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Abstract

In this paper, we have extend some Tauberian theorems given for (C, a, ,7) integrability method to the weighted mean method of type
(a, B,7y) determined by the functions p(x),g(y) and u(z).

Keywords: Divergent integrals, weighted means of triple integrals, Tauberian theorems, Tauberian conditions.

Resumen

En este articulo, hemos extendido algunos teoremas tauberianos dados para el método de integrabilidad (C, ., ,7) al método de media
ponderada de tipo (@, 3,y) determinado por las funciones p(x),q(y) y u(z).
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1 Introduction

Let p(x),q(y) and u(z) be non-decreasing continuous function on
[0,00) such that p(0) = ¢(0) = u(0) = 0 and p(x),q(y),u(z) —
as x,y,z — . For a locally integrable function f(x,y,z) on
R3 = [0,00) x [0,00) x [0,00), we denote its triple integral by
F(x,y,2) = [ [3 J5 f(t,s,v)dtdsdv and its weighted mean of type
(a, B,7) determined by the functions p(x),q(y) and u(z) by

ta By (X 2) = '/Ox/oy/oz(l - M)a(l _ @)ﬁ

p(x) p(y)

(1- @)yf(nsw)dtdsdv (1)

u(x)

where o, 3,7 > —1. An improper triple integral

/: /Ow /(;mf(t,s,u)dtdsdu 2)

is said to be integrable to L by weighted mean method of type
(a, B,7) determined by the functions p(x),q(y) and u(z) if

Jimtgpy(x3,9) =L 3
We use the notion of convergence in Pringsheim’s sense, that is,
x,y and z tend to oo independently of each other in (3).

If we take p(x) = x,q(y) =y and u(z) = zin (1), we have the defi-
nition of (C, ., B,7) integrability of f(x,y,z) on [0,e0) x [0,00) X
[0,00) given by (3). The (C,0,0,0) integrability of f(x,y,z) is
convergence of the improper double integral (2).

Itis clear that if lirg F(x,y,z) = Lexists and F (x,,z) is bounded
XYL oo

on Ri, then the limit (3) also exists for a, 8,7 > —1. The converse
of this implication is not true in general. The converse of this
implication may be true only by adding some suitable condition
which is called a Tauberian condition. Any theorem which states
that convergence of (2) follows from the integrability of f(x,y,z)
by the weighted mean method of type (@, f3,¥) determined by the
function p(x),q(y) and u(z) and a Tauberian condition is said to be
a Tauberian theorem.

In the last few years, there has been an increasing interest on
summability methods for functions of one, two and three variables.
First, Laforgia [6] obtained a sufficient condition under which con-
vergence of the improper integral follows from (C, 1) integrability.
Later, Canak and Totur [1] extended the main results of Laforgia
[6] to the (C, ) integrability of functions by weighted mean meth-
ods where o > —1. Then, taking into account these works, Totur
and Canak [10] obtained some Tauberian theorems in terms of the
concept of the general control modulo of non-integer order for func-
tions of one-variable. Recently, Ozsarac and Canak [8] obtained
Tauberian theorems for the iterations of weighted mean summable
integrals. Besides, Totur et al. [9] presented some new Tauberian
conditions in terms of the weighted general control modulo for the
weighted mean method of integrals. For some interesting Tauberian
theorems for Cesdro and weighted integrability in quantum calcu-
lus, we refer the readers to Canak et al. [2], Fitouhi and Brahim [5]
and Totur et al. [11] and so on. In [7], Moricz obtained one-sided
Tauberian conditions which are necessary and suffcient in order
that convergence follow from summability (C,1,1) of (2). More
generally, Canak and Totur [3] obtained a sufficient condition under
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which convergence of (2) follows from (C, ¢, ) integrability of
(2) where a, B > —1. Later, Findik and Canak [4] showed some
new Tauberian theorems for weighted mean of double integrals. In
the field of study triple sequences spaces, there are some recently
studies that can be seen in [12, 13, 14, 15, 16, 17].

In this paper, we define the notion of weighted mean method of type
(a, B,7) determined by the functions p(x),q(y) and u(z). Besides,
we prove that if (3) exists and g ,,(x,y,2) is bounded on R3 for
some o, B,y > —1, the limit wl’i?lW Lot Bt j,y+k (6, 2) = L exists
for all i, j,k > 0. As a corollary of this result, we show that if
(2) is convergent to L and the function F(x,y,z) is bounded on
Ri. Then, lim f111(x,y,z) = L. But, the converse of this impli-
X, Y,Z—>00
cation may true under some conditions imposed on p,q,u and f.
Furthermore, we give a Tauberian condition under which conver-
gence of improper triple integrals follows from the existence of

Xv)l’}zgwtl 11 (X7Y7Z) =L.

