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Abstract 
This paper presents a novel methodology to characterize loads using the instantaneous power tensor theory in three-phase three-wire or 
four-wire systems. Tensor theory is based on the dyadic product between voltage and current instantaneous vectors; this definition allows 
us to represent the phenomena of power quality produced by loads operation, through the deformation of a cube and the trajectory of one 
of its three-dimensional vectors. This new way of characterization could help researchers to construct better models of three-phase loads, 
or to achieve a better monitoring and machines diagnosis. Results are reached by implementing simulations in MATLAB® and endorsed 
with experimental measurements. 
 
Keywords: Power quality, vector trajectory, paths, current-voltage characteristic, characterizing loads, harmonics, Lissajous, diagnosis. 

 
 

Caracterización de cargas usando la teoría instantánea del tensor de 
potencia 

 
Resumen 
Este artículo presenta una novedosa metodología para caracterizar cargas usando la teoría instantánea del tensor de potencia en sistemas 
trifásicos de tres y cuatro hilos. La teoría tensorial está basada en el producto diádico entre los vectores instantáneos de corriente y tensión; 
esta definición permite representar los fenómenos de calidad de la potencia que produce la operación de la carga, a través de la deformación 
de un cubo y la trayectoria de uno de sus vectores tridimensionales. Esta nueva forma de caracterización podría ayudar a investigadores a 
construir mejores modelos de cargas trifásicas, o a realizar un mejor monitoreo y diagnóstico de máquinas. Los resultados son alcanzados 
implementando simulaciones en MATLAB® y son validados con mediciones experimentales. 
 
Palabras clave: Calidad de la potencia, trayectoria del vector, caminos, característica corriente-tensión, caracterización de cargas, 
armónicos, Lissajous, diagnóstico. 

 
 
 

1.  Introduction 
 
Characterization of loads has been a useful tool for several 

applications like dimensioning of facilities, loads modeling, 
power conservation and energy efficiency [1], diagnosis of 
machines [2-4], even real time monitoring [5], etc. Modeling is 
the most important part in the simulation analysis; also a good 
characterization of loads is a useful input for network operation 
and planning [6]. Some methods use data analysis [7], or 
Lissajous patterns that involve the voltage and current time 
functions [8,9]; but most of such methods only apply for single 
phase loads; those that are suitable for three-phase systems do 

not involve voltage and current at the same time [5]. This paper 
proposes a new way for characterizing loads, using three-
dimensional trajectories (3-D paths) for three-phase power, 
instead of single-phase voltages or currents diagrams, using the 
instantaneous power tensor theory. 

The paper is arranged as follows. First, a background of 
other methods is presented in such a way that comparisons can 
be made between them. Second, the proposed method is 
introduced as a methodology consisting of five steps. Third, 
simulation results using synthetic signals are presented. Fourth, 
experimental results with measurements of two real loads are 
exposed. Finally, conclusions and future work are raised. 
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Figure 1: I-V Characteristic for single phase loads. (a) resistive, (b) 
inductive, (c) a reactive non-linear load  
Source: The authors. 

 
 

2.  Background of Other Methods 
 

2.1.  Current - Voltage Lissajous Patterns 
 
Traditionally, for single phase loads, the current-voltage 

characteristic or Lissajous patterns has been the most popular 
method for characterizing loads [1,8,9]; even on three-phase 
systems it is still used, graphing the I-V characteristic for 
each phase. The Lissajous patterns describe the “complex 
harmonic motion” of a system with parametric equations 
given by (1), where the ratio ω1/ω2 and the value of α 
determines the shape of the pattern. 

 

 1 2sin( ),   y sin( )x A t B t      (1) 
 
In Figure 1 three typical single-phase I-V characteristic 

curves can be seen corresponding to (a) a resistive load, (b) 
an inductive load, and (c) a reactive non-linear load. It is 
worth noticing here that for the pure resistive load a straight 
line or linear I-V relationship is obtained. 

This is not a suitable approach for characterizing three-
phase loads, because it is not possible to see the whole three-
phase effect caused by such load operation. Also, it is 
difficult to determine which harmonic is imposing the load to 
the network. 

The main feature of this method is the advantage that can 
be seen in the relationship between voltage and current 
signals. 

 
2.2.  Alpha – Beta Patterns 

 
Due to the need of characterizing three-phase loads on a 

single diagram, for a better understanding and analysis, some 
authors have proposed the α-β frame [4,5]. This approach 
uses the Clarke's Transform for α-β components, and their 
paths or Concordia patterns to draw the three-phase voltage 
or current vector. 

