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This paper presents some fundamental concepts of seismic anisotropy specifically those which have 
hexagonal symmetry (ordinarily called transversely isotropic in geophysics jargon).

There were made calculations of phase and group angles at a planar interface separating an anisotropic 
media, using routines written in Matlab® and Maple® language. The slowness surfaces of the qP, qSV and 
SH wave, as well as the ray paths in these two media were also estimated.

Although only the simplest situations are discussed, this paper is useful as a first step in understanding the 
fractured media, because it contains examples, software routines, and a reviewing of the basic concepts and 
formulas of wave propagation.

Keywords: anisotropy, phase angle, seismic wave, ray path, wave propagation, symmetry, isotropy, group velocity, elas-
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En este artículo se presentan los conceptos fundamentales de anisotropía sísmica específicamente en 
aquellos sistemas que tienen simetría  hexagonal (comúnmente llamados transversalmente isótropos, 
en geofísica).  

Con la ayuda de rutinas implementadas en Matlab® y Maple®, se calcularon los ángulos de fase y grupo 
en una interfase entre un medio isótropo y anisótropo, las superficies de lentitud de fase de las ondas qP, 
qSV y SH; así como la trayectoria de los rayos en éstos dos medios.

Aún cuando se analizaron las situaciones más sencillas, este artículo resulta útil como un primer paso  para 
entender los medios fracturados, debido a que contiene ejemplos, rutinas y la revisión de los conceptos y 
fórmulas básicas de la propagación de ondas.

Palabras claves: anisotropía, ángulo de fase, ondas sísmicas, trayectoria del rayo, propagación de ondas, simetría, 
isotropía, velocidad de grupo, elasticidad, modelos matemáticos.
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INTRODUCTION

One of the challenges in the oil industry has been 
the characterization of naturally fractured reservoirs 
using seismic data. To accomplish this goal it is nec-
essary to find an adequate description of the physics 
of fractured rocks and its relationship to the observed 
wave propagation in seismic measurements.

Using technical computing routines, it was simu-
lated the propagation of waves in two models, each of 
them consisting by two homogeneous layers separated 
by a planar interface. Based on the anisotropy param-
eters, it was calculated the phase and group angles, the 
slowness surfaces of the P and S waves, and the ray 
paths through these media. 

In the numerical examples, the following configura-
tions were used:

Model 1: isotropic-isotropic

Model 2: isotropic-anisotropic

THEORETICAL BACKGROUND

The mathematical description of the phenomenon 
related with the propagation of waves in an anisotropic 
media differs significantly from that in isotropic media. 
According to Cerveny (2001) the main characteristics 
of the waves when they propagate within an anisotropic 
media are:

a. The phase and group velocities depend on direc-
tion – anisotropy. 

b. There is a difference between the phase veloc-
ity (propagation of the wave) and the group velocity 
(propagation of energy).

c. Occurs shear wave splitting.

d. Polarization of the P wave is not strictly parallel 
to the direction of propagation (Quasi P).

e. Polarization of the S wave is not strictly perpen-
dicular to the direction of propagation (Quasi S).

Elastodynamic theory
Continuum Mechanics is the starting point to de-

scribe the elastic properties of solids (Mase, 1970). Its 
major hypothesis is the infinite divisibility of matter and 
this assumption is valid for models at macroscopic level, 
so that the elasticity of a material is a macro property.

From Continuum Mechanics, specifically the Linear 
Elasticity Theory, it can be obtained the relationships 
(Equations 1 and 2) that model the behavior of a body 
when deforming:

1. Moments and Forces balance

                                              (1)

2. Generalized Hooke’s Law

                                              (2)

Where:

 = force tensor

ρ = density

 = volumetric forces

u = displacement vector

 = fourth order elastic coefficient tensor

 = deformation tensor

ü = aceleration.

Note: a vector will be differentiated with one un-
derline, a tensor of second order with two underlines, 
and similarly the elastic coefficient tensor will have 
four underlines. 

On the other hand, the microscopic characteristics 
of solids, such as the crystalline structure, are closely 
related to the macro behavior of an object under the 
influence of a stress field. 

In seismic, the word anisotropy has to do with the 
resolution of the method employed to study the elastic 
properties of a particular object or of a global, macro-
scopic anisotropy that results from homogenizing the 
properties of the layers that form a laminated structure 
(i.e. effective medium).
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Substituting the expression (4) into the Elastody-
namic Equation, we arrive at the Christoffel Equation:

                                                  (5)

Where:

Γij = Christoffel’s Matrix.