2 Main Results

Theorem 2.1. If (3) exists and.ta_ﬁ,y(x,y, z) is bounded on R3, for
some o,B,y> —1. Then, X‘yl,lzrgwt“+i~ﬁ+j,~7+k(xvyvZ) = L exists

foralli,j k>0.

Proof. Consider

/Ox /()} /0Z Y(t,5,v3%,9,2)tq g y(X,y,2)dtdsdy, ()
where
. 1 P
V(s vy = g5 )
p) i1 q(s) g, a0s) 1
W) 3610 90 )
1 u (v) u(v)
B ) )

where B denotes Beta function defined by
1
B(d,e) = / N1 —1)*"'dr,d >0 and e > 0.
0

p(t) (s) u(v)

Lettinga= ——=,b= ——<andc = —=
(2)

p(x) q(y)

Q

, we have

=

Xy [z
/ / / y(t,s,vix,y,z)dtdsdv = 1. 5)
Jo Jo Jo

We first prove that

Xy [z
lim / / / W(t,5,v;X,9,2)tq g y(x,y,2)dtdsdv = L. 6)
Jo Jo Jo

X, 7—00

Since

lim 1o, (x,y,2) =L (M

X, Y, 2>

by hypothesis , there exist numbers x¢,ye and z¢ for a given € > 0 such that
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‘[a,ﬁ,y(xv)’7z)_L| <EX>Xey Y Ve, T2 Ze- ®)

It follows from (5) that

X[y o[z Xy o[z
S8, ViX, ), 2 x,y,z)dtdsdv—L= LS VIX, VL2 ,¥,2) —L]dtdsdv—L.
I vt g e adsav—r= [ [ [ yie,s.vi .2l p o0 2)Lididsas

)

To prove (6), we shall show that

Xy oz
|/ / / W(t,5,v:x,5,2)tq gy (X,y,2)dtdsdv — L| < 5¢, (10)
o Jo Jo '

provided that x,y and z are large enough. We realize that by hypothesis, the
function #, g (x,,z) is bounded on Ri. Therefore, there exists a constant
K such that

[top,y(x,5,2) = L| < K, for 0 < x,y,z < oo.

Using (5) and (8), we obtain, by (9),

Xy 2
| / / / W(t,5,v1x,.2)(tg g (x,7,2) — L)dtdsdv|
Xe Ve
/ / / y(t,5,v12,,2)|tgp o (x.3,2) — L‘dfdadb+/ / / v(t,s,vix,.2)|tg g y(x,3,2)
—L\dldsdv-%—/ / / y(t,5,vix,.2)|tg g o (x,3,2) — L|dtdsdv
xe JO Jze "
X [y e Xy oz
+/ / / v(t,s,vix,3.2)ltq g y()c,):z)—L\dtdsvare/ / / y(t,s,v:x,y,2)dtdsdv
xe Jye JO ’ xe Jye Jze
<1</X€/“’E/Ze ( )didsd +1</XE/“‘/ZS ( )didsd
t,s,v;x,y,z)dtdsdv t,s,v;x,y,z)dtdsdv
— Jo Jo Jo v Y 0 JyeJo v 2
X [Ye (e Xe (Ve [T
+K/ /0 /O W(t.s,v;x,y,z)dtdsa’erK/ / / y(t,s,vix,y,z)dtdsdv
Jxg 4 p
X [y [z Xg (Ve
+s/ / / y(t,s,vix,y,z)dtdsdv = K/ / /
Jo Jo Jo
Xe [V [
+K/ / / fbVX},gdfdédt‘FK/ / /
Jo heJo

Xe ve 'z
+K/ / / w(t,s,vix,y,2)dtdsdv + €.
0 0 e

y(t,s,vix,y,z)dtdsdv

(t,5,vix,y,z)dtdsdv

B(a+1
1 q(ve)/qa(y)
N — P (1—b)~db
7 (1-4)
1 u(ze) /u(z)
- Y1 _ k-1
XB(}/Jrl,k)/o c’(1—¢)" 'de,

which tends to zero when x,y,z — oo for any fixed x¢,ye and z¢. Therefore,
there exist some xL,y} and z. such that

Xe [Ye [Ze
K/ / / w(t,s,vix,y,z)dtdsdv < €, x > xb,y >yl 2> zL.
0 0 0
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t
By the substitution a = & ,b=—=andc=

p() q(y) u(z)’