The Clarke's transform is given by (2). It takes the 
measurements of a three-phase system and leads it to a two 
axes coordinate frame of reference (α-β frame), allowing us  

 
Figure 2: abc currents, alpha-beta currents and its Concordia patterns for (a) 
an ideal load (b) a load with the 5th harmonic in its current  
Source: The authors. 

 
 

to obtain the two-dimensional patterns useful for 
characterizing load or machine diagnosis. 
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Figure 2 shows the abc currents, the αβ currents and the 

generated patterns of (a) a three-phase load without 
unbalances, neither harmonics nor reactive power; (b) a load 
that causes three-phase current with the 5th harmonic. The 
pattern from (a) could be taken as a reference or ideal 
condition. 

 
2.3.  Characteristic Trajectory of the Instantaneous Power 

Tensor 
 
A more recent approach, based on the tensor theory has 

been published in [10]. It uses the dyadic product of the 
voltage and current instantaneous vectors, to get the 
Instantaneous Power Tensor. It also describes all the 
phenomena of power quality just analyzing the different 
characteristic values of the obtained matrix. The following 
equation defines the power tensor. 
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 ij i jv i    (3) 

 
Then, for a three-phase system, the power tensor can be 

written as: 
 

 
a a a a a b a c

ij b b b a b b b c

c c c a c b c c

v i v i v i v i

v i v i v i v i

v i v i v i v i

     
             
          

 (4) 

 
In order to be able to draw the patterns used in loads 

characterization, it is necessary to get a spatial vector derived 
from the power tensor. For that reason it is desirable to reduce 
the order of the tensor. This spatial vector allows us to 
describe the characteristic trajectory of the power tensor in 
the R3 space.  

Reduction of the power tensor order is described in [10]. 
Here, it is shown that it is possible to find a vector xj (a first 
order tensor), which matches with the following equation: 

 
 ij i jx x   (5) 

 
Where, λ and xj are the eigenvalues and eigenvectors of 

the power tensor, respectively.  
The matrix representation of the instantaneous power 

tensor, allows us to calculate its eigenvalues and eigenvectors 
through the following equation system:   

 

   0ij ij jx     (6) 

 
Where, ij  is the “Kronecker’s delta” tensor. The roots 

of the characteristic equation given by (7) are the eigenvalues 
stated in (8). 

 

 0ij ij     (7) 

 
 (1) 1 1 2 2 3 3 (2) (3); 0v i v i v i               (8) 
 
There is a unique eigenvector xj for each λ in (6). As an 

example, a possible combination of eigenvectors associated 
to each eigenvalue, may be: 
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 (9) 

 
With these results it is possible to obtain the trajectories 

that describe the internal products between the power tensor 
and its eigenvectors. Considering that λ2= λ3=0, the only one 
possible trajectory is: 
 

 
Figure 3: Trajectory for (a) three-phase ideal load, (b) three-phase load with 
the 5th harmonic in its current 
Source: The authors. 

 
 

      1 1 1i ij j iy x x   (10) 

 
Figure 3 (a), shows the trajectory generated by the vector 

stated in (10), corresponding to the operation of an ideal load, 
i.e. the matrix 

ij  is formed by instantaneous vectors of 
voltage and current with positive sequence, fundamental 
component and perfectly in phase.  Figure 3 (b) shows 
another trajectory for a three-phase load with the 5th harmonic 
in its current. Here the number of bumps is equal to n+1, 
where n is the harmonic order. 

Notice that in this approach, the drown trajectory 
describes the behavior of the instantaneous power, i.e. takes 
into account the voltage and current signals at the same time. 

Although this method takes into account the relationship 
between the three-phase voltage and current vectors, it cannot 
draw trajectories generated by reactive power, neither 3rd 
harmonic, nor its multiples. Thus, it is necessary to use 
another concept of the instantaneous power tensor, which 
enables us to draw the corresponding trajectories caused by 
the mentioned phenomena. This alternative methodology is 
described in the next section. 

 
3.  Proposed methodology for loads characterization 

 
The following methodology uses the instantaneous power 

tensor theory proposed in [10] for characterizing loads, but 
using the definition of the power distortion tensor, instead of 
the characteristic trajectory. The process begins when the 
voltage and current vectors are stored in a computer or in a 
DSP based system. Thus, if a DSP based system is used, it is 
possible to do it in real time. On the contrary, the use of a 
computer based software like Matlab® or another one that 
allows making matrix operations and plotting the results of 
the measurements, is needed.  
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Assuming instantaneous values, the methodology is 
described as follows: 

 Step 1: Obtain the power tensor of the real system 
This is done by applying the definition in (4) for the 

voltage and current vectors. Then, the ij tensor is obtained. 

