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ABSTRACT

Understanding the climate change processes requires application of special methodologies for revealing 
a ground surface temperature history (GSTH). It was proved by different authors that the GSTH may be 
determined on the basis of analysis of the temperature field observed in short boreholes. In this paper, the 
authors analyze four mathematical models describing the GSTH: (1) sudden change, (2) linear increase, 
(3) square root of time increase and (4) exponential increase. Fifteen borehole temperature profiles from 
Europe, Asia and North America were selected in three groups based on their geographical proximity. After 
careful analysis of temperature-depth profiles in these boreholes it was found out that two models (linear 
increase and square root of time increase) provide the best fit with field data. The calculated warming rates 
in the 20th century were compared with those obtained by a few parameters estimation (FPE) technique.
 
Key words: Temperature, borehole, Climate modeling.

RESUMEN

Para entender los procesos de cambio climático se requiere la aplicación de metodologías especiales que 
revelen una historia de la temperatura de la superficie del suelo (GSTH = por su abreviación en Inglés). Se 
ha probado por diferentes autores que GSTH puede ser determinado con base en el análisis del de campo 
temperaturas observado en pozos cortos. En este artículo, los autores analizan cuatro modelos matemáticos 
describiendo el GSTH: (1) cambio súbito, (2) incremento linear, (3) raíz cuadrada del incremento del tiempo 
e (4) incremento exponencial. Quince perfiles de temperatura de pozos de Europa, Asia y Norte América 
fueron seleccionados en tres grupos con base en su proximidad geográfica. Luego de un cuidadoso análisis 
de perfiles temperatura-profundidad en estos pozos se encontró que dos modelos (incremento linear y raíz 
cuadrada del incremento del tiempo) proporcionan los mejores ajustes a los datos de campo. Las tasas 
de calentamiento en el siglo XX fueron comparadas con aquellas obtenidas con la técnica denominada 
estimación de unos cuantos parámetros (FPE).

Palabras clave: Temperatura, pozo, Modelamiento climático. 
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INTRODUCTION 

At present many efforts are made to determine the 
trends in ground surface temperature history (GSTH) 
from geothermal surveys (e.g., Lachenbruch and 
Marshall, 1986; Baker and Ruschy, 1993; Pollack 
et al., 2000; Majorowicz and Safanda, 2005). In this 
case accurate subsurface temperature measurements 
are needed to solve this inverse problem − namely the 
estimation of the unknown time dependent ground 
surface temperature (GST). The variations of the 
GST during the long term climate changes resulted 
in disturbance (anomalies) of the temperature field 
of formations. Thus, the GSTH can be evaluated 
by analyzing the present precise temperature-depth 
profiles. The effect of surface temperature variations 
in the past on the temperature field of formations is 
widely discussed in the literature. 
Three approaches are used in deriving climate 
information from borehole temperature profiles. 
In the first case the ground surface temperature 
history (GSTH) is reconstructed as an arbitrary 
function of time (e.g., Cermak, 1971; Lachenbruch 
and Marshall, 1986; Beltrami et al., 1992; Shen 
and Beck, 1992; Baker and Ruschy, 1993; Clauser 
and Mareschal, 1995; Harris and Chapman, 1995; 
Pollack et al., 2000; Jain and Pulwarty, 2006). 
Huang et al. (1996) called such an approach an 
arbitrary function reconstruction (AFR). The second 
approach for inversion of temperature profiles 
– a few parameter estimation (FPE) technique 
was suggested by Huang et al. (1996). As it was 
demonstrated by the authors, the FPE technique 
allows comparison of the inversion results, both 
spatially and temporally. The third approach is the 
generalized inverse method named the Functional 
Space Inversion (FSI) technique (Shen and Beck, 
1991; Shen et al., 1995). The FSI method allows 
for uncertainties in temperature-depth data, thermal 
properties of formations and heat flow density to be 
incorporated into the model. In this paper we will 
compare results of our GSTH calculations with those 
obtained by the FPE technique. For this reason we 
will consider some of the main features of the FPE 
method.
The main considerations to utilize the FPE technique 
include (Huang et al., 1996):
(a) The resolving power of a temperature profile 

for GSTH reconstruction. Due to the amplitude 
attenuation of thermal diffusion and the presence 

of observational and representational noise in 
borehole data, vigorous estimations can often 
be made for only a few parameters such as the 
trend, duration, and the overall amplitude of the 
ground surface temperature change in the past.

