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Abstract

This paper shows a general model of rectangular footings to obtain the soil minimum contact area (optimal surface) that support from 1 to
n columns aligned on a longitudinal axis. The proposed model considers that the soil pressure varies linearly. The recently published models
have been presented individually to obtain the soil contact area for rectangular isolated footings, rectangular combined footings that support
two columns, these models present the equations, but it is not guaranteed to be the minimum area. The present research complies with the
models mentioned above (Luévanos-Rojas 2013, 2016) and can be applied to footings that support 3 or more columns, and also the
minimum area is guaranteed. Also, numerical problems are shown the soil minimum contact surface for rectangular isolated footings, and
rectangular combined footings that support two and three columns (unrestricted on its sides, one side restricted and two opposite sides
restricted).

Keywords: general model for rectangular footings; optimal surface; rectangular isolated footings; rectangular combined footings; minimum
contact area.

Un modelo general para zapatas rectangulares. Parte I: superficie Optima

Resumen

Este trabajo muestra un modelo general de zapatas rectangulares para obtener el area minima de contacto del suelo (superficie Optima) que
soportan de 1 a “n” columnas alineadas en un eje longitudinal. El modelo propuesto considera que la presion del suelo varia linealmente.
Los modelos recientemente publicados se han presentado individualmente para obtener el area de contacto con el suelo para zapatas aisladas
rectangulares, zapatas combinadas rectangulares que soportan dos columnas, estos modelos presentan las ecuaciones, pero no se garantiza
que sea el area minima. La presente investigacion cumple con los modelos mencionados anteriormente (Luévanos-Rojas 2013, 2016) y se
puede aplicar a zapatas que soportan 3 0 mas columnas, ademas se garantiza el area minima. Ademas, se muestran problemas numéricos
de la superficie minima de contacto con el suelo para zapatas aisladas rectangulares y zapatas combinadas rectangulares que soportan dos
y tres columnas (sin restricciones en sus lados, un lado restringido y dos lados opuestos restringidos).

Palabras clave: modelo general para zapatas rectangulares; superficie Optima; zapatas aisladas rectangulares; zapatas combinadas
rectangulares, area minima de contacto.

1  Introduction The dimensioning of the footings contact surface area on soil

is usually done by admitting a linear distribution for the stresses

The main purpose of structural design is to obtain the best
structural configurations and its member dimensions to
support the imposed loads [1].

The traditional dimensioning process for footings takes a
long time and the designer generally finishes the process after
several iterations. The dimensions are determined from a
procedure of successive approximations [2].

transmitted to the soil. This hypothesis is quite likely in highly
consolidated rocky or sandy and clay soils, and not for the latter
when both are normally consolidated; in such a case, a parabolic
distribution of stresses may be closer to reality [1-3].

