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ABSTRACT

(Received: Aug. 30, 2015; Accepted: Nov. 30, 2016)

I

n the oil industry chemical products are often injected during fluid transport either to modify the rheological
characteristics, i.e. viscosity, or to stabilize crude oil composition by inhibition of phase separation. The
effects are generally related to the dosed product concentration so it is important to study the transient
variation in the amount of fluid incorporated to a stream mainly for cases where there is no mechanical premixing of phases when the main flow is in the laminar regime. This paper presents a theoretical model based
on the conservation equations of mass and momentum that prescribes the temporal evolution of the spatial
concentration profiles under different conditions. An analytical solution to the model is proposed that shows
how the behavior is dependent on the injection method. The theoretical results can be considered as a basis
to predict how the injection method affects these profiles.
Keywords: Concentration profile, Homogeneous blend mix, dimensionless model.
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RESUMEN

E

n la industria petrolera suelen inyectarse productos químicos durante el transporte de fluidos ya sea
para modificar sus características reológicas, como la viscosidad, o para estabilizar su composición
inhibiendo la separación de fases. Los efectos generalmente dependen de la concentración en la
que se encuentre dosificado el producto, por lo que es relevante el estudio de la variación de la cantidad
del fluido incorporado en el tiempo para los casos en los que no existe un mezclado mecánico de las fases
y existe un régimen laminar. En este trabajo se desarrolló un modelo teórico basado en las ecuaciones de
conservación de cantidad de movimiento y masa, que definen la evolución temporal de los perfiles espaciales
de concentración bajo dos condiciones distintas. Se propone una solución analítica al modelo, y a partir del
análisis se encuentra que el comportamiento del flujo es dependiente del tipo de inyección que se realice.
Los resultados teóricos pueden ser tomados como base para predecir cómo el método de inyección afecta
a estos perfiles.
Palabras clave: Perfil de concentración, Mezcla homogénea.

RESUMO

N

a indústria petroleira a injeção de produtos químicos durante o transporte de fluidos é comumente
utiliza seja para alterar suas características reológicas, como a viscosidade, ou para estabilizar sua
composição inibindo a separação de fases. Os efeitos geralmente dependem da concentração de
dosagem do produto. Por tanto, é relevante estudar a variação da quantidade do fluído incorporado no
tempo para os casos onde não existe uma mistura mecânica das fases com presença de um regime laminar.
Neste trabalho desenvolvemos um modelo teórico com base nas equações de conservação de quantidade de
movimento e massa, que definem a evolução provisória dos perfis espaciais de concentração sob condições
diferentes. Propõe-se uma solução analítica ao modelo e com base nessa análise, o comportamento do fluxo
foi encontrado como sendo dependente do tipo de injeção a ser realizada. Os resultados teóricos podem
ser tomados como base para predizer como o método de injeção afeta estes perfis.
Palavras-chave: Perfil de concentração, Mistura homogénea.
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1. INTRODUCTION
Although computational fluid dynamics (CFD)
methods have been implemented to study both, velocity
and concentration profiles, it is interesting to provide
analytical solutions (Zhang, Xu, & Li, 2012; Xue-Yi,
Zhang, & Zheng, 2014) to describe phenomena such
as flow in rotor-stator mixers (Barailler, Heniche &
Tanguy, 2006.), in helical coils (Trivedi & Vasudeva,
1975; Daskopoulos & Lenhoff, 1988), mixed convection
in horizontal tubes (Chae & Chung, 2014) and free
convection from horizontal cylinders (Chandra &
Chhabra, 2012), all these under a laminar regime.
In the oil industry, heavy crude transport challenges
are increasing due to the characteristics of the fluid
produced, particularly with regards to its very high
viscosity and compositional variation. One of the main
problems is flocculation in crude oils as a result of
pressure and temperature changes (Hosseini-Dastgerdi,
Tabatabaei-Nejad, Sahraei & Nowroozi, 2015; Adams,
2014; (Zendehboudi et.al). In such cases, viscosity
is modified through the injection of diluents or flow
improvers. When these products are injected at a point
in a flowing fluid, and there is no previous mechanical
mixing (Gabrienko, Subramani, Martyanov, & Kazarian,
2014), the generally laminar flow regime inhibits
homogenization and therefore molecular diffusion
is the only mixing mechanism that takes place. The
macroscopic action of the product will depend on the
convective transport mechanism and the concentration
profile that ensues. Concentration profiles are difficult to
measure and an analytical solution is not usually found
(Martínez-Palou et al. 2011; Centeno, Sánchez-Reyna
& Ancheyta, 2015).
This paper proposes a mathematical model that
describes the transient behavior of the concentration
profile, taking into account the method used to inject