(b) The need to simplify and standardize the 
procedures for reconstruction of GSTH. The 
problem of inverting borehole temperatures to 
yield a ground surface temperature (GST) is 
an ill-posed problem, and some constraints are 
required for a stable solution. To allow a more 
consistent comparison of temperature inversion 
results, a standardization of surface temperature 
reconstruction is needed. The standardization is 
a difficult task in an AFR because of the high 
degrees of freedom involved in representing a 
GSTH. 

(c) Convenience in comparing results. An AFR 
techniques attempts to reconstruct a GSTH 
at various time scales and degrees of details. 
However, in a regional or in a continent-wide 
study only a comparison of general features is 
needed instead of the details of GSTH’s obtained 
from different areas. 

The forward calculation approach (AFR) was 
used in the analysis and interpretation of borehole 
temperatures in terms of a GSTH. Fifteen borehole 
temperature profiles from Europe, Asia, and North 
America, were selected (Huang and Pollack, 1998; 
www.geo.lsa.umich.edu/~climate). Three groups 
based on geographical proximity were formed (Table 
1). Four mathematical models to describe the GSTH 
(sudden change, linear increase, square root of time, 
and exponential increase) were used to approximate 
the temperature-depth profiles of the boreholes. The 
objective of this study is to calculate the warming 
rates (R) during the 20th century by the AFR method 
and to compare them with those obtained by the few 
parameter estimation (FPE) technique. It is also 
reasonable to assume that for close spaced boreholes 
the values of R should vary with narrow limits.

METHODOLOGY

Mathematical Models and Assumptions

Let us assume that t
x
 years ago from now the ground 

surface temperature started to increase (warming) or 
reduce (cooling). Prior to this moment the subsurface 
temperature was (Figure 1):
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TABLE 1. INPUT DATA FOR 15 BOREHOLES AND RESULTS OF TEMPERATURE INVERSIONS. 
(HUANG AND POLLACK (1998); WWW.GEO.LSA.UMICH.EDU/~CLIMATE). 

W
el

l #

Well code Longitude Latitude H
a 
- H

b
,
 
m H

t 
- H

c
, m T

o
, oC

R, rate 
after 1900 

K/100a

North America

1
2
3
4
5
6

Ca-9901
Ca-9906
Ca-9907
Ca-9804
Ca-9806
Ca-9807

-101.50
-101.84
-100.56
-100.76
-101.57
-101.57

54.72
54.77
54.93
55.16
54.79
54.79

49.81-119.58
49.97-149.78
48.00-113.78
48.30-106.25
42.49-84.52
47.06-100.80

189.47-596.47
199.38-599.14
196.03-523.34
154.41-307.76
167.22-498.78
175.81-446.92

2.7
2.1
1.1
2.1
2.8
2.5

2.487
1.219
1.384
0.378
0.803
0.419

Europe

7
8
9
10
11

CZ-127127
CZ-hu-7
CZ-hu-9
CZ-mj-5
CZ-mj-8

14.87
12.81
12.81
14.86
14.58

50.73
50.11
50.11
50.57
50.36

80.80-140.00
50.00-120.00
50.00-100.00
60.00-180.00
50.00-120.00

200.00-440.00
180.00-350.00
200.00-460.00
230.00-290.00
180.00-310.00

6.3
5.6
8.1
5.5
-

0.855
1.533
3.751
0.212
1.787

Asia

12
13
14
15

CN-FJ-ql17
CN-GD-c3901
CN-JXck46-25
CN-JXzk59-38

116.94
113.18
116.33
116.33

26.33
25.42
27.97
27.97

60.00-100.00
50.00-120.00
60.00-140.00
50.00-110.0

140.00-430.00
160.00-260.00
200.00-300.00
200.00-380.00

18.5
18.4
19.9
13.7

2.532
1.870
1.181
0.300

Figure 1. Temperature profiles: A Principal scheme. ab 
– cooling, ac – warming.