The Christoffel Equation has non-trivial solution 
only when the determinant of the characteristic matrix 
is equal to zero, namely:

                                                 (6)

To resolve the Christoffel Equation is the same as 
finding the eigenvectors and eigenvalues to the matrix 
that carries the same name. These may be obtained if 
the matrix of elastic coefficients is known, as well as 
the wave propagation direction vector, through the 
following formula:

                                                 (7)

Where:

Γil = Christoffel’s Matrix.

Lij – Matrix of director cosines of the propagation 
vector.

Cjk – Matrix of elastic coefficients in the Voigt 
form.

Anisotropy and fractures
Many theoretical and experimental studies have been 

carried out to try and explain the behavior of the seismic 
waves when they travel through fractured media (Crampin, 
1980; Hudson, 1980; Schoenberg & Sayers, 1995). 

According to laboratory tests and evidence, it has 
been concluded that when the seismic waves propagate 
through fractured a media, the following occurs: low ve-
locities, high attenuation, and changes in the velocities 
with the propagation direction (Crampin, 1980; Chen, 
1995; Rüger, 1997).

The presence of fractures (generally vertically aligned 
microcracks generated by tectonic forces) makes the 
medium anisotropic with respect to wave propagation 
(Schoenberg & Douma, 1988). Even though the presence 

The reason for introducing this new concept is that, 
in practice, the object being studied is formed from an 
initial background which originally was homogeneous 
(whether isotropy or anisotropy) and with time it ac-
quires cracks faults, layers, etc., which changed the 
initial elastic properties. For example, an isotropic me-
dium could have the anisotropic elastic characteristics 
with the presence of aligned cracks or layers. 

From Equations 1 and 2 it can be obtained the 
general elastodynamic equation for homogeneous 
media, which is the fundamental basis for modeling 
the propagation of waves: 

                            (3)

In Equation 3

Cijkl = Elastic coefficients tensors (constant for 
homogeneous media)

ui = Displacement vector

ρ = density (constant for homogeneous media)

ω = angular velocity

xi = spatial coordinates

t = time

A plane-wave solution of the elastodynamic equa-
tion is found as follows: (A more general solution can be 
obtained using the so called high frequency approxima-
tion, or ray theory, it supposes a solution of the wave 
equation of the form of Equation 4 but, with amplitude 
and travel time varying with space).

                       (4)

Where:

U = constant of integration (Amplitude)

d = polarization vector

p = slowness vector

x = spatial coordinates

t = time
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of azimuthally anisotropy has great influence on all the 
propagation modes (P, S Waves), the existing studies 
concentrate on analyzing the delay of the reflective 
amplitudes of splitting S waves (S1 and S2). 

According to the theory, the orientation of the 
fractures can be determined by the division of the S 
wave (shear wave splitting). Polarization of the rapid 
S wave (S1) is parallel to the fractures and the slower 
propagation of the S wave (S2) is perpendicular to 
the fractures (Crampin, 1980; Evans, Gaucher, & 
Randall, 2000).

It was recently demonstrated that the azimuthal de-
pendence of the characteristics of the P waves, has the 
power to determine the orientation and intensity of the 
fracture system (Bakulin, Grechka, & Tsvankin, 2000; 
Rüger & Tsvankin, 1997; Garnica, 2003).

In summary, in order to study the fractures with 
reflection seismic data, it is essential to combine sev-
eral disciplines, among them seismic anisotropy, rock 
physics and seismic methods (Figure 1).

Figure 1. Disciplines involved in detecting fractures with seismic data

SYMMETRY
NUMBER OF ELASTIC 

COEFFICIENTS

Triclinic 21

Monoclinic 13

Orthorhombic 9

Trigonal 7

Tetragonal 6

Hexagonal 5

Cubic 3

Table1. Number of elastic coefficients according to its symmetry

ANISOTROPIC 
SYSTEM

PHYSICAL 
MODEL

No. of Elastic 
Coefficient

VTI Layers, 
stratification

5

HTI Vertical 
microfractures

5

Orthorhombic
Vertical 

microfractures 
in a VTI media 

9

Table 2. List of the anisotropic systems and elastic coefficients

The continous media that presents a hexagonal sym-
metry are commonly called “transversely isotropic”, 
these have the invariant elastic properties in two of the 
three axis (isotropic plane).

