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Abstract 
Finite element method simulations were implemented to understand how the strain energy is distributed in a disk-like sample during a 
punch shear test. Material’s Young modulus can be estimated from this test; however, there is not enough available information about the 
distribution of the strain energy inside the sample during the deformation process. The proposed methodology seeks to give insight into 
the deformation process. Experimental results for a cured silicon rubber sample were used to validate the simulation results. It was found 
that the estimation of the Young modulus with the punch shear test depends on the ratio between the span-to-punch diameters. This 
conclusion applies to the simulated results, following Timoshenko’s theory for the deformation of thin plates. Understanding how energy 
is accumulated during a punch shear test is an important and useful characteristic in terms of the design of armor systems. 
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Simulación numérica para evaluar la distribución de energía de 
deformación en un disco de caucho siliconado sometido a un ensayo 

de corte por punzonado (PST) 
 

Resumen 
Simulaciones por el método de elementos finitos fueron empleadas para comprender como se distribuye la energía de deformación al 
interior de muestras con forma de disco durante un ensayo de punzonado. El módulo de Young puede calcularse a partir de este ensayo; 
sin embargo, no hay suficiente información disponible sobre la manera en la cual se distribuye la energía de deformación en una muestra 
durante el proceso de deformación. La metodología propuesta busca dar luces alrededor del proceso de deformación. Resultados 
experimentales obtenidos con muestras de cauchos siliconados curados fueron usados para validar los resultados de las simulaciones. Se 
encontró que el valor estimado para del módulo de Young depende de la relación entre el diámetro de la muestra y el diámetro del punzón. 
Entender como la energía se acumula durante el ensayo de punzonado es un aspecto importante y útil para el diseño de sistemas de 
protección balística. 
 
Palabras Clave: Ensayo de Corte por Punzonado (PST), Método de Elementos Finitos, híper-elasticidad, caucho siliconado, energía de 
deformación, diseño de materiales balísticos. 

 
 
 

1.  Introduction 
 
The Punch Shear Test (PST) has been widely 

implemented as a material characterization technique for 
many applications. PST has been useful to assess elastic and 
plastic properties of materials [1-4], their creep behavior [5-
7], ductile-brittle transition [8], fracture resistance [9-10] and 

wear resistance [11-12]. Information from the PST has been 
successfully applied in applications such as polymeric 
biomaterials design, artificial joint replacement [1,2,11-14], 
manufacturing of steels for turbines [15-17], welding 
processes [5], nuclear power generation [3,8], and materials 
design [8], among others. Due to the clear difference between 
the elastic, plastic and failure regimens, PST has been 
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commonly performed in polymeric and metallic materials 
such as PMA [2], UHMWPE [1,11,12,14], AISI-316 [3] and 
Ti [18]. PST has also served as a technique to compare classic 
material families and composites to evaluate the effect of 
reinforcements [19,20-24]. 

The PST can establish correlations between materials’ 
static and dynamic mechanical response [24-27]. For classic 
solid mechanics, quasi-static and dynamic mechanic 
responses have been considered as nonrelated phenomena in 
which material behavior depends on load rate. However, 
some recent works have suggested that it is possible to define 
a correlation between the dynamic behavior and quasi-static 
mechanical properties through common mechanical tests 
such as the uniaxial tensile test, compression test, planar 
tensile test and the PST, among others [21,22,24-27]. 
Marsavina et al. [27] presented a correlation between static 
and dynamic fracture toughness of polyurethane rigid foams 
of different densities. A quadratic relation between the static 
and dynamic responses of rigid foams was proposed in that 
work using a static three point bend and a pendulum impact 
test, respectively. Moreover, K.T. Chau et al. [25] proposed 
theoretic and experimental models to establish relations 
between static and dynamic energies required for the 
fragmentation of plaster spheres of different diameters and 
strengths. Besides these works, more research groups 
focused on the study of static-dynamic relationships [24-27]. 