and Γ is the geothermal gradient. Is also assumed 
that the formation is a homogeneous medium with 
constant thermal properties. Now the current (t = t

x
) 

subsurface temperature is (in case of warming):

)(),( zfTttzT ocxc +==  (2)

Where T
oc

 is the current (at the time (date) of 
temperature logging) mean ground surface 
temperature; and f(z) is a function of depth that 
could be obtained from the field data. In some cases 
the value of T

oc
 can be obtained by extrapolation of 

the function T
c
 to z = 0. However, in most cases, the 

value T
oc

 can be estimated by trial and error method: 
Assuming an interval of values for T

oc
, calculating for 

each T
oc

 value of the temperature profiles T
c 
(using 

a computer program) for various models of change 
in the ground surface temperature (GST) with time 
and, finally, finding a best match between calculated 
and field measured T

c 
profiles. In our study we found 

that a quadratic regression program performed for the 
section H

a 
– H

b
 (Figure 1) can be utilized to estimate 

the value of T
oc

 = a
o
 (Table 2),

zTtzT oaa Γ+== )0,(  (1)

Where T
oa

 is the mean ground surface temperature at 
the moment of time t = 0 years; z is the vertical depth 
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TABLE 2. REDUCED TEMPERATURES AND RESULTS OF TEMPERATURE INVERSIONS FOR THE BOREHOLE CA-9901. 
t
xC

 = 52.9 yrs, t
xL

 = 137.5 yrs, t
xS

 = 94.0 yrs, t
xE

 = 282.8 yrs,
∆T

RC 
=

 
0.092 oC, ∆T

RL
=

 
0.043 oC,  ∆T

RS
=0.039 oC,  ∆T

RE
=

 
0.275 oC,

a
L
=0.0245 oC/yr  α

S
=0.3474 oC/yr1/2   a

E
=0.002971 oC/yr

H, m T
RC

,
 
oC T

RL
,
 
oC T

RS
,
 
oC T

RE
,
 
oC T

RO
,
 
oC

29.89
39.85
49.81
59.77
69.72
79.66
89.62
99.61

109.60
119.58

2.10
1.73
1.39
1.10
0.85
0.64
0.48
0.34
0.24
0.17

2.02
1.68
1.39
1.15
0.94
0.76
0.61
0.49
0.39
0.31

2.04
1.69
1.39
1.13
0.91
0.73
0.58
0.45
0.34
0.26

1.72
1.55
1.39
1.25
1.12
1.01
0.90
0.80
0.71
0.63

2.15
1.71
1.39
1.13
0.92
0.75
0.60
0.48
0.37
0.29

2
21),( zazaattzT oxc ++==  (3)

Where a
o
, a

1
, and a

2
 are the coefficients. 

The temperature-depth values for all wells were 
taken from the database (Huang and Pollack, 1998; 
www.geo.lsa.umich.edu/~climate). Four models of 
changing GST values with time were considered. The 
corresponding mathematical solutions are presented 
in the literature (e.g., Carslaw and Jaeger, 1959; 
Cermak, 1971; Lachenbruch and Marshall, 1986; 
Lachenbruch et al., 1988; Powell et al., 1988).
In the first model (Model C) we assumed that t

xC
 

years ago the GST value suddenly changed from T
o 

to T
oc

. The current temperature anomaly (the reduced 
temperature) is 

zTzfTzT oocR Γ−−+= )()(  (4)

And the solution is

xCoRRC tt
at

z
xTTT =



Φ∆==       

2
)(*  (5)

ooco TTT −=∆  (6) 

Where a is the thermal diffusivity of formation and 
Φ*(x) is the complementary error function.
In the second model (Model L) we assumed that t

xL
 

years ago the GST value started gradually to change 
from T

o
 to T

oc
. We assumed that GST is a linear 

function of time and

xLLooc tTT α+=  
(7)

Where a
L
 is some coefficient.