The simplest anisotropic models that can be used to 
represent fractured reservoirs are Transversely Isotropic 
(TI) media. According to the orientation of the symmetry 
axis, the TI media can be Transversely Isotropic with a 
Vertical axis of symmetry (VTI) or Transversely Isotropic 
with a Horizontal axis of symmetry (HTI). 

Examples of VTI media are systems with lamination 
or stratification, such as the sequences of shale, chalks 
and clays, commonly found in the sedimentary basins. 
Consequently an HTI medium would be represented by a 
set of parallel fractures imbedded in an isotropic matrix.

A model that could represent the fractured reservoirs 
in a more realistic way is the orthorhombic medium, in 
which we can observe layers or strata (VTI) intersected 
by a set of vertical fractures. The complexity of this 
system is based on the number of elastic coefficients 
that are necessary for its description (Table 2).

As stated before, the matrix Cij (in Voigt notation) rep-
resents the elastic coefficients. They define the behavior 
of the continuum media. If the continuum is symmetric at 
some coordinate changes, it is possible to enunciate those 
coefficients according to their symmetries, and at the same 
time, reducing the number of independent terms.

Table 1 illustrates the type of symmetry that can 
have a solid and the number of elastic constants needed 
to describe its behavior. 
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• Weak anisotropy

• Macro scale (presence of cracks, discontinuities, 
fractures) 

• Longitude of long wave

• Low frequencies (geophysical context)

• VTI Symmetry (5 elastic coefficients)

The configurations of the models are as follows: 

 

Table 3 shows input data to calculate the phase and 
group angles from the incidence angle between the 
isotropic and the anisotropic media.

According to those examples, it can be stated that the 
elastic parameters for an isotropic media correspond to 
a homogeneous medium (also called continuous media) 
where there is no fractures, microfractures or cracks, as 
it is true in consolidated rocks.

The elastic parameters for the isotropic medium 
were measured in consolidated rocks without fractures 
or cracks.

On the other hand, the elastic parameters for the 
anisotropic media correspond to rocks with cracks, 
cavities or discontinuities.  

Tables 4a and 4b show the results obtained for the 
configuration isotropic / isotropic and isotropic /aniso-
tropic respectively.

Slowness surfaces
Once we have the elastic coefficients we proceed to 

plot the slowness surface (inverse of the phase velocity), 
which is obtained by solving the Christoffel Equation 
(Equation 5), Duarte et al., 2004.

The mentioned models (VTI and HTI) are the sim-
plest case of anisotropy and they can be represented 
by five elastic coefficients. In 1986, Thomsen used 
three dimensionless parameters ε, δ, y γ, and vertical 
velocities of the P and S waves.

The dimensionless parameters represent the influ-
ence of the anisotropy on several seismic characteristics, 
under the context of the weak anisotropy, which apply 
to geologic formations where Thomsen´s parameters are 
less than 20 percent (20%).

According to Thomsen, the physical meaning of the 
parameters ε, δ, γ is as follows:

ε: is the fractional difference between the velocity 
of the horizontal and vertical P waves, defined in terms 
of elastic constants as:

                                                      (8)

γ: is the fractional difference between vertical and 
horizontal velocities (the difference between the shear 
velocity for polarization parallel to the symmetry planes 
in polar anisotropy and vertical shear velocity).

                                                     (9)

δ: is the variation of the P wave with the phase angle.

              (10)

                            (11)

The Cij constitutes the matrix of elastic coefficients.

NUMERICAL EXPERIMENTS

Calculation of phase and group angles
The phase and group angles are calculated following 

the methodology outlined by Slawinski (1996). See 
Appendix A.

The assumptions taken into account for this calcula-
tion are: 

Figure 2. Used configurations.

a. Isotropic / isotropic                           b. isotropic / anisotropic
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TYPE
OF

WAVE

Incident
angle

( i, rad.)

RESULTS OBTAINED 

Phase
angle

( , rad.)

Transmission 
angle

( t, rad.)