Proper relations between materials’ static and dynamic 
responses through the PST are valuable in areas of ballistic 
protection and impact mechanics, and provide new avenues 
in designing and assessing novel ballistic protection 
materials. Recently, Quasi-Static (QS) PST has been 
implemented in order to understand impact and penetration 
of a bullet into a material (target) [20,21]. The QS-PST 
simulates the different phases of the dynamic penetration 
process through the variation of geometrical parameters. In 
addition, the PST has been used to study the ballistic 
performance of composite materials such as a carbon fiber 
reinforced nanotube–epoxy composite [23] and a glass fiber 
reinforced thermoplastic composite [22]. Similarly, other 
researchers have applied the PST for ballistic materials 
design [28,29]. 

Gama et al. [20,22] have used the PST to characterize the 
progressive damage and delamination of a glass fiber 
reinforced thermoplastic composite. They proposed a 
ballistic penetration model in which the bullet impact and 
penetration are simulated by varying the Span to Punch Ratio 
(ܴܵܲ ൌ ܴ/ܾ) [21]; Fig. 1. Their model quantifies the energy 
at each penetration phase and provides information about the 
material effect and sample thickness on the ballistic 
performance of composites. This work shows the feasibility 
of the PST in terms of the design of armor systems and other 
impact applications [23,28,29]. 

A PST assembly consists of a disk-like sample fixed and 
guided by removable annular components, which allows the 
modification of sample boundary conditions, Fig. 1. A punch 
applies a localized load at the center of the disk to deform it. 
This generates a disk displacement, which mostly occurs at 
its center. Loads and displacements are measured using 
electronic sensors, i.e. a load cell and a Linear Variable 
Differential Transformer (LVDT), respectively. The load-  

Figure 1. Punch Shear Test (PST) assembly.  
Source: The Authors 

 
 

displacement curve provides information on the mechanical 
properties of the sample and its material [1-3, 5, 11-17]. 
Other types of assembly can also be used; previous studies 
have changed the punch shape (rounded [1,2,11-14], flat [4, 
19,20-22] and ring-like [18]), the boundary conditions 
(clamped [4,14], simply supported [18]), the scale of the test 
size (from 0.25 mm - microscale [4,18] to around 200 mm – 
mesoscale [20-22]), and the measurement techniques. These 
changes provide a wide array of possibilities to characterize 
materials by PST techniques. 

Fig. 2 shows a sketch of a typical PST load-displacement 
curve for a ductile response material, like a thermoplastic, an 
elastomeric polymers or a reinforced polymer composite. 
Initially, the punch faces the sample and while the load rises, a 
linear elastic response is presented with an initial slope given 
by the system stiffness. A transition zone, depicted by points 
between a and b in Fig. 2 appears where the material releases 
energy by a yielding mechanism for ductile materials or a 
matrix cracking mechanism for composites. Linear behavior is 
again observed after the transition, the points between b and c 
in this figure, with a different slope called the Hardening 
Stiffness. This linear response is due to a hardening stiffness 
process and the material elastic-yield response. Finally, a 
failure load is reached and the punch breaks through the lower 

 

 
Figure 2. Sketch of a typical QS-PST curve.  
Source: The Authors  
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sample surface, point d in Fig. 2. After failure, friction 
between the punch and sample surfaces is also sensed and 
plotted. The area under the curve provides important 
information about stored energy during each identified PST 
stage [12,14,20-22]. 

Although the PST has been widely implemented as a 
valuable tool for the development of new composites and 
ballistic protection materials, there is not enough information 
about the distribution of the strain energy inside the sample 
during the deformation process. Therefore, this work 
attempts to gain insight into the deformation process through 
a Finite Elements Method (FEM) simulation. The main idea 
is to understand how strain energy is accumulated inside a 
disk-like plate made of a hyper-elastic material (silicone 
rubber). Mechanical properties are estimated from the FEM 
simulations and compared with previous PST experimental 
results by Bing-Feng Ju et al. [4]. Understanding the way in 
which the strain energy is stored is an important aspect for 
the design of composite materials. The results provide 
selection parameters for each constituent of a composite 
material - matrix and reinforcements -, their configuration - 
fiber, particles, coating, etc. - and their partial or relative 
quantities. Some main factors to consider are the way the 
energy is stored and the specific energy dissipative 
mechanisms. Results from the current work could be used to 
develop novel methodologies to design material for body and 
structural armors. 