The solution is

* expT T t
at
z

at

z

at

z
at
z

t t1
2 2 4RL R L xL

2 2

= = + - - =a
r

Ub d bl n l( 2  (8)

In the third model (Model S) we also assumed that t
xS 

years ago the GST value started gradually to change 
from T

o
 to T

oc
. We assumed that GST is a square root 

function of time and

xSSooc tTT α+=  
(9)

Where a
S
 is a coefficient.

The solution is

*expT T t
at
z

at

z

at

z
t t

4 2 2
RS R S xS

2

= = - - =a r Ub dl n) 3  (10)

And, finally, in the fourth model (Model E) we 
assumed that the GST value exponentially increases 
with time and 

)exp( xEEooc tTT α=  
(11)

Where a
E
 is a coefficient.

The solution is (T
RE

=T
R
)

*

*

exp exp

exp

T t z a at

z
t

z a at

z
t t t

2
1

2

2

RE E
E

E

E
E xE

= - - +

+ =

a a a

a a

U

U

] b d

b d

g l n

l n

<

F  

(12)
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Computer programs were used for processing field 
data and calculating values of t

x
, T

oc
, T

o
, Γ, f(z), a

L
, 

a
S
, and a

E
. To demonstrate the calculation technique 

we present below a field example.

Example of Calculations

For the interval 49.81-119.58 m of the borehole 
Ca-9901 (Table 1 and Figure 2) the temperature 
profile can be approximated by a quadratic equation 
(standard regression program was applied) 

20001927.003626.092.5),( zzttzT xc +−==  (13)

Therefore, the present mean ground surface 
temperature (GST) is 5.92oC (Figure 1).
From the observed T-z data it follows that in the 
189.47-596.47 m section of the well; the temperature 
gradient is practically constant. It was assumed 
that the temperature gradient in this section did not 
change. For this interval (here a standard regression 
program was applied)

ztzTc 01224.056.2)0,( +==  (14)

Therefore, in the past (t
x
 years ago) the mean ground 

surface temperature T
o
 = 2.56oC and warming occur. 

Figure 2. Observed and calculated temperature profiles, 
borehole Ca-9901, North America  (see Table 1).

In our case the observed reduced temperatures (for 
z < 119.6 m) are:

zTzT obsOR 01224.056.2)( −−=  (15)

Where T
obs

 values are the measured temperatures 
(Figure 2).
For the calculations below we used the depth z = H

1 

= 49.81 m, where T
R 

=1.39 oC.
The temperature change (anomaly) of the GST is 
5.92oC – 2.56oC = 3.36oC. 
A computer program calculates the reduced 
temperatures versus depth for the four models of 
change in GST and compares them with the observed 
anomalies.
For the first model (Model C) the reduced temperature 
is T

RC
 (Equation 5). In our case the GST changes from 

2.56oC to 5.92oC.
In the second model (Model L) the reduced 
temperature is T

RL
 (Equation 8) and the ground 

surface temperature linearly changes from 2.56oC 
to 5.92oC, a change that can be modeled using the 
following equation 

xLLtα+= 56.292.5

In the third model (Model S) the GST is a square 
root function of time. The reduced temperature is 
T

RS
 (Equation 10) and 

xSS tα+= 56.292.5

In the fourth model (Model E) the GST is an 
exponential function of time. The reduced temperature 
is T

RE
 (Equation 12) and 

)exp(56.292.5 xEEtα=

For all models the values of t
x 
and a were estimated by 

a computer program. The value of thermal diffusivity 
a = 0.004 m2/hr was used in the temperature 
inversions. The results of calculations are presented 
in Tables 2 and 3, and in Figures 2 and 3. 
Analyzing the data from Table 2 and Figure 2 we 
can conclude that the best fit (minimum values of 
average squared deviations ∆T

RL 
= 0.043 oC and 

∆T
RS

 = 0.039 oC) is achieved when the Models L or 
S are applied. 
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TABLE 3. COEFFICIENTS IN EQUATION 1 (b
O 

= T
Oa

, b
2 
= Γ) AND EQUATION 3.

T
1,R

 IS THE REDUCED TEMPERATURE AT z = H
1
. 