P 0,52 1,0471 0,5235

SV 0,52 1,893 2,8193

SH 0,52 1,2486 2,8193

Table 4a. Results obtained for the phase and group angles. 
isotropic / isotropic case

Table 3. Input data to calculate the phase and group angles

INPUT DATA

PARAMETERS SYMBOL VALUE

Incidence angle
(rad)

i 0,52

Velocity of the P wave in 
isotropic medium (m/s) vp 1869

Velocity of the S wave in 
isotropic medium (m/s) vs 1184,13

Horizontal component of 
slowness (m/s) Xo 2,6743

Vertical velocity of the 
P wave in anisotropic 

medium  (m/s) o 2100

Vertical velocity of the 
S wave in anisotropic 

medium  (m/s) o 1500

Anisotropic parameter,  
epsilon (Thomsen, 1986) 0,0465

Anisotropic parameter,  
delta (Thomsen, 1986) 0,98

Anisotropic parameter 
gamma (Thomsen, 1986) 0,0977

TYPE
OF

WAVE

Incident
angle

( i, rad.)

RESULTS OBTAINED 

Phase
angle

( , rad.)

Transmission 
angle

( t, rad.)

qP 0,52 0,7874 0,7432

qSV 0,52 21,637 29,251

qSH 0,52 11,509 26,779

Table 4b. Results obtained for the phase and group angles. 
isotropic/ anisotropic case

Figures 3, 4 and 5 represent the slowness surfaces 
for each wave.

Figure 4a. Slowness surface for the SV wave. 
Configuration isotropic / isotropic

Figure 3b. Slowness surface for the qP wave. 
Configuration isotropic / anisotropic

Figure 3a. Slowness surface for the P wave. 
Configuration isotropic / isotropic
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Ray tracing in anisotropic media
Ray tracing is based on Snell’s Law. In the isotropic 

case, where the velocities of phase and group coincide, 
Snell’s Law has a simple representation.

                                    (12)

In the anisotropic case, the representation of Snell’s 
Law is more complicated. Figure 6 shows the geometric 
interpretation.

Figure 5b. Slowness surface for the qSH wave. 
Configuration: isotropic / anisotropic

Figure 4b. Slowness surface for the qSV wave. 
Configuration: isotropic / anisotropic

Figure 5a. Slowness surface for the SH wave. 
Configuration: isotropic / isotropic

 

According to Figure 6 in the case of anisotropy: θi, 
θr, and θt, represent the angles of incidence, transmis-
sion and reflection for the slowness vectors respectively. 
The ellipses are the slowness surfaces for each of the 
media. 

The model considered has two layers, the first one 
is isotropic and the other one is anisotropic. The inde-
pendent variable to be found is the horizontal distance r 
between the first transmission point to the receiver. The  
variable r was calculated using the following equation: 
(Slawinski, 1996).

               (13)

Equation 13 is easily generalized for a model of 
multiple layers only by adding the sums of type Hk 
tanθk for each of the additional layers. The problem is 
reduced to find transmission angles θk in terms of the 
independent variable r.

First we find the departure angle and the ray pa-
rameter x:

                                         (14)

Here, x is the ray parameter and β01 is the vertical 
phase velocity for layer 1. The phase and group angles 
are calculated for each of the layers. For example, the 
φ2 phase angle for layer 2 is as follows:

Figure 6. Geometric representation of Snell’s law (Slawinski, 1996)
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                 (15)

Where β02 is vertical phase velocity for layer 2 and 
γ2 is the Thomsen parameter for the same layer. The 
group angle is found as follows: 

                        (16)

Where r2 y dr2 are intermediate variables:

                             (17)

Figures 7 and 8 show the path of the ray in the iso-
tropic/isotropic and anisotropic/ anisotropic cases.

ANALYSIS OF RESULTS

With Figures 3, 4 and 5 it is possible to corroborate 
the dependence of the phase slowness (inverse of the 
phase velocity) with the direction.

In isotropic media the direction of the SV and SH 
wave is the same (transmission angle). 

Comparing the rays obtained with the isotropic/iso-
tropic and isotropic /anisotropic configurations (Figures 
7 and 8); a horizontal displacement is observed from 
the transmission point of the ray between blocks 1 and 
2. For this reason if the anisotropy of the medium is not 
taken into account, a different transmission point will 
be calculated, thereby generating errors in the calcula-
tions of travel time. 

DISCUSSION 

In this paper was presented the foundations for the 
understanding of the wave propagation in anisotropic 
media. Although it was presented the simplest case, it is 
a good starting point in the analysis of seismic velocities 
having the whole theory behind the phenomena, and 
some numerical examples.