The main contributions (Foundation optimization
techniques are very popular because they present the best
option for both dimensioning and design) on the topic of
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optimal design of shallow foundations that have been
investigated recently are: Wang and Kulhawy [4] developed
the economic design optimization of foundations. Chagoyén et
al. [5] presented a rectangular shallow foundations optimal
design and the formulation. Wang [6] developed the reliability-
based economic design optimization of spread foundation.
Kalinli et al. [7] proposed two approaches to obtain the
ultimate bearing capacity of the shallow foundations, the first
by means the artificial neural networks and the second by the
ant colony optimization. Khajehzadeh et al. [8] presented a
modified particle swarm optimization for optimum design of
spread footing and retaining wall. Khajehzadeh et al. [9]
studied the optimal design for shallow foundations by means
the gravitational search algorithm. Basudhar et al. [10]
developed the optimal cost-analysis and design of circular
footings. Rizwan et al. [11] proposed a cost optimization of
combined footings using modified complex method of box.
Al-Ansari [12] investigated the structural cost of optimized
reinforced concrete isolated footing. Khajehzadeh et al. [13]
studied the multi-objective optimization of foundation using
global-local gravitational search algorithm. Hassaan [14]
proposed an optimal design of machinery shallow foundations
with sand soils. Nama et al. [15] presented a parameters
optimization of geotechnical problem wusing different
optimization algorithm. Camp and Assadollahi [16] developed
the CO; and cost optimization of reinforced concrete footings
subjected to uniaxial uplift. Sahoo and Kumar [17] presented
a study for strip and circular shallow foundations on the
ultimate bearing capacity by means of the finite elements, limit
analysis, and optimization. Rezaei et al. [18] studied the thin-
walled shallow foundations bearing capacity: an experimental
study by means of the artificial intelligence. Ukritchon and
Keawsawasvong [19] proposed a practical method for the
optimal design of continuous footing using ant-colony
optimization. El-Sakhawy et al. [20] showed an experimental
study for the optimization of foundation shapes on soft soil.
Lépez-Chavarria et al. [21] presented a mathematical model
for dimensioning of square isolated footings using
optimization techniques: general case. Lopez-Chavarria et al.
[22] investigated the optimal dimensioning for the corner
combined footings. Luévanos-Rojas et al. [23] investigated the
optimal design for rectangular isolated footings using the real
soil pressure. Gandomi and Kashani [24] used the recent
swarm intelligence techniques to estimate the construction
minimum cost of the shallow foundation. Velazquez-Santillan
et al. [25] investigated the numerical experimentation for the
optimal design for reinforced concrete rectangular combined
footings. Jelusic and Zlender [26] investigated an optimal
design of pad footing based on multi-parametric mixed-integer
non-linear programming optimization. Malapur et al. [27]
investigated an optimization of reinforced concrete column
and footings using genetic algorithm. Rawat and Mittal [28]
presented an optimization of eccentrically loaded reinforced
concrete isolated footings. Nigdeli et al. [29] studied the
metaheuristic optimization of reinforced concrete footings.
These documents show the models for specific cases such as
isolated footings and combined footings.

The mathematical models have been recently studied to
obtain the dimensions of the isolated footings of shape:
rectangular, square and circular [30-32]. Also the

mathematical models have been presented to obtain the
dimensions of the combined footings of shape: rectangular,
trapezoidal, of strap and T-shaped [33-36]. These documents
show the equations to obtain the dimensions of the contact
area of the footings on the soil, but it does not guarantee the
minimum area of the footings.

Therefore, the review of the literature clearly shows that
there is no close relationship with the topic of optimal
dimensioning of the contact surface on the soil for
rectangular footings from 1 to n columns aligned on a
longitudinal axis that is addressed in this paper.

This paper shows a new mathematical model for rectangular
footings (general case) to obtain the most economical contact
area on the soil (optimal surface) supporting from 1 to n columns
aligned on a longitudinal axis (X axis), and each column subject
to an axial load and two orthogonal bending moments in the
connection with the footing. The proposed model considers that
the soil pressure varies linearly. Also, numerical problems are
shown to obtain the optimal contact surface on the soil for the
rectangular isolated footings, and rectangular combined footings
that support two and three columns (without restrictions on their
sides, with one side restricted and two restricted opposite sides).

2 Formulation of the general model

Fig. 1 shows a rectangular footing that supports » columns
aligned on a longitudinal axis (X axis), and each column provides
an axial load and two orthogonal bending moments.

Fig. 2 presents the pressure diagram below the rectangular
footing, and also the soil pressure in each corner on the footing.

The general equation to obtain the pressure anywhere on
the footing due to the soil can be determined by [30-36]:

P M M, x
-4 xy+L
S I, 1

(M

where: o is the soil pressure anywhere on the footing, S is
the contact surface of the footing, P is the axial load applied
at the center of gravity of the footing, M, is the moment
around the X axis, M, is the moment around the Y axis, x is
the distance parallel to the X axis measured from the center
of gravity to the point in study, y is the distance parallel to the
Y axis measured from the center of gravity to the point in
study, /, is the moment of inertia around the Y axis, and /, is
the moment of inertia around the X axis.
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Figure 1. Rectangular footing that supports 7 columns.
Source: Prepared by the authors.
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Figure 2. Pressure diagram below a rectangular footing.
Source: Prepared by the authors.

The geometric properties of the contact surface of the

rectangular footing with the soil are:

S=LyL,
! LyLy,®
12

3
; _LyLy
YT 12

@

3)

“)

where: L, is the distance in X direction of the footing, L,

is the distance in Y direction of the footing.