W
el

l #

Well Code H
1
 m T

1
,
R 

oC
Well section H

a 
- H

b
,
 
m Well section H

t 
- H

c
, m

a
o
, oC a

1
·102, oC /m a

2
·103, oC /m2 b

o
, oC b

1
·102, oC /m

North America

1 
2 
3 
4 
5 
6

Ca-9901 
Ca-9906 
Ca-9907 
Ca-9804 
Ca-9806 
Ca-9807

49.81 
49.97 
48.00 
48.30 
42.49
47.06

1.39
1.08
0.76
0.20
0.48
0.52

5.92
4.06
2.51
2.76
3.97
3.70

-3.626
-0.954
-0.133
-0.241
-1.289
-0.210

0.1927
0.0588
0.0317
0.0464
0.1354
0.0515

2.56
2.09
1.19
2.17
2.69
2.65

1.224
1.125
1.211
0.756
1.134
1.092

Europe

7
8
9
10
11

CZ-127127
CZ-hu-7
CZ-hu-9
CZ-mj-5
CZ-mj-8

70.00
50.00
50.00
60.00
50.00

0.91
1.49
0.80
1.31
2.39

8.68
9.73
10.38
9.23
10.46

-0.003
-1.825
-0.781
0.854
-1.042

0.0328
0.2084
0.1606
0.0503
0.1673

6.85
6.24
8.07
6.65
5.86

1.562
3.134
3.056
3.211
4.199

Asia

12
13
14
15

CN-FJ-ql17
CN-GD-c3901
CN-JXck46-25
CN-JXzk59-38

60.00
50.00
40.00
50.00

0.44
1.08
1.54
2.22

19.77
21.32
24.07
18.64

-0.959
-1.140
-1.327
-1.161

0.1132
0.1023
0.1027
0.1250

18.18
19.02
20.77
14.77

1.723
1.846
2.154
2.813

TABLE 4. RESULTS OF TEMPERATURE INVERSIONS FOR TWO MODELS. 
∆T

L 
AND ∆T

S 
ARE THE AVERAGE SQUARED TEMPERATURE DEVIATIONS,

 
R

L 
AND R

S
 ARE THE WARMING RATES. WELL CODES 

ARE PRESENTED IN TABLES 1 AND 3. 

W
el

l # Model L Model S
R

L
, K/100a

R
S

at t = t
xS

  
K/100at

xL
, yr ∆T

L
, K aL, K/yr t

xS
 yrs ∆T

S
, K a

S, 
K/yr0.5

North America

1
2
3
4
5
6

137.5
278.6
319.1
92.7
81.9
192.1

0.043
0.055
0.079
0.011
0.027
0.034

0.02450
0.00786
0.00411
0.00636
0.01558
0.00545

94.0
185.4
210.8
64.3
56.5
128.9

0.039
0.032
0.068
0.012
0.033
0.040

0.3474
0.1450
0.0904
0.0734
0.1697
0.0922

2.450
0.786
0.411
0.636
1.558
0.545

1.792
0.532
0.311
0.458
1.129
0.406

Europe

7
8
9
10
11

415.2
148.8
98.6
328.1
241.9

0.078
0.092
0.097
0.174
0.082

0.00441
0.02341
0.02343
0.00785
0.01901

279.0
101.4
68.5
219.8
161.7

0.064
0.118
0.079
0.144
0.037

0.10971
0.34591
0.27927
0.17361
0.36149

0.441
2.341
2.343
0.785
1.901

0.328
1.718
1.690
2.482
1.421

Asia

12
13
14
15

100.3
183.5
260.7
331.7

0.084
0.082
0.060
0.060

0.01590
0.01251
0.01268
0.01165

70.9
124.0
176.2
219.5

0.078
0.062
0.061
0.041

0.18942
0.20623
0.24911
0.26089

1.590
1.252
1.268
1.165

1.125
0.926
0.939
0.907
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close spaced boreholes (Figures 7 and 8). Analysis 
of Figure 7 indicates that the duration of the warming 
period was five centuries and the warming rate is 
minimal in the last century. However, it is widely 
accepted that most of the warming occurs in the last 
century. At the same time the GSTH reconstructed 
from borehole No. 12 temperature-depth data (Figure 
8) indicates that the cooling period lasted for three 
centuries and a very high warming rate for the 20th 
century was calculated by the FPE technique. 

