) = (t1) + X1 Mu(t1)1, and M, (1) =
o(t2) + X7 | Pm(t2)In be two refined literal neutrosophic
stochastic processes where § (1), N, (t1), ©(12), and p,,(12)
are independent. Then,

ELA(0)M, (1)) = E Kca. )+ Y Ml m) (co(a) Ly pm(zzvmﬂ
i=1 j=1
— ElLmom)+E |¢n) Y

tz)lm:|

Z um ([1 )In i Pm (t2)1)71:| .

i=1 j=1

B

() Y (el | +E
i=1
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Since {(t1), Nu(t1), ©(t2) and p,,(t2) are independent, we

have

Z pm (t2)[m

Jj=1

n
Z nn (tl )In
i=1

E[A ()M ()] = E[§ ()] +Eo(t)] + E[S ()] + E

+E[w(n)]+E +E +

Znn tl

E Z pm (IZ)Im:|
Jj=1

&)+ inn(n)ln E

i=1

= E[A(n)]E[M,(12)].

=E

o(t)+ i pm(tz)lm]

J=1

It is well-know that in neutrosophic literature, AH-Isometry
is an important tool that can help to results some problems.
However, refined AH-Isometry has not been studied in gen-
eral cases so far. For that reason, before to present some
results on refined literal neutrosophic stochastic process, we
should first to prove some results on refined AH-Isometry.

We know that 7 can be split into several parts as needed, i.e.,
I1,D,...,I, with conditions I}, = I, for n,m € IN. Besides,
Lilyilyy.. =LbL.. 11, =1.

Definition 2.9 Let (R, +, X) be aring. (R(I1,...,1,),+, X)
is called a refined neutrosophic ring generated by R, Iy, ..., I,.

Definition 2.10 The refined n-dimensional AH-isometry
between the ring R(I},...,I,) and the Cartesian product R X
R x ... xR is defined as follows:

gla+bilh+...+byly) =

(a,a+by+by+...+bya+by+...+by,...,a+b,)

Example 2.11 For the ring (Z,+, %), the corresponding
refined n-dimensional neutrosophic ring is

4

Z(I)= <m+ Zn,,l,,; m,n, € Zand p € ]N) .
j=1

Theorem 2.12 Let R be any ring with unity 1, R(1},...,1,)

be its corresponding refined n-dimensional neutrosophic
ring. Then, R(I},...,I,) *RXRX ... XR.

Proof. We can present the refined n-dimensional AH-Isometry

between R(1j,...,I,) and RXR x ... X R as

g:R(I,....I,) > RXRx...xR
gla+bilh+...4buyly) = (a,a+ by +by+ ...+
[bn,a+by+...+by,...,a+by).

Letty =a+bilh+...+byl,and tp =c+di 1 + ... +d,l,
be two refined n-dimensional neutrosophic elements. Then,
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gt +n)=g(la+c]+[br +di]h + ...+ [by +dn]ly)

=(a+c,a+c+bi+di+by+dr+...+b,+dy,a+c+by+dr+

coitbntdy,...;atc+by+dy)
=(a,a+by+by+...4by,....a+b,)+(c,c+di +dy+...+
dy,..., c+dy)

= g(a+b111 +byhh+...+byly) +g(c+d111 +dolr +...+d,,1,,)
=38(n) +5(r2).

Now,

g (l+b111+ .+ b, n) (C+d1]1+...+dnl,,))

g(aJer 1)-(c+ﬁdp1p>

g( c+aZd Ip+ch 1 +Zb dI)

Jj=1 Jj=1

=g (ac-‘r Y 1,(ad,+cb, +b,,d,,)>
=1

P P
= (ac,ac+ Z (ady +cbp+bpd,),ac+ Z (adp +cbp+bpd,),
=1 =2

= ac-‘radp-‘rcbp—i-bpdp)

p
<a aJrX:b,,7 a+bl,>-(c,cthdp,‘..,chdp)
j=1

= (a+blll+ +bnl) (C+dlll+-~»+dnln)
=g(n)-8(r2).