Substituting the eq. (2)-(4) into eq. (1) to find the stresses
in each corner of the rectangular footing, these are obtained

as follows:

R 6Myy 6Myr
Lyly * LeLy,?* L L,
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R 6Myy  6Myp
=T LA
xXHy xty x Ny

R 6Myy 6Myp
Lyly LeL,* L L,
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Lyly LeL,* L °L,
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®)

(6)

0
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where: R is the sum of all the axial forces, M,y is the sum
of all the bending moments around the X axis and M, is the
sum of all the bending moments around the Y axis. These are

obtained from the following equations:
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The pressure generated by the soil must be equal or
greater to zero and less or equal to the soil available allowable
load capacity op.

The conditions of the property limit are:

1. There are no restrictions in the sides of the footing:

n=i—-1

Con—

La+ZL]-+2’;1SLX (12)
=1

2. One of the sides of the footing is restricted:

n=i—-1

€1 Con-1

?+ Z L + 2 <L, (13)
7=

3. Two opposite sides of the footing is restricted:

n=i-1

€1 Con-1

?+ Z L + > =L, (14)
]:

2.1 Optimal surface
The objective function for the minimum surface S, is:
Smin = LxLy (15)

The constraint functions for the minimum surface are:

R=D P (16)

n
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3 Numerical problems

Three types of numerical problems are presented below:
The first numerical example is for rectangular footings that
support a column (rectangular isolated footings). The second
numerical example is for rectangular footings that support
two columns (rectangular combined footings). The third
numerical example is for rectangular footings that support
three columns (rectangular combined footings). The Tables
present three cases for the dimensioning of the rectangular
footings varying the soil available allowable load capacity of
“op = 250, 200, 150 kN/m2”, and four types varying the
mechanical elements acting on the footing. For cases 2 and 3
the separation between the columns varies from 4 to 7 m. The
dimensions of the columns in all cases are of 40x40 cm.

3.1  Example 1

Table 1 shows the axial load and two orthogonal bending
moments that act on the footing, the optimal dimensions, and
the stresses that are generated in each corner of the
rectangular footings that support a column (rectangular
isolated footings) (see appendix).

3.2  Example 2

Table 2 shows the axial load and two orthogonal bending
moments due to the column 1 and the column 2 that act on
the footing, the optimal dimensions, and the stresses that are
generated in each corner of the rectangular footings that
support two columns without restrictions in sides
(rectangular combined footings) (see appendix).

Table 3 shows the axial load and two orthogonal bending
moments due to the column 1 and the column 2 that act on
the footing, the optimal dimensions, and the stresses that are
generated in each corner of the rectangular footings that
support two columns with a side restricted (rectangular
combined footings) (see appendix).

Table 4 shows the axial load and two orthogonal bending
moments due to the column 1 and the column 2 that act on
the footing, the optimal dimensions, and the stresses that are
generated in each corner of the rectangular footings that
support two columns with two opposite sides restricted
(rectangular combined footings) (see appendix).

3.3  Example 3

Table 5 shows the axial load and two orthogonal bending
moments due to the column 1, column 2 and column 3 that
act on the footing, the optimal dimensions, and the stresses
that are generated in each corner of the rectangular footings
that support three columns without restrictions in sides
(rectangular combined footings) (see appendix).

Table 6 shows the axial load and two orthogonal bending
moments due to the column 1, column 2 and column 3 that
act on the footing, the optimal dimensions, and the stresses
that are generated in each corner of the rectangular footings
that support three columns with a side restricted (rectangular
combined footings) (see appendix).

Table 7 shows the axial load and two orthogonal bending
moments due to the column 1, column 2 and column 3 that
act on the footing, the optimal dimensions, and the stresses
that are generated in each corner of the rectangular footings
that support three columns with two opposite sides restricted
(rectangular combined footings) (see appendix).

4 Results

In Table 1 is observed the following results: The types 1
and 2 in all the cases, the optimal surface, the dimensions and
the stresses in each corner of the footing are equal. For the
types 3 and 4, when the soil available allowable load capacity
decreases, the optimal surface and the dimensions increase.
For the first two types in all cases, it is limited by the
minimum stress that is zero. For the last two types in all cases,
it is limited by the soil available allowable load capacity.