This manuscript is organized in 4 sections that are 
described as follows: Section 2 gives a brief overview of the 
material model considered in the current work. The material 
parameters for the model were obtained from the results 
presented by Meunier et al. (2008) [30] to characterize hyper-
elastic materials from common mechanical tests. The 
geometrical parameters and load conditions for the Finite 
Elements Simulation carried out in the current work are 
shown in Section 3. They were defined by taking into account 
previous PST experiments published by Bing-Feng Ju et al. 
(2005) [4]. These were used as a reference point from which 
a comparison was made with the results obtained in the 
current work; also, the geometrical constants and variables, 
model simplifications and measurement points are illustrated 
in this section. Section 4 presents a procedure to validate the 
results presented in current work and the three main results 
are also shown: the load-displacement behavior of the 
simulated systems, the effect of the geometry on the accuracy 
to estimate the Young’s Modulus and its effect on the 
distribution of stored energy inside the material. Finally, 
Section 5 provides a summary of the main conclusions and 
questions that will motivate future research. 

 
2.  Model and material properties 

 
Silicon rubber was the material selected for the analysis 

and the validation of the proposed methodology. This type of 
hyper-elastic material requires an appropriate model to 
describe its mechanical behavior. Opposite to a linear 
response of an elastic material, a hyper-elastic material, such 
as rubber, biological tissue and other vulcanized elastomers 
[31-35, 45-48], present a non-linear stress-strain behavior 
under the yield point. Hyper-elastic stress-strain responses 

can be described by a strain energy function that is 
represented by several models. Mooney, Haines and Wilson, 
and Genthave endeavored to describe the strain energy 
density, ܷ, as a function of the two first invariants of the 
deformation tensor and other temperature dependent 
constants [30-37]. Moreover, Ogden's model expresses the 
strain energy density in terms of the vector of principal 
extensions, ߣ ൌ ሺߣଵ, ,ଶߣ  ,ଷሻ, as follows [31, 38, 48-50]ߣ

 
ܷሺߣଵ, ,ଶߣ ,ଷߣ ሻܬ ൌ ∑ ଶఓ

ఈ
൫ߣଵ

ఈ  ଶߣ
ఈ  ଷߣ

ఈ െ 3൯ே
ୀଵ  ∑ ଵ


ሺܬ െ 1ሻଶே

ୀଵ    (1) 

 
where ߤሾܲܽሿ,  ሾܲܽିଵሿ are temperatureܦ  andߙ

dependent material parameters and ܬ is the elastic volume 
ratio, which relates the deformed geometry with the non-
deformed geometry [31,38,47]. Noting that, for 
incompressible materials, such as the one considered in 
current work, ܦ parameters are equal to 0 and the second 
summation term in Equation 1 vanishes in order to avoid an 
indeterminate value [31,38,48-50]. 

The material parameters used for current simulations 
were taken from Meunier et al.’s work (2008) [30]. The 
authors used the models that were previously mentioned for 
silicon-rubber. To model that material, they performed 
simple tensile, plain strain tensile, simple compression and 
plain strain compression tests. For the current work, those 
results and Ogden’s model with ܰ ൌ 3 were used. Past 
studies showed that this model is the best for hyper-elastic 
materials, such as silicone rubber [30-32,35,37].  

Experimental results [30] were implemented in ABAQUS 
[38,51], an evaluation material module used to solve ܰ ൌ 3 
Ogden’s Model. Parameters ߤ,   were then calculatedܦ and	ߙ	
and are listed in Table 1. These estimations were obtained for a 
non-compressible material [30-37] with a Poisson's ratio of ݒ ൌ
0.5 [39-41]. These material parameters were used to validate 
the FEM simulation results. The constants for Ogden’s model 
are related to the Young modulus through the shear modulus, 
்ߤ ൌ ∑ ߤ