In order to properly simulate the wave propagation 
phenomenon in a complex medium, it is necessary to 
know its elastic properties as well as its anisotropic 
parameters, particularly for samples with cracks, cavi-
ties or discontinuities.

Figure 8. Path of one ray in a medium composed by two blocks. The 
properties of the upper block are isotropic and the properties of the 

lower block are anisotropic

Figure 7. Path of one ray in a medium composed of two blocks, each 
one with the elastic properties of the isotropic media
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APPENDIX A

WaveP.m

%Calculation of transmission angle – interface 
isotropy/anisotropy (wave P)

clc
clear

teta_i =pi/3;  %incident angle
vel = 3000;  %velocity wave P – isotropic  
   media  
x_o = sin(teta_i)/vel; %horizontal component of  
   slowness 
alfa_o = 2000;  %vertical velocity wave P
EE = 0.1;  %epsilon- Thomsen
delta = 0.16;  %delta - Thomsen
c1 = alfa_o*x_o*(EE-delta);
c2 = alfa_o*x_o*delta;
c3 = alfa_o*x_o;

p_x = [c1 0 c2 -1 c3];
raices = roots(p_x);

con = 0;
for k = 1:length(raices)
    if isreal(raices(k))
        if isreal(acos(raices(k)))
            if raices(k)<1
                con = con + 1;
                resp(con) = acos(raices(k));
            end
        end
    end
end
Angulofase = resp %xi
radio = 1/(alfa_o*(1 + delta*sin(resp)^2*cos(resp)^2 
+ EE*cos(resp)^4));
dupl=resp*2;
arriba = alfa_o*cos(resp)*sin(dupl)*(delta*cos(dupl)
- 2*EE*cos(resp)*cos(resp))- sin(resp)/radio;
abajo= sqrt(1/radio^2 + (alfa_o*sin(dupl)*(delta*cos

(dupl) -  2*EE*cos(resp)*cos(resp)))^2);
angT= acos (arriba/abajo);
AnguloTransm=angT      %Teta_t
teta_t=angT;

%%%%%%%%%%%%%%%%%%%%%%%%%

% Slowness surface  

close all

1.0000    0.9067],...
‘menubar’,’none’,’NUMBERTITLE’,’OFF’,’color’,
’w’,’name’,’SUPERFICIES DE LENTITUD 
ONDA qP’);
axes(‘position’,[0.058 0.389 0.418 0.585])

hold on
view(3)
equis = [];
ye = [];
zeta = [];
cambio = (4.7585e-004 - 2.8868e-004)/5;
for r = 1.8868e-004:cambio:4.7585e-004
    con = 0;
    for xi = 0:pi/30:2*pi
        con = con + 1;
        z(con) = 1/r - alfa_o*(delta*(sin(xi))^2*(cos(xi)
)^2 + EE*(cos(xi))^4);
        x(con) = r*cos(xi);
        y(con) = r*sin(xi);
    end
    equis = [equis,x];
    ye = [ye,y];
    zeta = [zeta,z];
end

FSPUNTOS = 20;
FSABDER = max(equis);
FSABIZQ = min(equis);
FSDERAR = max(ye);
FSDERAB = min(ye);

% Construction the grid

TEMPO = (FSABDER-FSABIZQ)/FSPUNTOS;

Matlab scripts to calculate the group and phase 
angles and slowness surfaces following the methodol-
ogy outlined by Slawinski (1996).
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XSEM = FSABIZQ:TEMPO:FSABDER;

TEMPO = (FSDERAR-
FSDERAB)/FSPUNTOS;
YSEM = FSDERAB:TEMPO:FSDERAR;
[DATRX,DATRY] = 
meshgrid(XSEM,YSEM);
DATRZ = 
griddata(equis,ye,zeta,DATRX,DATRY,’cubic’);
surfc(DATRX,DATRY,DATRZ)

%%%%%% contours %%%%%%%

axes(‘position’,[0.6 0.1 0.33 0.4])
contour(DATRX,DATRY,DATRZ)
colormap autumn
axis square