 Step 2: Obtain the ideal power tensor 
The ideal power tensor is formed by instantaneous 

voltage and current vectors at fundamental frequency, 
positive sequence and perfectly in phase.  

 Step 3: Obtain the distortion tensor and the 
distortion cube 

The distortion tensor represents exclusively all the 
phenomena of power quality in the power trade of the system. 
The distortion cube is the R3 spatial representation of the 
distortion tensor. 

 Step 4: Visualization process 
From the distortion cube, choose the three-dimensional 

vector path generator and trace the path with each spatial 
coordinate. 

 Step 5: Identify the power issues 
Using the different views of the plotted path for one cycle 

of the signals on steady stage; look at the characteristics of 
the closed path (i.e. bumps, loops, plane unsubscription). And 
then, conclude about the load operation.  

In the next subsections the necessary foundations to 
implement this methodology, are described. 

 
3.1.  The ideal power tensor 

 
It represents the ideal power transference corresponding 

to the conditions of a circuit with a sinusoidal source at 
fundamental frequency, without either unbalances or reactive 
power, feeding a resistive load. The equation is given by: 

 

 ideaid l ideal
i j

eal
ij v i   (10) 

 
The voltage and current vectors could be gathered by 

extracting the fundamental components at positive sequence 
from the voltage and current signals, using the preferred 
method. Here, the method depicted in [11] was used. 

 
3.2.  The instantaneous power distortion tensor 

 
The instantaneous power distortion tensor ∂ij describes 

exclusively the deviation of the power quality in respect to 
the ideal conditions of the system, and it is depicted by this 
equation: 

 

  (11) 

 

 
Figure 4: Geometrical representation of the deformations tensor forces in R3 

space  
Source: The authors. 

 
 
Having a load that draws sinusoidal balanced voltages 

and currents signals and perfectly in phase, all the elements 
of ∂ij will equal zero. 

 
3.3.  Spatial representation of ∂ij 

 
In this approach, it is possible to construct a unitary cube 

having three director vectors given by the reference axes, 
ˆ ˆ ˆ, ,x y z  named e1,e2,e3, respectively. The column vectors 

1, 2, 3d d d
  

 exert deforming forces to each external cube face, 
depending on their components, i.e., depending on the 
deviations of the power trade in the system. This cube is 
named as the deformation cube and its formulation is 
sketched in Figure 4. 

The condition for these deformations to match with 
reality is that they have to be infinitesimal quantities. Thus, 
in order to be able to see such deformations it is necessary to 
scale it by a real positive number greater than one. 

 
3.4.  Visualization process 

 
The final goal is to visualize the paths generated by the 

distortion cube, identify their shape, and with this, 
characterize the load. Accordingly, it is necessary to write 
some software applying vector algebra.  

Due to the fact that the deformations are infinitesimal 
quantities, it is possible to shift the column vectors of the 
tensor ∂ij from their original position to the corners of the 
unitary cube, as depicted in Figure 5.  

Then, having the vectors , ,p p pX Y Z
  

, if the values of the 

distortion tensor are different from zero, an instantaneous 
deforming cube can be plotted, with origin in (-1,-1,0); 
otherwise, the distortion cube will be the same unitary cube 
used as reference.   
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Figure 5: General vector representation of the deformations power tensor  
Source: The authors 

 
 

 
Figure 6: Reference cube and the distortion cube, showing the generator 
vector and the path of a load that draws the 5th harmonic in its current  
Source: The authors. 

 
 

3.5.  Vector path generator 
 
In order to obtain the three-dimensional paths, it is 

necessary to choose a vector of the distortion cube, which 

allows drawing the paths corresponding to the deviations, 
imposed by the load operation. Figure 6 shows the chosen 
vector and, for simplicity, the resultant path corresponding to 
a load drawing three-phase current with the 5th harmonic. 

In Figure 6, the unitary cube using dashed lines and the 
deformed one using solid lines can be seen. This last one is 
where the generator vector comes. This vector does not 
follow a trajectory with an ideal load operation, because it is 
static due to the zero values in ∂ij.   

The trajectory drawn by the vector 
pV


can be gathered 

with either single or a combination of different loads (linear 
and non-linear).  