ே
ୀଵ  [31], as follows [14], 

 
ோாிܧ ൌ 2 ∗ ሺ1்ߤ  ሻݒ ൌ  (2)   ்ߤ3

 
3.  Finite Element Method (FEM) simulation 

 
Bing-Feng Ju et al. [4] performed QS-PST experiments 

and related their results with Timoshenko’s low-deformed 
circular plates theor , in order to characterize the mechanical 
properties of silicone rubber disks. They proposed a new 
method for assessing mesoscale disks. An Atomic Force 
Microscope (AFM) was used to measure the load and 
displacement in the sample. Their samples were MRTV1 
silicone rubber membranes with different radii (R= 1, 1.5, 2, 
2.5, 3, 4, 5 mm) and a constant thickness (t= 120 ± 2 µm). A 
250 µm rigid cylindrical graphite punch attached to a force 
transducer was used to apply the compressive load and an  

 
Table 1. 
Estimated material parameters for Ogden’s model with ܰ ൌ 3. 

μଵ 	ൌ 	460000	ܲܽ	 μଶ 	ൌ 	270	ܲܽ	 μଷ 	ൌ 	െ7400	ܲܽ	
ܽଵ 	ൌ 	1.4	 ܽଶ 	ൌ 	10	 ܽଷ 	ൌ 	െ3.3	

ଵܦ ൌ 0	ሾܲܽିଵሿ	 ଶܦ ൌ 0	ሾܲܽିଵሿ	 ଷܦ ൌ 0	ሾܲܽିଵሿ	
Source: [30]  
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LVDT actuator sensed the displacement. Using these 
measurements, they estimated the flexural rigidity ࣞ as a 
function of the load and displacement using the Timoshenko's 
solution for symmetric flexion in circular plates, i.e. [4,42],  

 
ࣞ ൌ



ଵగ௪ೌೣ
ቂ
ଷା௩

ଵା௩
ܴଶ  ܾଶ݈݊



ோ
െ

ାଷ௩

ସሺଵା௩ሻ
ܾଶቃ   (3) 

 
where ݒ is the Poisson's ratio, ܲ is the applied load, ܴ is 

the sample radius, ܾ	is the punch radius and ݓୀ ൌ  ௫ isݓ
the axial axis displacement (see Fig. 1). The Young modulus 
for a sample with thickness ݐ is then calculated as follows, 

 
ܧ ൌ 12ሺ1 െ  ଷ    (4)ݐ/ଶሻࣞݒ
 
Table 2 summarizes the main results from Bing-Feng Ju 

et al.’s study [4]. The measured mean elastic modulus and its 
standard deviation are shown in Fig. 3.  

The experimental results from Young’s Modulus 
obtained by Bing-Feng Ju et al. [4] are scattered around a 
mean value of 1.69 MPa and, apparently, they do not depend 
on the sample size. The results were close to the mean value 
for tests carried out using samples with a radius between 1 
mm and 3 mm. However, results exhibited significant 
deviations for samples with a radius between 1.5 and 2.5 mm. 
This behavior suggests that there is no relation between the 
sample size and the measured modulus, and that the 
deviations are associated with practical aspects during the 
tests [4]. Finally, an important conclusion of this work is the 
feasibility of characterizing mechanical properties of rubber-
like materials by using QS-PST. 

 
Table 2.  
Experimental results extracted from  

R, mm 
P, 
µN 

wmax., 
µm 

ࣞ, 
µJ 

 ,ாܧ
MPa 

1.0 203.0 27.42 0.325 1.693 
1.5 147.1 42.67 0.352 1.828 
2.0 130.3 67.54 0.352 1.834 
2.5 84.90 83.22 0.293 1.526 
3.0 75.40 98.05 0.319 1.661 
4.0 50.40 110.2 0.338 1.661 
5.0 32.00 118.2 0.313 1.631 

Source: [4]. 
 