a fluid into another fluid of similar characteristics of
viscosity and density. The model was generated on
the basis of the transient conservation equations of
mass and momentum transport, considering that the
dominant mechanism associated with the mass transport
is convection. This paper presents an accurate solution
to the partial differential equation system that enables
a simplified application.
2. EXPERIMENTAL METHODOLOGY
To develop the analytical model, the following
assumptions are considered: i) the viscosity of fluid
A in the pipe (main fluid) is constant and independent
of the concentration of fluid B (injected fluid); ii) the
flow is laminar; iii) only mass transport by convection
is considered; iv) isothermal system; v) the injection
of fluid B does not affect significantly the main flow
of fluid A in the pipe, so the velocity profile in the pipe
is a function of only the radial coordinate and it can be
considered in steady state. Figure 1 shows a schematic
of the design concept studied.
Fluid A can represent a heavy crude oil and fluid
B the injected product. Both fluids A and B, have the
same physical properties, i.e. density and viscosity,
and the same chemical composition. Although in this
case the fluids do not undergo any physical change, this
theoretical consideration allows a first approximation
regarding the transient behavior of a two-fluid mixture,
which can be complemented with further study.
Pipeline concentration profile in unsteady state.
Under the assumption that fluid B does not affect
neither the fluid viscosity nor the velocity profile of
fluid A, the latter can be determined from the following
momentum (Bird, Steart, & Lightfoot) (2002):
2
- ∆ P = 1 ∂v + ∂ v2
Lµ r ∂r ∂r

Fluid B

Fluid B

R

(1)

Z
r=0

Fluid A

Fluid A
(a)

(b)

Figure 1. a) Injection analysis of B concentration, depending on the type of injection b) Description of the system
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where P is pressure, v is velocity, µ is dynamic
viscosity and r is the pipeline radius. The exact solution
of differential equation (1) is:
v(r)=- 1 ∆ P r 2 + C1 + C2 1nr
4 Lµ

(2)

C1 and C2 are constants, which are determined
considering that:
v(0) ≠ ∞
v(R) = 0

(3)

The velocity profile results:
2
2
v(r)=- 1 ∆ PR  1 - r  
4 Lµ   R

v=

The general model given by Equation 11 was solved
for two types of injection of fluid B: a gradual injection
and a pulsed-type input.

R=0

Injection center

∫ Vm (1-( ) )rdr 1
V
=
R
2 max
∫0 rdr

Figure 2. Cross section of the tube.

(6)

Considering that the transport mechanism is only
convection, the equation that describes the transient
and axial variation of concentration of B in A, i.e. xb
is given by:
∂xb
∂xb
∂t + v(r) ∂z = 0

(7)

Substituting equation 5 in 7:
∂xb
∂xb
2
∂t + Vmax (1-γ ) ∂z = 0

(8)

To solve the differential partial equation 8, Laplace
transform is applied, in such way that it is expressed as
a differential equation:
sxb(s)-C3 + Vmax (1-γ2)

dxb(s)
dz = 0

(9)

Considering that xb(r,0) = 0, it leads to C3 = 0 and
therefore:

60

where C4 is determined depending on the injection
mechanism analyzed.