Therefore, g is a correspondence one to one, due to ker(g) =

{0}, and forevery (a,by,by,...,b;) E RxRX... xR, there
existsx =a+ (by —b))[y + (ba —b3) b+ ...+ (b, —a)l, €
R(h,...,I,), such that g(x) = (a,b1,bs,...,b,). Hence, g

is an isomorphism.

Remark 2.13. The inverse isomorphism of g is g7 ! : R x
Rx...xR— ]R(Il,lz,...,ln) with g’l(ul,uz,...,u,,) =

(w1, (ug —u)ly, (uz —un)h, ..., (uy —ur)l).

With the previous theorem, it can be easy to define and prove
results on refined literal neutrosophic stochastic processes
using AH-isometry.

Definition 2.14. Let {.#/(¢),t € T} be a refined literal neu-
trosophic stochastic process. Applying AH-isometry on
Ni(t),t € T yields to

gpMM—g(ao+immm>

—Gm¢m+imu +Zm

1)+ Mt )) .

Notice that using refined n-dimensional AH-isometry, we
transfer the refined literal neutrosophic stochastic process

{A;(r),t € T} into n-classical stochastic processes:

KUNGTk<ﬁﬂ+imﬂweT>(a0+immmeT>
i=1 i=2
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A8 +m(e), e T
This means that we can study the characteristics of {A47(t),? €
T} by studying all its n-classical stochastic processes.

Example 2.15. In theorem 2.3, we proved that u 4 (t) =
He (t) + pn,I,. We can obtain the same results by using the
n-dimensional AH-isometry as can be seen next:

We have A;(t) = §(t) + L1 Na(¢)1,. Thus,

E[A(1)]

+Znn n].

Applying the isometry function g, we get:
M ) =E|¢g <§(1)+Znn(t)ln>:| .
i=1

0+ ; nn(t)} = (g (6), e (1) + i, (1)).

SEAM]) =g (E

m+§mo

Thus,

Using the inverse isometry we get:
g GEAM)) = E[A (1) = pe () + b, -

Definition 2.16. Let {.4/(¢),t € T} be a refined literal
neutrosophic stochastic process. We will call F(x_4;,t) =
P(A;:(t) < x_4;) the first order distribution of {.4;(t),r € T}
where x_y; = x1 +yili +y2lb + - +yul, and x,y, € R.

Definition 2.17. A refined literal neutrosophic stochastic
process is said to be weakly stationary if the following con-
ditions hold:

Lopy(t) =ty =+ tali + -+ fply1.
2. B[ (1) Nt —T4)) = Ay (2).
Theorem 2.18. A refined literal neutrosophic stochastic

process A (t) = §(¢) + Z N1, is weakly stationary if and

i=1

only if {{(r),t € T}, {C(t) —l—i}nn(t),t € T}, {C(z) +

Y ma(t)ceT < {C(#) +Mu(t),r € T} are weakly sta-
i=2

tionary.

n
Proof. Let’s consider that {{ (1), r € T}, < (1) + Y. n

i=1
T}, {C(r) + inn(t),t € T},
i=2

n(t),t €

AC@O) (1)1 €T}

are weakly stationary. Since {{(¢),t € T'} is weakly station-
ary, then ¢ (t) = g =k, where k € R and E[{(¢) - (1 —

7)] = Z¢ (7). Now, consider that 0D+ Y M), teT
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is weakly stationary, thus

Bevyr o = E[S() + XL ma(t)] = g + pin, =1, where
t € IR, this implies uy, = Uy, =i, where i € R, and

<%§+Z;}:] T (l,l‘ —1)

=E <C(f)+)inn(t)> <C(IT)+inn(tT)):|
i=1 =

n

—E{C(t) (t—1)+ () Znntf +Znn C—1)+
=1

M:

ln (t)nn(t—r)}

=Ry (t,t — 1)+ Ren, (.1 —T) + Ry, (8,8 —T) + o, (1,1 = T)

Since §(t) + Y7 | Na(t) is weakly stationary, then
R ixr . (¢,# — 7) must only depend on the difference 7,
hence the only way of it can be