 

 
Figure 3. Experimental estimation of Young's modulus reported by Bing-
Feng Ju et al. [4] and plotted by the current authors.  
Source: The Authors 

In the current work, punch tests by Bing-Feng Ju et al. [4] 
were reproduced using FEM simulations. ABAQUS software 
[38], version 6.10, was used to represent an axisymmetric 
loaded circular plate as is illustrated in Fig. 4. Elements were 
of the CAX8RH type: an axi-symmetrical second order 
element with 8 nodes [38,51]. The volume partition process 
involved 400 elements for the smallest disk and 2800 
elements for the biggest disk. The selection of these amounts 
of elements was the result of a convergence analysis of the 
number of elements in the mesh that were used to define an 
adequate element size required to achieve convergence in the 
results. The mesh used in the solution to the problem was 
refined by increasing the number of elements in a ratio of 1.5 
nodes per step until the solutions converged within 3% of 
variation. The disk size was varied between 0.275 and 5 mm 
to get several Span to Punch Ratio (ܴܵܲ ൌ ܴ/ܾ [21]), from 
1.1 to 20. The applied load and the punch radius were kept 
constant at 100 µN and 0.25 mm, respectively. The results of 
displacement and strain energy were measured at 0.013, 0.05, 
0.1, 0.2, 0.4, 0.7 and 1 normalized radius position ሺݎ ൌ  ሻܴ/ݎ
at the top and bottom faces and the middle cross-section of 
the plate. There is a higher density of measuring points 
around the center of the disk due to the expected higher 
variations in the application zone, 0 ൏ ݎ ൏ ܾ (Fig. 4). 
Displacement at the center of the plate and on the applied 
load was used in Equations (3) and (4) to obtain a FEM-
estimated Young Modulus, ܧிாெ. 

A flow diagram summarizing the numerical methodology 
is shown in Fig. 5. The FEM was implemented to simulate 
the deformation of a disk-shape plate made of a hyperelastic 
material under QS-PST. The material parameters for the 
hyper-elasticity model were taken from the experimental 
work of Meunier et al. [30]. The geometrical and load 
conditions were defined from the QS-PST experiments 
reported by Bing-Feng Ju et al. [4]. Thereafter, the simulation 
results were validated by comparing the ܧா and ܧிாெ 
values against the ܧோாி and also by comparing their relative 
errors. Finally, from the FEM simulations, normalized 
displacement and normalized stored strain energy results 
were also obtained and analyzed regarding the SPR variable. 

 
4.  Results 

 
To validate the numerical methodology and to be able to 

extract additional information from the FEM simulation, a 
reference modulus, ܧோாி, calculated using the Ogden’s 
model, was used. From the simulations, an ܧிாெ Young 
modulus was calculated and compared to the ܧோாி and ܧா 

 

 
Figure 4. Geometry and typical mesh for FEM simulations.  
Source: The Authors  
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moduli; the ܧா is the experimental modulus reported by 
Bing-Feng Ju et al. [4]. Once the ܧோாி and the ܧிாெ are 
equal, displacements and strain-energy results from the FEM 
simulations are used to build strain-energy curves as function 
of SPR and ݎ.  

Table 3 shows the comparison between the moduli from 
the simulated and measured PST experiments. The ܧிாெ 
modulus is listed at each simulated condition, while the ܧா 
modulus is listed for the available data. The reference value 
of the Young Modulus calculated from Equation (2) was 
ோாிܧ ൌ  ா, areߝ ிாெ andߝ ,The relative errors .ܽܲܯ	1.36
also shown in Table 3. These errors are deviations of the 
FEM and experimental moduli from the reference modulus. 
These results are also shown in Fig. 6. 

 

 
 
Figure 5. Validation methodology.  
Source: The Authors 

 
 

Table 3.  
Young’s modulus from PST simulations, by the Authors, and measurements 
from [4]. The reference modulus is ܧோாி ൌ   .ܽܲܯ	1.36

ܴ	
݉݉	

ܴܵܲ	
	ாܧ
	ܽܲܯ

	ிாெܧ
	ܽܲܯ

Ɛா	
ሺ%ሻ	

Ɛிாெ	
ሺ%ሻ	

0.275	 1.1	 െ	 0.77	 െ	 43.4	
0.375	 1.5	 െ	 1.08	 െ	 20.4	
0.575	 2.3	 െ	 1.26	 െ	 7.5	
0.875	 3.5	 െ	 1.32	 െ	 3.1	
1.0	 4	 1.66	 1.32	 21.9	 2.6	
1.5	 6	 1.80	 1.34	 32.7	 1.3	
2.0	 8	 1.82	 1.35	 33.8	 0.7	
2.5	 10	 1.50	 1.37	 10.5	 1.1	
3.0	 12	 1.65	 1.35	 21.1	 0.3	
4.0	 16	 1.74	 1.36	 28.3	 0.2	
5.0	 20	 1.63	 1.36	 19.9	 0.1	

