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ABSTRACT

Although we know there exists a sim-
ple approach to solve the circularity
between value and the discount rate,
known as the Adjusted Present Va-
lue proposed by Myers, 1974, it see-
ms that practitioners still rely on the
traditional Weighted Average Cost of
Capital, WACC approach of weig-
hting the cost of debt, Kd and the cost
of equity, Ke and discounting the Free
Cash Flow, FCF. We show how to sol-
ve circularity when calculating value
with the free cash flow, FCF and the
WACC. As a result of the solution we
arrive at a known solution when we
assume the discount rate of the tax
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savings as Ke, the cost of unlevered
equity: the capital cash flow, CCF dis-
counted at Ku. When assuming Kd
as the discount rate for the tax sa-
vings, we find an expression for cal-
culating value that does not implies
circularity. We do this for a single
period and for N periods.
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INTRODUCTION

Although we know there exists a sim-
ple approach to solve the circularity
between value and the discount rate,
known as the Adjusted Present Va-
lue proposed by Myers, 1974, it see-
ms that practitioners still rely on the
traditional Weighted Average Cost of
Capital, WACC approach of weig-
hting the cost of debt, Kd and the cost
of equity, Ke and discounting the Free
Cash Flow, FCF. We show how to sol-
ve circularity when calculating value
with the free cash flow, FCF and the
WACC. As a result of the solution we
arrive at a known solution when we
assume the discount rate of the tax
savings as Ke, the cost of unlevered
equity: the capital cash flow, CCF dis-
counted at Ku. When assuming Kd
as the discount rate for the tax sa-
vings, we find an expression for cal-
culating value that does not implies
circularity. We do this for a single
period and for N periods.

The typical solution for solving the
circularity between value and WACC
is to activate the option for iteration
in a modern spreadsheet (Vélez-Pa-
reja and Tham, 2000,

Tham and Vélez-Pareja, 2004, and
Vélez-Pareja and Tham, 2005).
However, this approach seems to be
not easy to apply. We have examined
the analytical solution of this problem
and found what is known well befo-
re: when discounting with the proper
discount rate the CCF will give iden-
tical answer to the calculation of va-
lue with the FCF discounted at the
weighted average cost of capital,
WACC.

THE PRACTICAL SOLUTION OF
CIRCULARITY

The solution of circularity is very sim-
ple. This problem can be easily sol-
ved: in the Excel spreadsheet select
Tools, then select Options, and the-
re, select the tab Calculate and tick
the option Iterations. Done this, the
formulas for WACC and Ke, (the cost
of the levered equity), that imply cir-
cularity, can be constructed. (See,
Vélez-Pareja and Tham, 2000 and
2005, Tham and Vélez-Pareja, 2004).
The analytical solution is simple as
well.

AN ANALYTICAL SOLUTION
FOR CIRCULARITY

Modigliani and Miller (1958 and
1963), in illuminating and seminal
works defined the relationship bet-
ween cash flows and values. These
are the free cash flow, FCF, the cash
flow to debt, CFD, the cash flow to
equity, CFE, the tax savings, TS and
the capital cash flow* and their co-
rresponding values. These relations-
hips are:

FCF + TS = CFD + CFE = CCF (1a)

Vvi=y" 4+ vyE=D+E (@b
Where V' is the levered value of the
firm, VY is the unlevered value of the
firm, VTS is the value of TS, D is the
market value of debt and E is the
market value of equity.

In Taggart, 1991, Tham and Velez-
Pareja, 2002 and 2004, Vélez-Pareja
and Burbano-Pérez, 2003 and 2005
it is shown the general formulation
for the WACC and the Ke, as follows

1. The Capital Cash Flow, CCF, is the essence of the original Modigliani and Miller proposal in 1958; however,

it was popularized by Ruback, 2000.
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1. The general expression for the
WACC for the free cash flow, FCF, is

(2a)
"i B
] |_J-:'.||.I —q|l:| '..,-II

WACC™ =Ku, -

A particular and special case of (2a)
is the traditional expression for

WACC:
(2b)
WAL, T4,

= K 1 wKe = B4,

Where v is the discount rate for the
TS and Ku is the unlevered cost of
equity.

2. For discounting the Capital Cash
Flow CCF, (CFD + CFE=FCF +TY9),
we use the general formulation for
WACCCCF,

(32)

WACC™ =Ku, -(Ku, -, )

Depending on the assumption for the
discount rate for the tax savings v,
we have the WACC for the CCF as
follows:

For 1 = Kd, the cost of debt
(3b)

. vV
WACC™ =Ku, -(Ku, -Kd. ) =

ESTUDIOS

For 1y = Ku
(3¢)
WACCEF = Ku

3. If we use CFE we should discount it
with (in this case we have to add the
value of debt to obtain the total value)

Single periodo
®) i
Ke =Ku, +(Ku, -Kd, ]l'

4

pis

N
-(Ku. -y )2
E.