/ //lytsvxy, Ydtdsdv

— (a+1 l)/e(p (Z)) (1 p(t))l ldt

p(x) p(x)
W <"}(53>ﬁ<1 o
e /M“’“ (10
1

1
N bP(1—b)'db
B(B+1,)) ./q<v8>/q<> (1=

1 /1 k=1
w1 Il =c¢ dce,
B(y+1,k) Ju(ze) /u(z) ( :

which tends to zero when x,y,z — o for any fixed x¢,ye and z¢ (see that
1

1 1
- bP(1 — b)) ~'db and 7/ .
B(B+1,)) /qm)/q(v) ) B(y+1L.k) Jutze)/ut2)
c)k’ldc tends to 1 as y,z — o). Hence, there exist some x2,y2 and z2
such that

Xe [V [Z
K/ //V/(t7s,v;x7y7z)dtdsdv<8,x2x§,y2y§,zzzg.
JO Jye Jze

Similarly, the integral

X (Ve Z
/ / / y(t,s,v;x,y,z)dtdsdv
Jxg JO Ze

tends to zero when x,y,z — oo for any fixed x¢,ye and z¢ (see that
1 / o i1 1

- a*(1 —a)'da and 7/ (1 —
B(a+1,1) Jpae)/p(y) B(y+1,k) Jutze) /uz)
¢)*"Yde tends to 1 as x,z — ). Hence, there exist some x2,y3 and z3
such that

X (Ve [z
K/ / / w(t,s,vix,y,2)dtdsdv < €,x > x3,y > y3,2> z3.
xe JO Ze

Similarly, the integral

Xy [z
/ / / y(t,s,v;x,y,z)dtdsdv
Xxe Jye JO

tends to zero when x,y,z — oo for any fixed x¢,ye and z¢ (see that
1

. 1
- a®*(1 —a)~'da and ———— / pP(1 -
B((X‘Fl,l) /p(xs)/])(y) ( ) B(B+17]) q(ve)/q(y) (

b)j’ldb tends to 1 as y,z — o). Hence, there exist some x#,y% and z3
such that

Xy oz
K/ / / W(t,s,v;x,y,z)dtdsdv < €, x > x¥ y >y 2> 2.
Xe /Y.

Hence, we have (10) for x > max{xe,xg,x§7xs 2y >

max{ye,yé,yﬁ,yi,y‘é} z> maX{zg,zg,zg,zE, } and this proves (6). There-

fore, we obtain
/X /V /‘Z v(e.s, V;x‘yﬁz)taﬁ_y(myV)dtdsdv

/ / / vt ) / // 7&) ,,((13> (1*%)yf(m,hC)dadbdc)drdsdv
:/0 /0 [) .f(a-bic)(/“ /"/‘ Vit %) (=498 1~ “ vy daabae

ps) u(v)
:/r:/oy [)Zf(a.b,c)l(a,b,c;x‘y,z)dadbdc,
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where
) ()
_P9 _4\0) gy M)y
///wtsvxyz )(1 ()) (1 p(s))(l u(v>)dtdsdv.
Now, we write I(a,b,c;x,y,z) as
Iayb,cix,3z) = /X /’/Z wit,s,vix,, L)(p%) (17$)3(17%)Mmmv
*p (), pl0) g pt) \ie p(@)
(B(a+1 AT (m) (1 —W) Y- p(l)) dt)
1 q()) LION P O RVE P (N I
RGN e R L RO R
1 i (3) (") u(v) g u(c)
X(1.'3(}'+14,1<)/ W) ya- u(z)) ](17@)7(1”
_ ! I a+1 ! P(t) i1 ()
- G5 Gt +/um( D 0l0) = pla)“a)
1 1 B+l ¥ 7 q(s) 1
g P 0= S gt~ a(e)Pa)
1 L[ 40V) k1 000y — (e dy
*Grrn ) / W ()1 = ) ) —ute) )

=1(a,x)l(b,y)I3

¢,2),

where

0 = g ) [ 00 = 4557 60) - pla)a,
B0 = g (o [ 00 L ) - ) Pas
and

Bed) = gt g 000~ S ) ()

Substituting p(t) = p(x) — (p(x) — p(a))x in I, (a,x), we have

L@y 2@t [y e
B(oz—&-l,i)(1 p(x)) (1 p(x))+./0 (1-2%

7@ a+i
)

I (a7x) =

Similarly, we have

and similarly we have

These show that

/)L /y /z yl(t,s, v;x,y.z)lmﬁ_’y(hs‘v)drdsdv

’/ / /< - )‘“'(1 a(b) P - U)V“f(abc)dadbdc
q0) u(z)

=loti ftjy+k (Xeyw)~
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Corollary 2.2. If lirg F(x,y,z) = L exists and F(x,y,z) is
xy.z—re0

bounded on Ri. Then, xylizrgmtnl(x,y, z) = L exists.

Proof. Take oo =3 =y=0and i,j, k=1 in Theorem 2.1. O

The proofs of theorems 2.3, 2.4 and 2.5 can be obtained by the
similar techniques and steps as in the proof of Theorem 3 in [4],
and so we omit them.