Source: The Authors 

The relative difference for the FEM modulus Ɛிாெ, 
decreases monotonically as the disk radius increases, 
equivalent to an increase in the ܴܵܲ. Once the SPR is higher 
than 6, the relative difference is almost zero, lower than 1%. 
Therefore, SPR>6 upwards should be considered as a critical 
condition where the Young Modulus estimation starts to be 
in complete agreement with the reference value. Considering 
that the disk thickness and the punch diameter were held 
constant during simulations, bigger disks will behave like 
bending or stretching plates. In this situation the shear effect 
tends to be negligible as the SPR increases; thus, reducing 
this noise provides a better estimation of the elastic modulus. 
The higher values of Ɛிாெ obtained for samples with a small 
radius or low SPR values must be related to the strong effect 
of the shearing. In conclusion, the accuracy of the ܧிாெ 
strongly depends on the SPR and the sample thickness. From 
a practical point of view, using an SPR higher than 3.5 
provides a relative error that is lower than 5% could be 
considered to be a good estimation of the material Young 
modulus.  

 

 
a) Young’s Modulus 

 
b) Relative Errors 

Figure 6. Experimental, reference and FEM Young’s Modulus with their 
corresponding relative errors.  
Source: The Authors  
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However, the experimental relative difference, Ɛா, 
does not follow the same behavior as the Ɛிாெ. For the 
different evaluated conditions, Ɛா is independent of SPR 
and it varies between 10% and 35%. A possible explanation 
is that some experimental issues may have screened this 
effect. According to the results, ܧிாெ values are similar to 
 ோாி, but they are slightly lower than the reference value forܧ
all conditions. Conversely, ܧா is always higher than the 
reference. However, these values for ܧோாி, ܧா and ܧோாி 
have the same magnitude order and they are in the typical 
reported range for this these kinds of materials [39-41]. 

Fig. 7 shows the relation between the normalized 
displacement (ݐ/ݓ) and the normalized radial position (ݎ/ܴ). 
Disks with SPR= 12, 16 and 20 present a greater 
displacement than their thickness; this implies that these 
disks would not be covered by the theory of plates and shells 
mechanics that was defined by Timoshenko [42]. However, 
the results shown in Table 3 indicate that the Young modulus 
determination of these disks is as accurate as higher ܴܵܲݏ, 
once Timoshenko's plates and shells mechanics theory is 
applied. Although both disk material and applied load were 
the same for all simulations, stiffness of the disk decreased as 
the radius was increased, which lead to a higher deflection in 
bigger disks. Thus, the geometry of the bent disks changes as 
the ܴܵܲ increases. Fig. 8 shows SPR=1.1 and SPR=20 
displacement profiles at the plate top (face upon load), 
middle section and bottom (support disk face). There is a 
noticeable difference between the scales associated with a 
disk of 1.1 and 20 ܴܵܲ. For SPR=1.1, there are significant 
differences in the correspondent corresponding 
displacements of the three evaluated surfaces. At the 
boundary these differences reached the highest values. From 
a practical point of view, and taking into account the 
magnitude of the equivalent displacements obtained for 20 
SPR disk, these displacements could be assumed to be nearly 
zero. For SPR=20, the results suggest that normalized 
displacements are almost constant in the load zone where 
they reached the maximum value (about 3.5). 