We have for a single period:

(6)
FCF
|+ WACC

USING A GENERAL

EXPRESSION FORWACC

If we replace equation (2a) into equa-
tion (6) we find:

v - 1_"FLL s
|+ Ku, - I"\:!-|EI.II-I,III (73')
;s 7b
Y.l 1+Kku, - 3 [ TR | |I" =FLF, ( )
! ' v |
[WE+WE wKa, - TS, «(Ku, —y W |= FCF, (7c)
[V, + ¥ xKu, -(Bu, =, I¥," |=FCF, 4+ T5, =CCF, (7d)
1;.'|.-+'.u (Ku -y} [=FCE 4TS, =CCF, (7e)
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FCF, + TS, CCF,

Wi == — — (76}
| W W,
I+ Ku, -(Ku, =w) 5 ] [Irﬁu -(Ku, —w,) "
L 1"'" "'Il. F,
This expression is just (see equation (3a))
- FCF, +T5, CCF, i8)

" T+ wacc™ ) 1+ wacc™)

USING THETRADITIONAL AND SPECIAL EXPRESSION FORWACC
If we replace (2b) in (6) and replace Ke for its general expression (5) we have

i FCF,
i = [I;Jb
T+ Kd, (1- T, + Ke, xE%,
Replacing Ke in (9a) with (5) we have
i FCF,
Vy - : - — (9h)
I+ Kd (1 Tix%, +LF2-.-, +iKu, -Kd, ) E" =(Ku, -y, ) I-_I |w|m.,,

-

W) [l+ Kdi1-TiD%, +| Ku, +(Ku, -Kd, J-!E__L S ATRETH ;llr__l—Ju; E‘:’.,]

, , 4 (%)
=FCF,
( / I3 v )
Vi 4K (1-TID, +| Ku o+ (Ku, - Kd ) =2- (K, -, ) = xEdJ—FL'F, (9d)
I i 1] -5

(W' + Kd,D, - TEd, D, + Ku, xE, + Ku, I, -Kd,D, -(Ku, -y, IV*|=FCF, (%)

Simplifying,

(VE -TKd,D, + Ku,(E, + D, )-(Ku, -w, V" )= FCF, (96
But D+E is V" and TKAD is TS, therefore,

(Ve -TS, + Ku, V! -(Ku, -y, W) |= FCF, (g
(Vi +Ku, V- (Ku, -y, 1V, )= FCF, + TS, i9hi
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rTH
v, [I +Ku, -(Ku, -y,) *.-'1' =FCF, + TS, = CCF, (9i)

i FCF, +T§,
1.'I" = %
S ATRET| ATREY'TH T
! 10k
CCF, B
= 15
1+ Ku, =(Ku, =y} 7
Again, this expression is the value of the CCF and the discount rate is (3).
In both cases we find circularity again. In order to solve it we depart from (9h)
(V' + ¥ xKu, -(Ku, -y, W, |=FCE +TS, = CCF, 9)
V(1 +Ku, )= FCF + TS, + (Ku, —w,W,* =CCF, +{Ku, —y,1%,"  (9L)
T il P ™. . _ ™ - PR
. FCF, + TS, #{Ku, =y, 1V, _ CCF, + (Ku, =y, ¥, (9m)
(14 Ku,) 14 Ku,)
And with the circularity fully solved we have for each case, for v = Kd
VL = FCF, + TS, +(Ku, —Kd, }¥," ) CCF, + (Ku, — Kd, )¥,* (10)
) i1+ Ku, | {1+ Ku,)
This means that when solving the circularity and assuming ¢ = Kd we need
to “adjust” the CCF by (Ku,-Kd,) V.
For w= Ku

. _ FCF +TS, _ CCF, (an
(1+Ku,) (1+Ku,)

Observe the clean, neat and easy formulation when we assume ¢ = Ku.

DDDDDDDDDDD ESTUDIOS
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THE N-PERIOD CASE

There is a recursive equation to calculate the present value of a cash flow for
any discount rate:

o FE'FI+".."| (17
I+ WACC, B
Replacing (2a) into (12) we have,
""I_I| - 11”-. - 1“..' I “Il'l:l
I+ Ku, = L::'I -(Hu.—q.l_ll_:ll:ll
[ TS v 3
Vi 14+ Ku, - i (K =) G | = FCF, v, (13b)
(V! +Ku, %xV! - TS, -(Ku, -y, ]V )= FCF, + V! {13c)
VE(I1+Ku J=FCF + V" +T5, +(Ku, —y V" (13d)
yt o FCF + Vi # TS, +(Ku, —w, W7 (13e)
' {1+ Ku, ) '
i = CCF +VE +(Ku, —w V] (13)
! [+ I'-;.l.lli
When 1y =Ku
i — CCF + v (14)
{1+ Ku,)

And this is the recursive equation to calculate the present value of a cash
flow (in this case with the CCF and Ku as discount rate).