 
4.  Simulation Results 

 
In Figure 7 (a), a linear balanced, three-phase capacitive 

load has been characterized. Due to the fact that the load is 
capacitive, the generated path is an ellipse oriented to the left. 
In Figure 7 (b), a linear unbalanced, three-phase inductive 
load, has been characterized. Given that the load is inductive, 
the ellipse is oriented to the right. Notice that this method is 
able to show zero sequence components, meaning unbalance, 
or the 3th harmonic (and its multiples) in other cases. For this 
reason, and for convenience, but not being necessary, a 
semitransparent αβ plane has been used, since the zero 
sequence components cause the path to unsubscribe from the 
αβ plane. 

 

 
Figure 7: Paths for (a) linear capacitive load; (b) linear inductive and 
unbalanced load  
Source: The authors. 

 
Figure 8 (a) shows the paths corresponding to a three-

phase load that causes the 5th and 7th harmonics in its current; 
with the 5th harmonic predomination, unbalance (zero-
sequence). Figure 8 (b) shows a three-phase load with the 5th 
and 7th harmonics in its current, with the 7th harmonic 
predomination; also lagging displacement factor. 

Here the zero-sequence components cause path 
unsubscribing. Also, it can be seen that the predominant 
harmonic order establishes the number of bumps of the path, 
and the nature of the reactive power, establishes the 
orientation of the path. 

pV
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Figure 8: Four typical loads with a combination of different power quality 
issues  
Source: The authors. 

 
Moreover, it is possible to characterize loads with a 

complex combination of power issues, which is done by 
looking at the whole 3-D view of the generated trajectory. 
Additionally, it can be seen on the 2-D views and be 
comparing the paths with the known ones for making 
additional inferences. 

 
4.  Experimental Results 

 
Two real industrial loads with several power issues have 

been characterized. Measurements have been done with the 
AEMC Power Pad-3945, and processed with MATLAB®, 
using the proposed methodology. 

Figure 9 shows the characterization of a rolling mill; 
measurements have been taken from the terminal block. This is 
a three-phase load with several harmonics, the 7th harmonic 
predomination. (The frequency spectrum of the A phase current 
is shown, which allows comparisons). Anew, the predominant 
harmonic order establishes the number of bumps; in the bottom 
right corner of Figure 9, a zoom to the X-Y view was performed 
and seven bumps can be counted. The soft trace parts are due to 
the fact that the path is crossing the plane, which means a 
presence of a 3rd harmonic or unbalance. 

Figure 10 shows the characterization of a three-phase 
adjustable speed drive, connected to a hoist. This load draws the 
5th harmonic predomination and evidence of zero-sequence due 
to the path unsubscribing. In the bottom right corner of Figure 
10, a zoom to the X-Y view was performed and it can be seen 
that the 11th harmonic is just taken away from the symmetry to 
the whole trajectory, but five bumps, corresponding to the 
predominant harmonic order can be counted.  

It is important to clarify that plotting the voltage and 
current signals, or the frequency spectrum is not needed. 
Only the path is needed to characterize the load.  

 
Conclusions 

 
The proposed methodology is capable of depicting many 

phenomena due to the operation of three-phase loads; odd  

 
Figure 9: Characterization of a rolling mill  
Source: The authors. 

 

 
Figure 10: Characterization of a Hoist adjustable speed driver  
Source: The authors. 
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harmonics are depicted more precisely with n bumps as with 
harmonic order. Also it is the only one that is able to depict 
zero sequence evidence, and can give information about 
harmonic content when a load imposes several harmonics, 
establishing the dominant harmonic order with no need of the 
Fourier Transform.  

With this methodology it is possible to characterize 
reactive non-linear and unbalanced loads. Loads with a more 
complex combination of power issues can be characterized, 
even for a system with different loads having different 
characteristics on each phase or having voltage distortion. 

Although the proposed methodology needs the extraction 
of the fundamental components of voltage and current signals 
for constructing the ideal tensor, it does not mean that it loses 
its instantaneous character, because it can be supposed that 
the fundamental components do not change frequency or 
phase angle during the load operation, i.e. the ideal tensor 
remains approximately constant. 

In this paper, only current distortion effects were taken 
into account; due to the fact that it is more common to have 
very low voltage distortion at the load side. But with the 
increase of low impedance non-linear loads, the voltage 
distortion may increase considerably. Therefore, taking into 
account voltage distortion, is necessary future work. 

Another future work is to use the capabilities of the 
proposed methodology to make some experiments and 
benchmarking, in the areas of machines diagnosis and 
electric systems monitoring.  
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