 

 
 
Figure 7. Disk displacement results at the top surface for several SPR. 
Source: The Authors 

Out of this zone, the normalized displacements tend to 
exhibit linear behavior. Contrary to what was mentioned for 
the 1.1 ܴܵܲ disk case, there are no relevant differences for 
the magnitudes of the correspondent normalized 
displacements of the three evaluated surfaces. The load 
conditions (magnitude of the load, size and shape of the 
loaded area) and the disk geometry (its radius and thickness) 
modify the behavior of the system to make it similar to 
membrane behavior where the effect of the thickness is 
negligible. This happens when SPR is higher than 6 about. In 
these cases, the load would seem to be applied in a small area 
(like a point load or a concentrated load at the limit case) and 
the real size of the disk would be by far larger than in the 
SPR=1.1case. Therefore, the system could store more energy 
and the summation of the local material displacements would 
generate a higher maximum displacement at the center of the 
disk compared with its equivalent in the 1.1 SPR system, as 
is shown in Fig. 7. 

Fig. 9 shows the Normalized Stored Strain Energy 
ሺܰܵܵܧ ൌ ܧܵܵ ⁄ோܧܵܵ y) as a function of the normalized 
radius position (ݎ/ܴ) for different ܴܵܲ values. It can be 
observed that when the ܴܵܲ is higher than 2.3, the energy 
distribution curves have the same behavior (S-like shape). 
Additionally, for ܴܵܲ	  8, there are no relevant changes in 
the NSSE distribution. For lower SPR values (1	 ൏ 	ܴܵܲ	 ൏
	2.3), curvature and concavity of the curves exhibit 
significant changes. Curves tend to adopt a J-like shape, and 
for the values near to 1 they apparently have only one 
concavity, i.e. the inflection point has disappeared. 

The way to store energy in the disk mass (energy 
distribution curves) strongly depends on ܴܵܲ, especially for 
lower values. Fig. 9 clearly shows an example: a 20 ܴܵܲ 
system can store a high quantity of strain energy at a low 
volume ratio. For this system, 70% of the strain energy is 
accumulated at 25% of its normalized volume, which is 
equivalent to 50% of its normalized radius. A system with 
1.1  ܴܵܲ  2.3, on the other hand, requires a higher 
volume ratio to store the same amount of strain energy. 
According to Fig. 9, a 1.1 ܴܵܲ system would need 78.3% of 
the normalized volume ratio to store 70% of strain energy, 
meaning 88.5% of its normalized radius. Thus, for the 20 
SPR, the strain energy is stored more heterogeneously than 
for the 1.1 SPR. Shear-Bending transition occurs at SPR 
values from 1.1 up to 2.3 for the same load conditions and 
the same thickness. 

Finally, Fig. 10 shows the Normalized Stored Strain 
Energy Density (ܰܵܵܦܧ ൌ ߩܧܵܵ ⁄ோߩܧܵܵ ) as a function of 
the normalized radial position (ݎ/ܴ) for different SPR values. 
It provides information about homogeneities of the strain 
energy density within the disks. For systems with ܵ ܴܲ  3.5, 
the stored strain energy is preferentially accumulated in a 
small material volume around the center of the disk; 
therefore, the energy density is at its maximum at the disk’s 
center and quickly decreases to its minimum value at the 
disk’s edge. For systems with ܴܵܲ from 1.1 to 2.3, the strain 
energy reaches two maximum values. The higher energy 
concentration is also at the center of the disk. However, due 
to the fact that the load application area is similar to the area 
of the entire disk, the energy density slowly decreases from 
its center to around 0.7 of the its normalized radius. Thus, it 
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starts growing as far as its edge where it is supported. When 
ܴܵܲ decreases near to one, this second maximum value 
sharply increases, becoming bigger than the first maximum. 
This is because the load state is reaching a pure shear 
condition and the bending effect turns insignificant. 

The behavior of the curves in Fig. 9 and Fig. 10 is strongly 
related to the relative size of the load application zone in the 
sample size. The results suggest that the way in which energy 
is stored around the boundary of the loaded zone is basically 
affected by a concentrated shear effect, the action of which is 
greater when the SPR is near to one and insignificant for 
SPR>6. In Fig. 9, the slope of the curves (the strain energy 
gradient) reaches its maximum at the edge of the load zone 
due to the main role of the shear effect in this area (the 
deviatory component of the strain tensor must be maximized 
in this localized region). This explains the fast rise of the 
strain energy around the edge of the loaded area (ݎ → ܾ/ܴ) 
for all the evaluated SPR. 