When 1y =Kd
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_ CCF, +(Ku, —Kd, V7] + v

v,
' (14 Ku, )

This is the same equation as before
using the recursive equation to cal-
culate the present value of a cash
flow, in this case, the “Adjusted” CCF.

CONCLUDING REMARKS

We have shown that circularity can
be solved analytically. The interesting
finding is that when solving for cir-
cularity we arrive at a well know re-
sult: the discounting of the capital
cash flow, CCF.

When we assume that the discount
rate for the tax savings is Ku, the cost
of unlevered equity, the solution is
very simple: discount it with Ku. If
we assume that the discount rate is
Kd, then we have either to adjust the
CCF with an amount function of the
value of the tax savings, or we use
the traditional expression for the
CCF and discount it with Ku adjus-
ted with some percent that is func-
tion of the value of the tax savings.

APPENDIX

AN EXAMPLE
Assume the following input data:

Table Al. Input Data

Kul 18% |
_Kd| 12%
Tax | 40% |

ESTUDIOS

[15])

And the following FCF and debt, D
Table A2. FCF and Debt

Y ear FCF; [
' ' 20.00
100,04 | 22,
[ 10l |25 (WD
[ 110 | 32 (e
112,00 [ 35.00

[ 13,04} | 36.00

Lty | B | L | bl | —

From this information we can calcu-
late TS

Table A3. TS calculation

Year | D | TS=T=Kd=Dy,

R T IR
1] 22.00 (0,96
2| 25.00 1.06
3| 32.00 1.20
4| 35.00 1.54
5| 36.00 1.68

PROPOSED APPROACH

Using (13f) and assuming y = Kd

_ CCF, + V" +(Ku, - Kd, V™

l||r,l|.
= (1+Ku,)

We have

20 %€ ICEST cerencial RS No.98 « Enero - Marzo de 2006



Table A4. Alternative solution of circularity

Year | FCF, | Dy | TS=Tkd,Dy, | COF=FCF+TS | Ku-Kd | V™ | Vi
i 20.00 448| 34295
1| 100.00] 22.00 0.96 | L0096 6% | d4.06| 303,45
2] 110.00] 25.00| REL 11106 0| 349 246,77
3 110.00] 32.00 .20 112.20 6% 2.71| 178.78
4 112.00] 35.00 1.54] 113.54 6% | 1.50] 97.26
5] 113.00] 36.00 |68 | 114.68 6% »

THE APV METHOD
Using the Adjusted Present Value, APV we have

Table A5. Solution with the APV Method

Year | (FCF+AViMI+Km) | v"™y v
i 31847 | 448 34295
| 20039 | 406 303,43
2 24328 | 349 246,77
3 176.07 2.71 178.78
Kl 95.76 1.50 97.26

PRACTICAL SOLUTION OF CIRCULARITY
Finally using the practical solution for perpetuity we have

Temporal solution

for WACC = 0%

Table A6a. Temporary solution of value calculation (using practical approach to
the solution of circularity)

Year | WACC;|

1I."L..|

546,00

446,00
336,00

225.00 |

Lo L =

113.0d01 |

ESTUDIOS
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Observe that this is not the final solution because we are using WACC = 0%.
Now, introducing the general formulation (2a) for WACCFCF and solving the
circularity, we have
e s Vo
WACC™ =Ku, - 3 -(Ku, —Kd, ) "

Table A6b. Final solution of value calculation (using practical approach to the
solution of circularity)

Year |WACC | TS=T=Kd=Dy, | V&0 |V
( 4. 48 34295
1] 17.642% (.96 L 03 45
2] 17.572% 1.06| 3.49 | 246.77
3| 17.429% 1.20] 271 | 178.78
41 17.050% .54 .50 a7.26
[ | .68 2

As can be seen, the circularity can be solved not only with the practical me-
thod, but using formulation (13f).

Observe as well that we do not need to set any target leverage. The approach
allows for non constant leverage that is the usual situation in reality.

Table A7. Market value leverage

Year | D Vi %
20,00 34295 3.83%
1] 22.00 303 45 T.25%,
2] 25.00 246.77 10.13%
3| 32.00 17878 17.90%%
4 35.00 Q7.2 35009
5| 3600 z

Note: The paper can be accesed at the SSRN (Social Science Research Net-
work) www.ssrn.com

........... ESTUDIOS
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