In Table 2 is showed the results for the rectangular
combined footings that support two columns without
restrictions in sides: The type 1 in all the cases, the optimal
surface, the dimensions and the stresses in each corner of the
footing are equal. For the types 2, 3 and 4, when the soil
available allowable load capacity decreases, the optimal
surface increases. For the first type in all cases and the second
type of the case 1, it is limited by the minimum stress that is
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zero. For another types, it is limited by the soil available
allowable load capacity.

In Table 3 is presented the results for the rectangular
combined footings that support two columns with a side
restricted: For all types in all cases are presented the same
results for the rectangular combined footings that support two
columns without restrictions in sides (see Table 1) with the
exception of type 4 for the three cases that show different
sides of the footing.

In Table 4 is observed the results for the rectangular
combined footings that support two columns with two
opposite sides restricted: The types 1, 2 and 3 in all the cases,
the optimal surface, the dimensions and the stresses in each
corner of the footing are equal. For the type 4, when the soil
available allowable load capacity decreases, the optimal
surface and the dimension Ly increase, and the dimension Lx
does not change because it is restricted. For the first three
types in all cases, it is limited by the minimum stress that is
zero. For the last type in all cases, it is limited by the soil
available allowable load capacity. Also the resulting
moments around the Y axis have a value and these are
negative, this means that the resultant forces do not coincide
with the center of gravity of the footing.

In Table 5 is showed the results for the rectangular
combined footings that support three columns without
restrictions in sides: The type 1 in all the cases, the optimal
surface, the dimensions and the stresses in each corner of the
footing are equal. For the types 2, 3 and 4, when the soil
available allowable load capacity decreases, the optimal
surface increases. For the first type in all cases and the second
type of the case 1, it is limited by the minimum stress that is
zero. For another types, it is limited by the soil available
allowable load capacity.

In Table 6 is presented the results for the rectangular
combined footings that support three columns with a side
restricted: For all types in all cases are presented the same results
for the rectangular combined footings that support three columns
without restrictions in sides (see Table 5) with the exception of
type 4 for the case 1 that shows different sides of the footing.

In Table 7 is observed the results for the rectangular
combined footings that support three columns with two
opposite sides restricted: The types 1 and 2 in all the cases,

the optimal surface, the dimensions and the stresses in each
corner of the footing are equal. For the types 3 and 4, when
the soil available allowable load capacity decreases, the
optimal surface and the dimension L, increase, and the
dimension Ly does not change because it is restricted. For the
first two types in all cases, it is limited by the minimum stress
that is zero. For the last two types in all cases, it is limited by
the soil available allowable load capacity. Also the resulting
moments around the Y axis have a value and these are
negative, this means that the resultant forces do not coincide
with the center of gravity of the footing.

Fig. 3 shows the optimal surface of example 1 of the three
cases of rectangular footings that support a column
(rectangular isolated footings). It is clearly observed that
when the moments decrease, the contact surface decreases in
all cases.

Fig. 4 shows the optimal surface of the example 2 for
rectangular footings that support two columns (rectangular
combined footings). The comparison of the optimal surface
for sides without restrictions, for a restricted side and for two
opposite sides restricted of the same type in each case is
observed that the rectangular footings with two opposite
sides restricted have greater contact surface with respect to
the rectangular footings with a restricted side and sides
without restrictions. For the three cases is observed that when
the moments decrease, the contact surface decreases in all
cases.

Fig. 5 shows the optimal surfaces of the example 3 for
rectangular footings that support three columns (rectangular
combined footings). The comparison of the optimal surface
area for sides without restrictions, for a restricted side and for
two opposite sides restricted of the same type in each case is
observed that the rectangular footings with two opposite
sides restricted have greater contact surface with respect to
the rectangular footings with a restricted side and sides
without restrictions. For the three cases is observed that when
the moments decrease, the contact surface decreases in all
cases.

The types 1 and 2 are same for the three cases of the three
examples, because the soil pressure is governed by zero
pressure, i.e., it does not reach the available permissible load
capacity of the soil.
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Figure 3. Optimal surfaces for rectangular footings that support a column.
Source: Prepared by the authors.
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Figure 4. Optimal surfaces for rectangular footings that support two columns.

Source: Prepared by the authors.
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Source: Prepared by the authors.

5 Conclusions

This paper shows a general model for rectangular footings
to obtain the most economical contact area on the soil
(optimal surface) that supports from 1 to n columns aligned
on a longitudinal axis. The proposed model considers that the
soil pressure varies linearly.