WaveSV.m

% Calculation of transmission angle – 
interface isotropy/anisotropy (wave SV)

clc
clear

teta_i = pi/3;  %incident angle
vel = 3000;  %Velocity wave P
x_o = sin(teta_i)/vel; %horizontal component of  
   s lowness 
alfa_o = 2000;  %vertical velocity wave P
beta_o = 1000;  % vertical velocity wave S
EE = 0.1;  %epsilon- Thomsen
delta = 0.16;  %delta - Thomsen

c1 = (alfa_o^2*x_o*(EE-delta))/beta_o;
c2 = (alfa_o^2*x_o*(EE-delta))/beta_o;
c3 = x_o*beta_o;

p_x = [c1 0 -c2 1 c3];
raices = roots(p_x);

con = 0;
for k = 1:length(raices)
    if isreal(raices(k))
        if isreal(acos(raices(k)))

            if raices(k)<1
                con = con + 1;
                resp(con) = acos(raices(k));
            end
        end
    end
end
Angulofase=resp     %xi
radio = 1/(beta_o*(1+(alfa_o^2/beta_o^2)*(EE-delta)
*(sin(resp)*sin(resp)*(cos(resp)*cos(resp)))));
dupl=resp*2;
arriba = (sin(resp)/radio)+((alfa_o^2/beta_
o)*cos(resp)*(EE-delta)*sin(dupl)*cos(dupl));
abajo= sqrt((1/radio^2)+((alfa_o^2/beta_o)*(EE-
delta)*sin(dupl)*cos(dupl))^2);
angT= acos (arriba/abajo);
AnguloTransm=angT      %Teta_i

%%%%%%%%%%%%%%%%%%%%%%%%%

% Slowness Surface

close all

[0    0.0500    1.0000    0.9067],...
‘menubar’,’none’,’NUMBERTITLE’,’OFF’,’color’,
’w’,’name’,’SUPERFICIES DE LENTITUD ONDA 
qSV’);

axes(‘position’,[0.058 0.389 0.418 0.585])

hold on
view(3)
equis = [];
ye = [];
zeta = [];
cambio = (radio - x_o)/10;
for r = x_o:cambio:radio
    con = 0;
    for xi = 0:pi/30:2*pi
        con = con + 1;
        z(con) = 1/r - ((alfa_o^2/beta_o)*((EE-delta)*(si
n(xi))^2*(cos(xi))^2));
        x(con) = r*cos(xi);
        y(con) = r*sin(xi);
    end
    equis = [equis,x];
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    ye = [ye,y];
    zeta = [zeta,z];
end

FSPUNTOS = 20;
FSABDER = max(equis);
FSABIZQ = min(equis);
FSDERAR = max(ye);
FSDERAB = min(ye);

% Construction the grid

TEMPO = (FSABDER-FSABIZQ)/FSPUNTOS;
XSEM = FSABIZQ:TEMPO:FSABDER;

TEMPO = (FSDERAR-FSDERAB)/FSPUNTOS;
YSEM = FSDERAB:TEMPO:FSDERAR;
[DATRX,DATRY] = meshgrid(XSEM,YSEM);
DATRZ = griddata(equis,ye,zeta,DATRX,DATRY,’c
ubic’);
surfc(DATRX,DATRY,DATRZ)

%%%%%% contours %%%%%%%

axes(‘position’,[0.6 0.1 0.33 0.4])
contour(DATRX,DATRY,DATRZ)
colormap winter
axis square

WaveSH.m

%% Calculation of transmission angle – interface 
isotropy/anisotropy (wave SH)

clc
clear

teta_i = pi/3;  %incident angle 
vel = 3000;  %Velocity wave P 
x_o = sin(teta_i)/vel; %horizontal component of  
   slowness 
alfa_o = 2000;  %vertical velocity wave P
beta_o = 1000  % vertical velocity wave S 
EE = 0.1;  %epsilon- Thomsen
delta = 0.16;  %delta - Thomsen
gamma=0.2;  %gamma - Thomsen 

c1 = (x_o*beta_o*gamma);
c2 = x_o*beta_o;

p_x = [c1 -1 c2];
raices = roots(p_x);

con = 0;
for k = 1:length(raices)
    if isreal(raices(k))
        if isreal(acos(raices(k)))
            if raices(k)<1
                con = con + 1;
                resp(con) = acos(raices(k));
            end
        end
    end
end

Angulofase=resp  %xi
radio = 1/(beta_o*(1+(alfa_o^2/beta_o^2)*(EE-delta)
*(sin(resp)*sin(resp)*(cos(resp)*cos(resp)))));
dupl=resp*2;
arriba = (sin(resp)/radio)+((alfa_o^2/beta_
o)*cos(resp)*(EE-delta)*sin(dupl)*cos(dupl));
abajo= sqrt((1/radio^2)+((alfa_o^2/beta_o)*(EE-
delta)*sin(dupl)*cos(dupl))^2);
angT= acos (arriba/abajo);
AnguloTransm=angT %Teta_i