Rgipn (01 =7) =R (1,0 =)+ ) | Xy, (1,1 —T)+
; i=1

Py (tt —T) + %y, (t,1 — ‘L'):|
=Zevyr 0, (7);

which means that Z¢p, (t,t — T) = %, (T). Therefore,

E[A(1)] N+ Z Nt ]
= pg (£) + i, (Dl
= l”'C +’J'rlnl
= Uy, =a, where a € R.
By theorem (2.4),

Ry (t,t—17) = 7)+ 21" (Zen, (T) + Py, (T) + Zn, (7))

=RB4(7).

The cases for <Znn(t)7t€ T) ,{Znn(t),t € T},...,
i=2 i=3

n
{ Z Nu(t),t €T 3 are proved similarly.
i=n—1

Next, we will consider that {{(¢) + 1, (¢), ¢ € T} is weakly

stationary, thus (e y ) = E[C(¢) +Ma(t)] = Le )] = &
where g € R, this means iy, () = Uy, = p, where p € R,
and

A, (1,0 =) = E[(S(0) + 1 (1)) (E(t = 7) + M (1 = 7))]

=EILOECI—1)+E(O)m(—1)+

Tln(f)C(f* T) +77)1(1‘)7%1(1‘ - T):|

=R (t,t =)+ Ry, (.1 = T) + R, (1,1 = T) +%n, (t,1 = T)

© 2024 Revista Ciencia en Desarrollo Vol. 15 No. 1

Since § () +1x(t) is weakly stationary, then Z¢p, (¢,1 —T)
must only depend on the difference 7, hence the only way
of it can be

R s, (8,8 —T) = Ry (t,t =) + A, (1,1
=R, (7)

—T) + Py, (8, —T) +An, (1,1

This implies Z¢y, (1,1 — T) = %y, (7). Therefore,

E[Ax ()] = E[£(t) + mn(£)11]
= U (1) + oy, (O
= lg + pn, I
=ty
=s, where s € R.

By theorem (2.4),

Rp; (1,1 —7T) = By () + I[P, (T) + Ry, (T) + n, (T)]
=% (7).

Therefore, we have proved that {4;(¢),t € T} is weakly
stationary. Next, let’s assume that {4;(¢),t € T} is weakly
stationary. Since {4;(),t € T} is weakly stationary, then
E[JV (0] =py; (1) = i, = J, where j €R, but ELA; (1)) =

1)+ Z,unn )1, s0 both 11y (7) and gy, (1) must only de-

pend on tlme Therefore, iy = pe(t) and wp, (t) = Uy,
which implies that p¢ ,p, (1) = p¢ + Ly, = u, where u € R.
Besides, we obtain

By (0,1 =7) =Ry (0,6 =)+ Y I[P, (1,6 —T)+ Ry, ¢ (1,6 —T) + Py, (2,1 = T)].
iz

And since {4/(t),t € T} is weakly stationary, then Z. 4. (¢,¢ —
7) must only depend on the difference 7. Thus, the following
equations hold:

ggg(l‘,tff)zpfg(f). (2.1)
l@énn (l‘,[—’L’) :%gn"(f), (2.2)
%n”g(l‘J— ): nng(f) 2.3)

In, (1,1 = T) = Iy, (7) @4

And since py = U (t) and (2.1), we imply that {{(1),1 €
T} is weakly stationary, and by using (2.2), (2.3), (2.4)

and “C+Znn(t):ug+”nnzu’ t)+znn(t)7t€T}’
i=1

{C(I)—I—zn:n,,(t),t € T},...,{é(t)Jrn,,(t),te T}
i=2
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are weakly stationary.

Theorem 2.19. Consider that {_4/(z),t € T} is a weakly
stationary refined literal neutrosophic process with auto-
correlation function % 4, (r). Then, the following statements
hold:

(1) Zy(t) =B p,(—7).
(2) |Z.4.(t)] < Z.4.(0).
Proof. (1) We get

«%/4;(1'): T)+i[n[%gnn(f)-‘r%nng(’r)-'r«%nn(f)].