The models normally used to obtain the dimensions are:
the dimensions are proposed and these are verified so that
they are within the allowed limits, i.e., the pressure generated
by the soil must be equal or greater to zero, and less or equal
to the soil available allowable load capacity.

The traditional dimensioning process for footings takes a
long time and the designer generally finishes the process after
several iterations. The dimensions are determined from a
procedure of successive approximations.

The main conclusions are:

1. When the moments around of the Y axis are zero, this
means that the resultant forces match the center of gravity
of the footing (see Tables 2, 3, 5 and 6).

2. When the moments around of the Y axis differ from zero,
this means that the resultant forces do not match the
center of gravity of the footing (see Tables 4 and 7).

3. The methodology shown in this document is more precise
and converges more quickly with respect to the current
model that is based on trial and error.

4. The traditional model for footings will not be practical
compared with this model, because the traditional model for
footings takes a long time and the dimensions are determined
from a procedure of successive approximations.

5. The proposed model can be used for the dimensioning of
rectangular isolated footings (see Table 1).

6. The proposed model can be used for the dimensioning of
rectangular combined footings that support two or more
columns aligned on a longitudinal axis (X axis) for sides
without restrictions, a side restricted and two opposite
sides restricted. For footings that support two columns
(see Tables 2, 3 and 4). For footings that support three
columns (see Tables 5, 6 and 7).

The model presented in this paper is effective tool in finding
the optimal contact surface of the rectangular footing on soil that
support one, two or more columns. This model is generated from
of the loads and orthogonal bending moments that provide the
columns aligned on a longitudinal axis (X axis).

The proposed expressions directly offer the dimensions of the
contact surface of the rectangular footings on soil, also guaranteeing
that the admissible stress in the soil will not be exceeded.

The investigations to consider in the future are: 1)
Rectangular foundation slabs. 2) Foundations of type “L” of
corners for two or more columns aligned on each axis (X and
Y axes). 3) Foundations of type “U” for two corners.
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Table 1.
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Mechanical elements acting on the