%%%%%%%%%%%%%%%%%%%%%%%%%

% Slowness Surface 

close all

[0    0.0500    1.0000    0.9067],...
    ‘menubar’,’none’,’NUMBERTITLE’,’OFF’,’c
olor’,’w’,’name’,’SUPERFICIES DE LENTITUD 
ONDA qSH’);

axes(‘position’,[0.058 0.389 0.418 0.585])

hold on
view(3)
equis = [];
ye = [];
zeta = [];
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cambio = (radio - x_o)/10;
for r = x_o:cambio:radio
    con = 0;
    for xi = 0:pi/30:2*pi
        con = con + 1;
        z(con) = 1/r - (beta_o*gamma*cos(xi)*cos(xi));
        x(con) = r*cos(xi);
        y(con) = r*sin(xi);
    end
    equis = [equis,x];
    ye = [ye,y];
    zeta = [zeta,z];
end

FSPUNTOS = 20;
FSABDER = max(equis);
FSABIZQ = min(equis);
FSDERAR = max(ye);
FSDERAB = min(ye);

% Construction the grid

TEMPO = (FSABDER-FSABIZQ)/FSPUNTOS;
XSEM = FSABIZQ:TEMPO:FSABDER;

TEMPO = (FSDERAR-FSDERAB)/FSPUNTOS;
YSEM = FSDERAB:TEMPO:FSDERAR;
[DATRX,DATRY] = meshgrid(XSEM,YSEM);
DATRZ = griddata(equis,ye,zeta,DATRX,DATRY,’c
ubic’);
surfc(DATRX,DATRY,DATRZ)

%%%%%% contours %%%%%%%

axes(‘position’,[0.6 0.1 0.33 0.4])
contour(DATRX,DATRY,DATRZ)
colormap summer
axis square

WavePaniso.m

%% Calculation of transmission angle – interface 
anisotropy/anisotropy (wave P)

%Step 1: Calculate phase angle (xi), on the basis of 
incident angle (teta_i)

clear
clc
close all

syms xi alfa_1 drdxi delta_1 EE_1 teta

r_xi = 1/(alfa_1*(1+delta_
1*sin(xi)^2*cos(xi)^2+EE_1*cos(xi)^4));
numerador = sin(2*xi)*(EE_1-delta_
1*cos(2*xi)+EE_1*cos(2*xi));
denominador = alfa_1*(1+delta_
1*sin(xi)^2*cos(xi)^2+EE_1*cos(xi)^4)^2;
drdxi = numerador/denominador;
arriba = drdxi-r_xi*tan(xi);
abajo = drdxi*tan(xi)+r_xi;
teta = acot(arriba/abajo);

teta_i = 30*pi/180; %incident angle
alfa_1 = 3000;  %vertical velocity wave P,  
   media 1
EE_1 = -0.2;  %epsilon media 1
delta_1 = 0.1;  %delta media 1
alfa_2 = 4000;  %vertical velocity wave P,  
   media 2
EE_2 = 0.15;  %epsilon media 2
delta_2 = -0.2;  %delta media 2

con = 0;
for xi = 0.01:0.01:pi-0.01
    con = con + 1;
    equis(con) = xi;
    ye(con) = eval(teta);
end

% Finding roots

res = 1000;
tol = 0.01;
a = 0.01;
b = pi-0.01;
while res > tol
    delta = b-a;
    xi = a;
    if eval(teta) - teta_i < 0
        xi = b;
        if eval(teta) - teta_i < 0
            a = b;
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            b = b + delta;
        else
            b = b - delta/2;
        end
    else
        b = a;
        a = a - delta;
    end   
    xi = b;
    res = abs(teta_i-eval(teta));
end
corte = b;

plot(equis,ye)
hold on
xlabel(‘Xi’)
ylabel(‘Teta’)
xi = 0.01;
plot([0 corte],[teta_i teta_i],’-.’)
plot([corte,corte],[eval(teta),teta_i],’-.’)
plot(b,teta_i,’o’,’color’,[0 0.5 0],’linewidth’,2)
ab = eval(teta);
xi = pi-0.01;
ar = eval(teta);
set(gca,’xlim’,[0.01 pi-0.01],’ylim’,[ab ar])
set(gcf,’units’,’normalized’,’menubar’,’none’,’positi
on’,[0    0.0500    1.0000    0.9067],...
    ‘numbertitle’ , ‘off’, ‘name’,’Angulo de grupo vs 
Angulo de fase’,’color’,’w’)
xi_i= corte;

disp(‘incident angle:’)
disp(teta_i)
disp(‘phase angle, media 1:’)
disp(xi_i)