Similarly,

Ry (—7) = Ry (— )+ Rn, (—7)].

ks Z[ (Zen, (=) + A (—

Using properties of cross-correlation function in classical
stationary processes, we obtain Z s, (t) = Z_4,(—17).

(2) Taking n-dimensional AH-isometry,

8( %4 1)) = |E [g (A1)

i
i

A=)

4G +Zn,, t)[>(C(z—r)—&-_{n‘in,,(z—r)l,,)H
&) +Znn In>g <C(ff)+i}nn(t7)ln>:|
+Znn

=E|g
—|E|g
_ E(
- <C([r),§(lf)+izlnn(tf)
(12 (D)., )

+T]n(t - T))

| e, (D)) < (0,....0).

Now, taking g~ !, we get that |2 4, (t)| < %4 (0).

Definition 2.20. Let {_4/(r),r € T} and {M,(r),r € T} be
two literal neutrosophic stochastic processes. They are said
to be refined jointly weakly stationary if the following con-
ditions hold:

(1) A(t) and M,(t) are weakly stationary.

(2) %(/Ver([,l — T) = %MM,(T)

Theorem 2.21. Let {.#;(¢),t € T} and {M,(¢),t € T} be re-
fined jointly weakly stationary literal neutrosophic stochastic
processes. Assume the literal neutrosophic stochastic pro-
cess Z,(t) defined as Z,(t) = A;(t) + M,(t). Then, Z,(¢) is
weakly stationary.

Proof. Since {A;(t),t € T} and {M,(t),t € T'} are refined
jointly weakly stationary literal neutrosophic stochastic pro-
cesses, we have 1 s (t) = 14, and g, (1) = py, . Therefore,

E[Z:(1)] = tiz, (t) = taa, (1) + Py, (1) = Mo, + oy, = Uz,

© 2024 Revista Ciencia en Desarrollo Vol. 15 No. 1

--yé(tf)+nn(tf)>]

=R (7)), Bm, (t,t —7T) =
:%v/‘/er(T)’ and.@Mp/;/r(t,th) =

Now, we know that Z_ 4, (t,t — 7)

Rm, (T), R m, (1,1 —T)
%m,.x,(T), thus

Rz, (1,1 = T) = E[(A(0) +Mp(0)) (A1 = T) + M, (1 — 7))
= E[A () At — 7)) + E[M,(t) Az (t — 7))

+E[A ()M, (t — )] + E[M, ()M, (t — 7)]
=B (T) + PBr, 1;(T) + R tpm, (T) +Rm, (T)
:%Z,(T)~

Therefore, this proves that Z,(¢) is weakly stationary.

The following example shows a refined neutrosophic stochas-
tic process which is weakly stationary process

Example 2.22. Let {.#/(¢),t € T} be a refined neutrosophic
stochastic process defined as follows:

M) = E(O)+EOh + (0D,

for I} # I, where {{(r),t € T} is a classical stochastic pro-
cess defined as {(z) = Acos(t) + Bsin(t) for A and B being
random variables defined as

A B
Prob. % %
Now, u 4 (t) = 0 and
Ry (s,1) =2c0s(7) +6c0s(T)]} +6c08(T)r = X 4;,(7).

Therefore, this shows that {.47(¢),t € T} is weakly station-
ary.

If I) = I, A;(t) becomes a classical neutrosophic stochastic
process and the condition satisfies as well.

3 Conclusion

In this paper we have defined the notion of refined neu-
trosophic stochastic process, which can be represented in
IR" for n-classical stochastic processes. The first one is

n
{&(¢),t € T} and the rest are t)+Znn,teT)},where

i=1
the dependence is on the number of indeterminacies that the
problem has. Many results were obtained in the classical
way and by using n-dimensional AH-isometry.

The results obtained in this paper can be applied in several
real situations in different fields of mathematics and other
sciences such as finance, biology, decision-making, and so
on. Besides, we encourage the reader to explore potential
applications of this concept.
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