Resulting from forces and

Stresses that are generated in each corner of the

Type footing moments Smin Dimensions footing
P M My R My Myr Lx Ly o1 o2 L) [
kN kN-m kN kN-m m? m kN/m?
Case 1 (cp = 250.00 kN/m?)
1 600 300 150 600 300 150 18.00 3.00 6.00 66.67 33.33 33.33 0.00
2 600 200 100 600 200 100 8.00 2.00  4.00 150.00 75.00 75.00 0.00
3 600 100 50 600 100 50 4.09 143 2.86 250.00 147.05 145.05 44.10
4 600 0 0 600 0 0 2.40 1.55  1.55 250.00 250.00 250.00 250.00
Case 2 (cp = 200.00 kN/m?)
1 600 300 150 600 300 150 18.00 3.00  6.00 66.67 33.33 33.33 0.00
2 600 200 100 600 200 100 8.00 2.00  4.00 150.00 75.00 75.00 0.00
3 600 100 50 600 100 50 491 1.57  3.13 200.00 122.10 122.10 44.20
4 600 0 0 600 0 0 3.00 1.68 1.79 200.00 200.00 200.00 200.00
Case 3 (6p = 150.00 kN/m?)
1 600 300 150 600 300 150 18.00 3.00 6.00 66.67 33.33 33.33 0.00
2 600 200 100 600 200 100 8.00 2.00  4.00 150.00 75.00 75.00 0.00
3 600 100 50 600 100 50 6.26 1.77  3.54 150.00 95.83 95.83 41.67
4 600 0 0 600 0 0 4.00 2.07 194 150.00 150.00 150.00 150.00
Source: Prepared by the authors.
Table 2.
Dimensions for the rectangular combined footings that support two columns without restrictions in sides.
Mechanical elements acting on the footing Resulting from . . Stresses that are generated in each
Dimensions .
T Column 1 Column 2 forces and moments L1 Smin corner of the footing
pe P M, M, P M, M, R __ Ma Mx L. L. L o1 o 3 4
kN kN-m kN kN-m kN kN-m m m? m kN/m?
Case 1 (cp = 250.00 kN/m?)
1 600 300 150 1200 600 300 1800 900 0 7.00 2770 020 923  3.00 129.96 129.96 0.00 0.00
2 600 200 100 1200 400 200 1800 600 0 6.00 16.13 020 807 200 223.14 223.14 0.00 0.00
3 600 100 50 1200 200 100 1800 300 0 5.00 11.51 020 690 1.67  250.00 250.00 62.65 62.65
4 600 0 0 1200 0 0 1800 0 0 4.00 7.20 038 610 1.18  250.00 250.00 250.00  250.00
Case 2 (6p = 200.00 kN/m?)
1 600 300 150 1200 600 300 1800 900 0 7.00 2770 020 923  3.00 129.96 129.96 0.00 0.00
2 600 200 100 1200 400 200 1800 600 0 6.00 1736 020 807 215  200.00 200.00 7.34 7.34
3 600 100 50 1200 200 100 1800 300 0 5.00 13.57 020 690 197  200.00 200.00 65.20 65.20
4 600 0 0 1200 0 0 1800 0 0 4.00 9.00 1.75  8.82 1.02  200.00 200.00 200.00  200.00
Case 3 (op = 150.00 kN/m?)
1 600 300 150 1200 600 300 1800 900 0 7.00 2770 020 923  3.00 129.96 129.96 0.00 0.00
2 600 200 100 1200 400 200 1800 600 0 6.00 21.15 020 8.07 262 150.00 150.00 20.19 20.19
3 600 100 50 1200 200 100 1800 300 0 5.00 1690 020 690 245 150.00 150.00 63.02 63.02
4 600 0 0 1200 0 0 1800 0 0 4.01 12.00 022 577  2.08 150.00 150.00 150.00 150.00
Source: Prepared by the authors.
Table 3.
Dimensions for the rectangular combined footings that support two columns with a side restricted.
Mechanical el ts acting on the footing Resulting from forces . . Stresses that are generated in each corner
Dimensions .
Type Column 1 Column 2 and moments L1 Shmin of the footing
P P MM P M, M, R Ma_ My L. L o o 4
kN kN-m kN kN-m kN kN-m m m’ m kN/m?
Case 1 (op = 250.00 kN/m?)
1 600 300 150 1200 600 300 1800 900 0 7.00 2770 923  3.00 129.96 129.96 0.00 0.00
2 600 200 100 1200 400 200 1800 600 0 6.00 16.13  8.07 2.00 223.14 223.14 0.00 0.00
3 600 100 50 1200 200 100 1800 300 0 500 1151 690 1.67 250.00 250.00 62.65 62.65
4 600 0 0 1200 0 0 1800 0 0 4.00 7.20 573 1.26 250.00 250.00 250.00 250.00
Case 2 (cp = 200.00 kN/m?)
1 600 300 150 1200 600 300 1800 900 0 7.00 2770 923 3.00 129.96 129.96 0.00 0.00
2 600 200 100 1200 400 200 1800 600 0 6.00 1736  8.07 2.15 200.00 200.00 7.34 7.34
3 600 100 50 1200 200 100 1800 300 0 500 1357 690 197 200.00 200.00 65.20 65.20
4 600 0 0 1200 0 0 1800 0 0 4.00 9.00 573 157 200.00 200.00 200.00 200.00
Case 3 (op = 150.00 kN/m?)
1 600 300 150 1200 600 300 1800 900 0 7.00 2770 923 3.00 129.96 129.96 0.00 0.00
2 600 200 100 1200 400 200 1800 600 0 6.00 21.15 8.07 262 150.00 150.00 20.19 20.19
3 600 100 50 1200 200 100 1800 300 0 500 1690 690 245 150.00 150.00 63.02 63.02
4 600 0 0 1200 0 0 1800 0 0 4.00  12.00 573  2.09 150.00 150.00 150.00 150.00

Source: Prepared by the authors.
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Table 4.

Dimensions for the rectangular combined footings that support two columns with two opposite sides restricted.