(5)

r 2
R

sxb(s) + Vmax (1-γ2)

(11)

(4)

and the average velocity is given by:
R
0

z

xb(s) = C4 exp  - s
 Vmax (1-γ2)

R=1

2
Defining γ = Rr and knowing that Vmax = 41 ΔPR
Lµ
equation 4 can be rewritten as:

v(r)=Vmax(1-γ2)

The exact solution of equation 10 is given by:

dxb(s)
dz = 0

(10)

Experimental Setup
To obtain qualitative evidence of the flow phenomena
previously described, the experimental apparatus
shown schematically in Figure 1b was implemented.
A glass tubing of 5 mm diameter and 4 m long allows
visualization of a colored injected fluid into the main
flow. The prescribed flow rate is 1cm3/s which is
provided by a constant head tank, and the outflow is at
ambient pressure. The fluid used was glycerin with a
viscosity of 1080cP. Experiments were performed three
times to ensure repeatability under isothermal conditions
of 20°C (ambient temperature) with the prescribed flow
rate. After 5 minutes from startup (to ensure a steady
state), the same glycerin (artificially black colored) is
injected using a manual syringe with a 0.8 mm needle
for 5 s to simulate a pulsed/gradual input. Images were
recorded at regular time intervals with a 7 Mpixel digital
camera. The colored “plume” advance is then compared
with the theoretical transient evolution of concentration.
Since chemical reaction or heat transfer/generation is
absent (given the tube length and low fluid velocity,
friction effects are negligible), adiabatic mixing of the
two fluids is precluded in the analysis.
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therefore:

3. RESULTS AND DISCUSSION

z

xb (s) =  1 - 1 exp-s
 s b+s
 Vmax (1-γ2)

The obtained model is based on the conservation
of momentum and mass transport equations for
multicomponent systems so that it is an ideal model where
caloric effect is associated with the thermodynamic and
viscosity friction process (and effects associated to the
mixing) so that system temperature is uniform without
heat transport.

and applying the inverse of Laplace transform:
z
z

α txb (r,z,t) =1-exp -bt
  Vmax1- Rr 2  Vmax1- Rr 2

α(u) = { 0 if u<0
1 if u>0

It can be observed that for each spatial point,
the injection process is reproduced, in which the
concentration gradually increases until it reaches a
constant value. The concentration profile with respect
to radius and axial distance for a specified time shows
that the concentration decreases with increasing radius,
as the velocity is very small near the tube wall and the
assumed mechanism that drives the mass transport is
convection.

For this case, it is considered that:
(12)

Then:
1
1
; z=0
s b+s

(13)

Substituting equation 13 in equation 11:
1
1
0

- s
;
s b+s C4 exp  Vmax (1-γ2)

Determination of the concentration profile of B in time
for a pulse input type

(14)

So:
C4 =

(18)

Temporal and spatial qualitative profiles of fluid B's
concentration predicted by the model given by equation
18 are shown in Figures 4 and 5, considering R = 1,
Z=1 and b = 1

Determination of the concentration transient profile
for gradual input of B

xb(s) =

(17)

Where α is the Heaviside function given by:

To study the effect of the injection dynamics of fluid
B on the concentration profile, two cases are considered:
a gradual injection of B and a pulsed-type input, as
shown in Figure 3.

xb(r,z,0) = 0,z >0; xb(r,0,t) = 1-exp(-bt)

(16)

For this case it is considered that:

1
1
s b+s

(15)

B

(19)

xb (r,z,o) = o;xb(r,o,t) = t exp(-bt)

B

t

gradual input

pulse input

t

Figure 3. Temporal behaviour of B concentration at the injection point.

CT&F - Ciencia, Tecnología y Futuro - Vol. 6 Num. 4

Dec. 2016

61

EDGARDO SUÁREZ et al.