 

 
Figure 8. Displacement comparison for 1.1 and 20 SPR considering the three 
evaluated surfaces in each case.  
Source: The Authors 

 
 

 
Figure 9. Normalized Stored Strain Energy (NSSE) as function of SPR and 
r/R.  
Source: The Authors 

 
Figure 10. Normalized Stored Strain Energy Density (NSSED) as function 
of SPR and ݎ/ܴ.  
Source: The Authors 

 
 
The curves of the density of strain energy showed in Fig. 

10 indicate that for those conditions in which shear stresses 
have a more significant effect on the system behavior (low 
SPR values), the material points that reach higher energy 
levels are between the load zone edge and the sample 
boundary. In this region the deviatory stresses are higher than 
central portion of the disk, and the effective volume that 
stores the energy is small; therefore, the stored strain energy 
density increases quickly. In this case, it is important to note 
that the average stored strain energy per unit of volume of the 
disk (i.e. the ܵܵߩܧோ) varies with the SPR ratio for all the 
systems analyzed; however, when SPR is increased, it 
behaves asymptotically to reach a maximum value at infinite. 
So, when ܰܵܵܦܧ ൌ ߩܧܵܵ ⁄ோߩܧܵܵ  is calculated for low 
values of SPR, its value would tend to be greater. However, 
due to the better load distribution in this case, the local strain 
energy is lower than in the case of high SPR values (where 
the load acts concentrated) and its value is lower inside the 
load. In the region between the punch edge and the sample 
boundary, its value is greater than in the last region because 
of the strong shear effect. Finally, in the case of systems with 
high SPR values, the load is concentrated in a small area and 
the stresses in that zone and its neighborhood are higher than 
at the sample boundary, as is reported in Fig. 10. 

 
5.  Conclusions 

 
FEM simulations to model the Punch Shear Test (PST) 

using a hyper-elastic material (silicon rubber) have been 
reported. Material parameters were taken from a previous 
work undertaken by Meunier et al. (2008) [30] to estimate a 
reference Young Modulus. Geometrical and load conditions 
were obtained from the punch shear experiments carried out 
by Bing-Feng Ju et al [4].  

The estimation of the Young Modulus by Punch Shear 
Tests (PSTs) depends on the SPR in a plate with a constant 
thickness. For SPR values between 1.1 and 2.3, this 
dependence is strong; while for SPR values greater than 6 or 
8, it is weak. The predicted Young Modulus that was 
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determined from simulations based on the PST tends to the 
reference value, reaching relative errors lower than 1% at 
higher SPR values. A potential decay of the relative error of 
the predicted Young Modulus was found, suggesting that the 
best predictions are for SPR values greater than 6. These 
results apply to the simulated punch test and Timoshenko's 
theories, and also, it could be extended to the experimental 
PST. 

The feasibility of the PST to characterize mechanical 
properties in materials strongly depends on the assembly 
geometry (punch and sample) when the SPR is lower than 3. 
When properties, such as Young Modulus, tensile yielding 
stress and ultimate tensile stress are going to be determined 
by PST, it is recommended to use samples with an SPR 
higher than 6 in order to improve the results accuracy. On the 
other hand, properties such as shear modulus, shear 
resistance or shear yield could be estimated more accurately 
by using samples with a low SPR value [44]. 

 The current work has provided an in-depth 
understanding of strain energy accumulation and its radial 
distribution in circular plates under punch tests. The 
simulations provide information about the way in which 
shear and bending effects are influenced by the disk geometry 
and the load conditions. The effect of the geometry of the 
systems was also evaluated in great detail using disk-like-
samples. 

Future work can use the results presented for two 
purposes: (i) To guide the design of a punch shear test device, 
which would help to define the magnitude order of the 
dimensions of the devices and forces to be managed. (ii) To 
use the information given by punch shear tests to develop 
models to assess the ballistic performance of materials as a 
complement and extension of the work started by the 
researchers Gama and Gillespie [20-23].  
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