Mechanical elements acting on the footing

Resulting from forces

Stresses that are generated in each corner

Type Column 1 Column 2 and moments L1 Shmin Dimensions of the footing
P My My P My My R Myt Myt Ly Ly [ G2 03 04
kN kN-m kN kN-m kN kN-m m m? m kN/m?
Case 1 (cp = 250.00 kN/m?)
1 600 300 150 1200 600 300 1800 900 -1650 7.00 86.46 7.40 11.68 10.69 41.64 0.00 30.95
2 600 200 100 1200 400 200 1800 600 -1500 6.00 58.51 6.40 9.14 13.46 61.52 0.00 48.07
3 600 100 50 1200 200 100 1800 300 -1350 5.00 32.40 5.40 6.00 18.52 111.11 0.00 92.59
4 600 0 0 1200 0 0 1800 0 -1200 4.00 13.75 4.40 3.12 11.90 250.00 11.90 250.00
Case 2 (6p = 200.00 kN/m?)
1 600 300 150 1200 600 300 1800 900 -1650 7.00 86.46 7.40 11.68 10.69 41.64 0.00 30.95
2 600 200 100 1200 400 200 1800 600 -1500 6.00 58.51 6.40 9.14 13.46 61.52 0.00 48.07
3 600 100 50 1200 200 100 1800 300 -1350 5.00 32.40 5.40 6.00 18.52 111.11 0.00 92.59
4 600 0 0 1200 0 0 1800 0 -1200 4.00 17.18 4.40 3.90 9.52 200.00 9.52 200.00
Case 3 (6p = 150.00 kN/m?)
1 600 300 150 1200 600 300 1800 900 -1650 7.00 86.46 7.40 11.68 10.69 41.64 0.00 30.95
2 600 200 100 1200 400 200 1800 600 -1500 6.00 58.51 6.40 9.14 13.46 61.52 0.00 48.07
3 600 100 50 1200 200 100 1800 300 -1350 5.00 32.40 5.40 6.00 18.52 111.11 0.00 92.59
4 600 0 0 1200 0 0 1800 0 -1200 4.00 2291 4.40 5.21 7.14 150.00 7.14 150.00

Source: Prepared by the authors.

Table 5.

Dimensions for the rectangular combined footings that support three columns without restrictions in sides.

Mechanical elements acting on the footing

Resulting from forces L1

Stresses that are generated

Type Column 1 Column 2 and 3 and moments and Smin Dimensions in each corner of the footing
P My M, P My My R Myt Myt La La Ly Ly o1 62 63 G4
kN kN-m kN kN-m kN kN-m m m? m kN/m?
Case 1 (cp = 250.00 kN/m?)
1 600 300 150 1200 600 300 3000 1500 0 7.00 50.10 020 1670  3.00 119.76 119.76 0.00 0.00
2 600 200 100 1200 400 200 3000 1000 0 6.00 2893 020 1447 200 20737  207.37 0.00 0.00
3 600 100 50 1200 200 100 3000 500 0 500 1952 020 1223 1.60  250.00  250.00 57.37 57.37
4 600 0 0 1200 0 0 3000 0 0 4.00 12.00 0.72 11.05 1.09  250.00  250.00  250.00  250.00
Case 2 (cp = 200.00 kN/m?)
1 600 300 150 1200 600 300 3000 1500 0 7.00 50.10 020 1670  3.00 119.76 119.76 0.00 0.00
2 600 200 100 1200 400 200 3000 1000 0 6.00 29.64 020 1447 2.05 200.00  200.00 2.42 2.42
3 600 100 50 1200 200 100 3000 500 0 500 2298 020 12.23 1.88  200.00  200.00 61.05 61.05
4 600 0 0 1200 0 0 3000 0 0 400 1500 020 10.00 1.50  200.00  200.00  200.00  200.00
Case 3 (6p = 150.00 kN/m?)
1 600 300 150 1200 600 300 3000 1500 0 7.00 50.10 020 16.70  3.00 119.76 119.76 0.00 0.00
2 600 200 100 1200 400 200 3000 1000 0 6.00 36.05 020 1447 249 150.00 150.00 16.43 16.43
3 600 100 50 1200 200 100 3000 500 0 500 2857 020 1223 234 150.00 150.00 60.05 60.05
4 600 0 0 1200 0 0 3000 0 0 4.00 20.00 020  10.00  2.00 150.00 150.00 150.00 150.00

Source: Prepared by the authors.

Table 6.

Dimensions for the rectangular combined footings that support three columns with a side restricted.