%Step 2: Calculate the ray parameter

x_o= cos(xi_i)/(alfa_1 * ( 1 + (delta_1*sin(xi_
i)^2*cos(xi_i)^2) + EE_1*cos(xi_i)^4));

%Step 3: Solve the polynomial expression (phase 
angle transmission media) 

x_om=-x_o;

c1 = alfa_2 * x_om*(EE_2 - delta_2);

c2 = alfa_2 * x_om*delta_2;
c3 = alfa_2 *x_om;

p_x = [c1 0 c2 -1 c3];
raices = roots(p_x);

con = 0;
for k = 1:length(raices)
    if isreal(raices(k))
        if isreal(acos(raices(k)))
            if raices(k)<1
                con = con + 1;
                resp(con) = acos(raices(k));
            end
        end
    end
end

%Step 4: Calculate transmission angle

teta_t
xi_t=resp;
disp (‘phase angle, media 2:’)
disp (xi_t)       
radio = 1/(alfa_2*(1 + delta_2*sin(resp)^2*cos(resp)
^2 + EE_2*cos(resp)^4));
dupl=resp*2;
arriba = alfa_2*cos(resp)*sin(dupl)*(delta
_2*cos(dupl)- 2*EE_2*cos(resp)*cos(resp))- 
sin(resp)/radio;
abajo= sqrt(1/radio^2  + (alfa_2*sin(dupl)*(delta_
2*cos(dupl) -  2*EE_2*cos(resp)*cos(resp)))^2);
teta_t= acos (arriba/abajo);
disp (‘transmission angle:’)
disp (teta_t)            %Teta_t

%Step 5: Calculate phase velocity

v_fase_1=alfa_1*(1 + delta_1*sin(xi_i)^2*cos(xi_
i)^2 + EE_1*cos (xi_i)^4);
disp (‘ phase velocity , media 1:’)
disp (v_fase_1) 

v_fase_2=alfa_2*(1 + delta_2*sin(xi_t)^2*cos(xi_
t)^2 + EE_2*cos (xi_t)^4);
disp (‘phase velocity media 2’)
disp (v_fase_2)            
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> restart:
unprotect(gamma):
Calculate ray parameter
> x[0]:=sin(theta[i])/v:
> z:=arccos((1-sqrt(1-(2*x[0]*beta[0])^2*gamma))/(2*x[0]*beta[0]*gamma)):
> dz:=2*z:
> r:=1/(beta[0]*(1+gamma*cos(z)^2)):
> t:=sin(z)*(2*beta[0]*gamma*cos(z)^2-1/r):
> b:=sqrt(1/r^2+(beta[0]*gamma*sin(dz))^2):
> s:=arccos(abs(t/b)):
> param:=h[1]=3000,h[2]=1000,gamma=.02,v=2000,beta[0]=3368,x=2500:
> eq:=h[1]*tan(theta[i])+h[2]*tan(s)=x:
solve(eq,theta[i]);
> r1:=RootOf(subs(param,eq),theta[i],0..Pi/2):
> evalf(r1);
> theta[t] := arctan((x-h[1]*tan(r1))/h[2]):
> evalf(subs(param,theta[t]));
> with(plottools):
with(plots):
> l1 := subs(param, curve([[0,0], [x,0]], color=green)):
l2 := subs(param, curve([[0,-h[1]],[x,-h[1]]], color=green)):
l3 := subs(param, curve([[0,-h[2]-h[1]],[x,-h[2]-h[1]]], color=green)):
s1 := subs(param, curve([[0,0],[h[1]*tan(r1),-h[1]]], color=red)):
s2 := subs(param, curve([[h[1]*tan(r1),-h[1]],[x,-h[2]-h[1]]], color=red)):
display(l1,l2,l3,s1,s2);
> evalf(arctan(1433.3)/3000);

Maple scripts to ray tracing in a media consisting 
by two homogeneous layers separated by a planar 
interface. It follows the methodology outlined by 
Slawinski (1996).