1.0
1.0

B

0.5
B 0.5
0.0
0

0.0
0

2
Z

4

5

10

0
2

0

4

Z

t
r=0

5
10

t

r=0.9

Figure 4. Qualitative profile of B concentration profile with respect to time t and distance z for r =0 (tube center) and r = 0.9 (near tube wall)
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Figure 5. Qualitative profile of B concentration profile with respect to radius r and distance z for different times.
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Following a similar method as in the previous case,
the following equation is obtained:
z
z

exp - txb (r,z,t) = t  Vmax1- Rr 2
 Vmax1- Rr 2
z

α t Vmax1- Rr 2

equation 18 are shown on Figures 6 and 7, considering
R = 1, Z = 1 and b = 1.
For this dynamic type of injection, the results show
that the concentration has a profile that evolves strongly
with time and distance from the injection point. For
each spatial point and within a certain distance, the
concentration increases over time, reaching a given
value, from which it decreases to zero. That is, each

(20)

Temporal and spatial qualitative profiles of B
concentration predicted with the model given by

B
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Figure 6. Qualitative profile of B concentration profile with respect to time t and distance z for r =0 (tube center) and r = 0.9 (near tube wall)
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Figure 7. Qualitative profile of B concentration profile with respect to radius r and distance z for different times.
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point in space in the concentration profile qualitatively
reproduces the time behavior of the injected fluid. For
a given time, the behavior of the concentration profile
shows a decrease in concentration with respect to the
radius for higher values of z, while for lower values
the profile is reversed and the concentration increases
with the radius.

flow velocity. The system tends to a steady state where
the concentration is the same at all points for a gradual
injection, while it tends to zero for a pulsed injection.
In both cases the average concentration reflects the
method of injection.
This behavior is explained as the transport mechanism
is predominantly by convection.

Behavior of average concentration
The average concentration with respect to the flow
area is determined by:
〈 xb (z,t) 〉 =

∫20� ∫10 xb(r,z,t)rdrdθ

Experimental Observations
Figure 9 shows pictures obtained during the test in a
tube. It is observed qualitatively that the concentration
profile evolution is mainly due to convective transport
of the colored fluid. At the end of the test, a constant
width “line” of the colored fluid spans a length of (4.5
– 6.5) cm.

(21)

∫20� ∫10 rdrdθ

The integration of equation 21 does not have an
exact analytical solution, so it is necessary to apply a
numerical solution method. The behavior predicted is
shown in Figure 8. It is observed that at a given distance,
the concentration of fluid B increases with the average

Although axial transport is reported in previous
studies (Trivedi & Vasudeva, 1975), the theoretical
analysis presented describes this phenomenon in a
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Figure 8. Qualitative average concentration profiles for two different average velocities and injection dynamics.
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(a)

(b)

(c)

(e)

(d)

(f)

Figure 9. Pictures taken after a. 1s, b. 2s, c.3s and d. 4s of the injection. e and f are pictures b/w pictures of the inner fluid tip.

simplified manner as compared to the solution presented
by Zhang et al. 2012. The proposed model can be
complemented for two liquids with different physical
properties, to represent a more realistic additive injection
problem, as presented in the oil industry or similar, but
considering different physical properties, which is a
matter of consideration for authors in further work.
4. CONCLUSIONS
● A mathematical model for prediction of the spatial
and transient concentration profile of an injected fluid
as a function of the injection method is proposed.
According to calculated theoretical results, the
dynamics of the injection process is qualitatively
reproduced at each spatial point, and the same occurs
for the average concentration. Although in this paper
only two cases are analyzed, it is possible to consider
other injection methods, which must be studied when
products are injected to decrease the precipitation
of heavy fractions in a crude oil or to increase the
stability of dispersed particles, where the effectiveness depends on the fluid injected concentration. It is
necessary to point out that the present model is valid
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if the mechanism associated with mass transport is
predominantly by convection, the main flow is laminar and the effect of the injected product on viscosity
can be considered negligible.
● An exact solution to the partial differential equations
system is presented, which enables a simplified application. The present model can be improved to
consider changes in viscosity due to the concentration
of fluid B in fluid A, and thereby obtain and quantify
a drag reducing effect. Initially, experiments with a
high viscosity fluid show that radial diffusion is negligible as compared to convective transport. Future
work can be applied in results like those presented
by Abdulbari, Shabirin, & Abdurrahman, 2014, with
polymers diluted in the same stream
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