Mechanical elements acting on the footing

Resulting from forces

Stresses that are generated in each

Type Column 1 Column 2 and 3 and moments L']jl nd Smin Dimensions corner of the footing
P M. M, P M. M, R Myt My 2 L. L, o1 1 o3 4
kN kN-m kN kN-m kN kN-m m m? m kN/m?
Case 1 (cp = 250.00 kN/m?)
1 600 300 150 1200 600 300 3000 1500 0 7.00 50.10 16.70 3.00 119.76 119.76 0.00 0.00
2 600 200 100 1200 400 200 3000 1000 0 6.00 28.93 14.47 2.00 207.37 207.37 0.00 0.00
3 600 100 50 1200 200 100 3000 500 0 5.00 19.52 12.23 1.60 250.00 250.00 57.37 57.37
4 600 0 0 1200 0 0 3000 0 0 4.00 12.00 10.00 1.20 250.00 250.00 250.00 250.00
Case 2 (op = 200.00 kKN/m?)
1 600 300 150 1200 600 300 3000 1500 0 7.00 50.10 16.70 3.00 119.76 119.76 0.00 0.00
2 600 200 100 1200 400 200 3000 1000 0 6.00 29.64 14.47 2.05 200.00 200.00 242 242
3 600 100 50 1200 200 100 3000 500 0 5.00 22.98 12.23 1.88 200.00 200.00 61.05 61.05
4 600 0 0 1200 0 0 3000 0 0 4.00 15.00 10.00 1.50 200.00 200.00 200.00 200.00
Case 3 (op = 150.00 kKN/m?)
1 600 300 150 1200 600 300 3000 1500 0 7.00 50.10 16.70 3.00 119.76 119.76 0.00 0.00
2 600 200 100 1200 400 200 3000 1000 0 6.00 36.05 14.47 2.49 150.00 150.00 16.43 16.43
3 600 100 50 1200 200 100 3000 500 0 5.00 28.57 12.23 2.34 150.00 150.00 60.05 60.05
4 600 0 0 1200 0 0 3000 0 0 4.00 20.00 10.00 2.00 150.00 150.00 150.00 150.00

Source: Prepared by the authors.
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Dimensions for the rectangular combined footings that support three columns with two opposite sides restricted.

Mechanical elements acting on the footing

Resulting from forces L1

Dimensions

Stresses that are generated in each

Type Column 1 Column 2 and 3 and moments and Smin corner of the footing
P My My P My My R Myt M1 L, Ly Ly o1 G2 63 G4
kN kN-m kN kN-m kN kN-m m m? m kN/m?
Case 1 (cp = 250.00 kN/m?)
1 600 300 150 1200 600 300 3000 1500 -3450 7.00 82.94 1440  5.76 37.68 72.34 0.00 34.66
2 600 200 100 1200 400 200 3000 1000 -3100 6.00 49.60 12.40  4.00 60.48 120.97 0.00 60.48
3 600 100 50 1200 200 100 3000 500 -2750 5.00 23.63 10.40  2.27 115.71 250.00 3.94 138.23
4 600 0 0 1200 0 0 3000 0 -2400 4.00 18.86 8.40 2.24 68.18 250.00 68.18 250.00
Case 2 (6p = 200.00 kN/m?)
1 600 300 150 1200 600 300 3000 1500 -3450 7.00 82.94 14.40  5.76 37.68 72.34 0.00 34.66
2 600 200 100 1200 400 200 3000 1000 -3100 6.00 49.60 12.40  4.00 60.48 120.97 0.00 60.48
3 600 100 50 1200 200 100 3000 500 -2750 5.00 28.42 10.40  2.73 88.36 200.00 11.11 122.75
4 600 0 0 1200 0 0 3000 0 -2400 4.00 23.57 8.40 2.81 54.55 200.00 54.55 200.00
Case 3 (op = 150.00 kN/m?)
1 600 300 150 1200 600 300 3000 1500 -3450 7.00 82.94 1440  5.76 37.68 72.34 0.00 34.66
2 600 200 100 1200 400 200 3000 1000 -3100 6.00 49.60 12.40  4.00 60.48 120.97 0.00 60.48
3 600 100 50 1200 200 100 3000 500 -2750 5.00 36.31 10.40  3.49 62.60 150.00 15.26 102.66
4 600 0 0 1200 0 0 3000 0 -2400 4.00 31.43 8.40 3.74 40.91 150.00 40.91 150.00

Source: Prepared by the authors.
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