Inversion Results

In most cases the Model L (linear increase) and 
Model S (square root time increase) provide the best 
fit to the field data (Table 4, Figure 4). In several cases 
the Model C (sudden change) allows to approximate 
the measured temperature-depth data with good 
accuracy (Figures 5 and 6). For boreholes No. 1-
6 (North America, Table 4, Model L) the current 
warming rates vary in the 0.411- 2.450 K/100a range. 
The wide range for the warming rate of 0.328-2.482 
K/100a was also determined for five boreholes in 
Europe (Table 4, Model L). Interesting results we 
obtained for four boreholes in China (Table 4). In 
this case the warming rate (R

L
) varies with relatively 

narrow limits (1.165- 1.590 K/100a.)
It was found that the duration of warming periods 
(Table 4, Model L) is: 82-279 years for wells No. 
1-6; 99-415 years for wells No. 7-11; and 100-332 
years for wells No. 12-15.
Similar results (R

S
 and t

xS
, Table 4) were obtained 

for the Model S. 

DISCUSSION AND CONCLUSIONS

As we mentioned in the Introduction section the main 
objective of our study is to calculate the warming 
rates (R) during the 20th century by the AFR method 
and to compare with those obtained by the few 
parameter estimation (FPE) technique (Table 1). 
The warming rate estimated by the FPE technique 
varied in wide ranges: 0.378-2.487 K/100a (North 
America); 0.212-3.751 K/100a (Europe); and 0.300-
2.532 K/100a (Asia). In our case the FPE method 
allowed to determine temperature trends (warming 
or cooling rates) over the past five centuries (Huang 
et al., 2000). In the inversion we employ a priory 
null hypothesis for the GSTH that there has been no 
climate change. From Tables 1 and 4 follows that for 
the boreholes No. 1-11 (North America and Europe) 
both approaches (AFR and FPE) provide practically 
the same ranges of warming rates. For boreholes in 
Asia (No. 12-15) the AFP technique gives a more 
consistent (narrow) range of warming rates (1.165-
1.590 K/100a). Let us compare the GSTH of two 

Figure 3. The possible scenarios of the ground surface 
temperature history, borehole Ca-9901, North America (see 
Table 1).
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The results of temperature inversion by both 
techniques show that probably some non-climatic 
effects (well shut-in periods, vertical and horizontal 
water flows, sedimentation, uplift, erosion, steep 
topography, lakes, vertical variation in heat flow, 
lateral thermal conductivity contrasts, thermal 
conductivity anisotropy, forest fires, farming, etc.) 
may have perturbed the borehole temperature profiles 
(e.g., Carslaw and Jaeger, 1959; Lachenbruch, 1965; 
Kappelmeyer and Haenel, 1974; Powell et al., 1988, 
Majorowicz and Skinner, 1997; Guillou-Frottier et 
al., 1998; Kutasov and Eppelbaum, 2003; Gruber 
et al., 2004; Bodri and Cermak, 2005; Kutasov and 
Eppelbaum, 2005; Majorowicz and Safanda, 2005; 
Mottaghy et al., 2005).
This study shows that extreme caution should be 
used in the selection of temperature-depth profiles for 
inferring the ground surface temperature histories. 
A good example in this regard was demonstrated in 
the study conducted by Guillou-Frottier et al. (1998), 
where only 10 out of 57 temperature profiles were Figure 5. The possible scenarios of the ground surface 

temperature history, borehole CZ-127127, Europe  
(see Table 1).

Figure 4. Observed and calculated temperature profiles, 
borehole Ca-9807, North America  (see Table 1).

selected for inversion of the past ground surface 
temperatures. 
We can conclude that only the calculated warming 
rates for wells in Asia (1.2-1.6 K/100a for Model L 
or 0.9-1.1 K/100a for Model S, Table 4) can be used 
for forecasting of short term warming trends. 
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