Theorem 2.3. If(2) is integrable to L by the weighted mean method
of type (1,0,0) determined by the function p(x) and

=o(1) (11)

holds. Then, (2) converges to L.
Theorem 2.4. If(2) is integrable to L by the weighted mean method
of type (0,1,0) determined by the function q(y) and

a) [* [ _
—y)/o/of(l,y,v)dldv70(l) (12)

holds. Then, (2) converges to L.
Theorem 2.5. If(2) is integrable to L by the weighted mean method
of type (0,0, 1) determined by the function u(z) and

o(1) (13)

holds. Then, (2) converges to L.
Theorem 2.6. If(2) is integrable to L by the weighted mean method
of type (1,1,1) determined by the function p(x),q(y) and u(z) and

plx) ¥ [f _

p'(x)/o /0f()c,s,\z)dsd\l—0(1)7 (14)

q(y) [* [* _

5 | [ sy mdiay= o) (15)
and

u(z)

Then, (2) converges to L.

Proof. Consider that (2) is integrable to L by the weighted mean
of method of type (1,1,1) determined by the functions p(x),q(y)
and u(z), that is

G(x,y,2) :./OX/:‘/OZU - &)(1 - @)(1 LU VF(t,s,v)dedsdv — L x,y,z— . (17)

p(x) q() u(z)

We rewrite G(x,y,z) as

: P
G(X,y,Z):/O (1—7)$G1(x,y7v)dv7 (18)

where

p(t) q(s)
1(x,%,2) // o) —@)f(t,s,v)dtdsdv. (19)
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It follows from (17),(18) and (19) that ;Gl (x,,2) is integrable
z

to L by the weighted mean method of type (0,0, 1) determined by
the function u(z).

Then, we have

G(X%Z) :Gl (X7Y7Z)—H1(x»yaz)7 (20)
where
1 2 0
o) = 5 [u S G e

Now, we have to show that Hi (x,y,z) — 0 as x,y,z — .

By (18), we find

(%G(xmz) _— @) /Ozu(v)iGl (x,y,v)dv = @Iﬂ (x,3,2).

u(z)
(22)

Besides, we have

2 9
/ aizG(xayaZ)dZ:G(xuyvzl)*G()@y:ZZ)
21

24 (z)
= Hi(x,y,z)d
/Z] ) 1(x,y,2)dz
logu(zi) .
= Hy(x,y,u”"(e"))dw
logu(z2)
logu(z;)
= R(x,y,w)dw.
Jlogu(zp)

Now, we used the substitution u(z) = ¢” and R(x,y,w) =

Hy(t,s,u='(e")). So, we need to show that liﬁm R(x,y,w) = 0.
WwW—ro0

By the simple calculation, we have

9 rtryw) = — g e ey = 4B
5 Rwy.w) = Faten 'l (yu () = Lo o (x,3,2)- 23)
By (21), we have
N
u(z)Hy (x.)lz):/o u(v)ﬁGl(x,y.v)du (24)

Differentiating the both sides of (24) with respect to z gives

u(z) 0

Gilx,yz) (25

Taking the weighted mean of type (1,0,0) and (0, 1,0) of the both
sides of (15) (16), we have

<
~

)
<

NS

fGl(X,y,Z) :0(1)7 (26)

=\
—~
&)
a5
N5
N

which implies that

© UPTC - Revista Ciencia en Desarrollo Vol. 16 Num. 2

*Hl (x,y,z) :O(l)v (27)

d
by (23). Hence, by (23), we attain that a—R(x, ¥,2) is bounded.
z

Since G(x,y,z) is convergent, given any € > O there exists a z¢
such that

|G(x,y,21) = G(x,y,22)| < €

when z1,22 > ye.

Now, suppose ¢ > lnu(z¢) and R(x,y,9) > 0. Then, R(x,y,z) >0
R(x,y,
forg —€E<z<¢and ¢ <z<¢+E& where § = w If we

integrate R(x,y,z) between ¢ — & and ¢ + &, we have

o+& 2
/ : R(x,y,2)dz > 2R (x.3.9) (j(’y’(p). (28)

Moreover, by (28) we have

LLES I /M R

2 s (o3 2)dz = Glx,y,u (7)) = Glx,yu 1 (97)) <. (29)

Therefore,

R(x.y,0) < \/ = (30)

which shows that Hj(x,y,z) — 0 as x,y,z — oo. It follows from
(17) and (20) that Gy (x,y,z) — L as x,y,z — oo.

Since Gi(x,y,z) — L as x,y,z — o= and the conditions (14) and
(15), we conclude lirg F(x,y,z) = L by Theorems 2.3 and 2.4.
X,y,2—>00

O
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