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ABSTRACT

This work purposes a general mean velocity and a suspended sediment concentration (SSC) model to express distribution
in every point of the cross section of turbulent shear flow by using a probability density function method. In order to solve
turbulent flow and avoid multifarious dynamical mechanics, the probability density function method was used to describe
the velocity and concentration profiles interacted on directly by fluid particles in turbulent shear flow. The velocity profile
model was obtained by solving for the profile integral with the product of the laminar velocity and probability density,
through adopting an exponential probability density function to express probability distribution of velocity alteration
of a fluid particle in turbulent shear flow. An SSC profile model was also created following a method similar to the
above and based on the Schmidt diffusion equation. Different velocity and SSC profiles were created while changing the
parameters of the models. The models were verified by comparing the calculated results with traditional models. It was
shown that the probability density function model was superior to log-law in predicting stream-wise velocity profiles in
coastal currents; and the probability density function SSC profile model was superior to the Rouse equation for predicting
average SSC profiles in rivers and estuaries. Outlooks for precision investigation are stated at the end of this article.
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Velocidad media y modelo de perfil de concentracion de sedimentos suspendidos de flujo turbulentos de cizalla turbulento

con funciones de densidad de probabilidad.

RESUMEN

Este trabajo propone un modelo de velocidad media general y un modelo de concentracion de sedimentos suspendidos
(CSS) para expresar la distribucion en cada punto de la seccion de cruce del flujo turbulento de cizalla mediante el
uso de funciones de densidad de probabilidad (PDF).. El método de funciones de densidad de probabilidad se us6
para describir los perfiles velocidad y concentracion que interactuaron directamente con particulas fluidas en el flujo
de desprendimiento turbulento para resolver el flujo turbulento y evitar diferentes mecéanicas dinamicas. El modelo
del perfil de velocidad se obtuvo resolviendo el perfil integral con el producto de la velocidad laminar y la densidad
de probabilidad, mediante la adopcién de una funcion de desidad exponencial para expresar la probabilidad de
distribucion de la velocidad de alteracion de la particula de un fluido en un flujo de desprendimiento turbulento.
También se cred un modelo de perfil CSS siguiendo un método similar al anterior y basado en la ecuacion de difusion
Schmidt. Se crearon diferentes perfiles de velocidad y CSS durante el cambio de parametros de los modelos. Los
modelos se verificaron comparando los resultados calculados con los modelos tradicionales. Se demostrd que el
PDF era superior a la ley logaritmica en la prediccion de los perfiles de velocidad en corrientes costeras, y que la
probabilidad del modelo del perfil de funcién de densidad SSC fue superior a la ecuacion Rouse para predecir perfiles
SSC promedio en rios y estuarios. Las perspectivas para la investigacion de precision se indican al final de este articulo.
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Introduction

Turbulence is much more complex than laminar flow. According to the
Boussinesq eddy viscosity assumption (Boussinesq, 1877), the logarithmic
law for velocity profile was solved by using the mixing length method
(Prandtl, 1925; Khan et al., 2017; Zawar et al., 2017). Some vertical velocity
distribution laws, such as the power law and the exponential law, are based
on experimental considerations or semi-empirical theories (Lin et al., 1953;
Deissler, 1954; Afzal et al., 2007). Other laws for turbulent velocity profile or
concentration profile are based on an indirect turbulence model (Bucci et al.,
2008; Nucci and Fiorucci, 2011).

Logarithm law is the most popular one used to express the mean
velocity in a cross section of turbulent flow for wind flow, river flow, and
lake models. The logarithm law fits velocity and concentration distribution in
the position far away from the interface in developed turbulent flow (Wang
and Yu, 2007). Some researchers have focused on mean velocity profiles of
turbulent wall-bounded flows separately (Poggi et al., 2002; Buschmann and
Gad-el-Hak, 2007; Kempe et al., 2007; Buschmann et al., 2009).

Different vertical velocity distribution laws are used to describe stream-
wise velocity structure in coastal currents (Soulsby, 1980; Anwar, 1996, 1998,
De Serio and Mossa, 2014), in tidal channels (Soulsby and Dyer, 1981), and
on the continental shelf (Soulsby, 1983; De Serio and Mossa, 2010).Vertical
distribution of suspended sediment concentration (SSC) in rivers, estuaries,
and coastal currents have been studied by many researchers through the years
(Rouse, 1937; Taylor and Dyer, 1977; Li uet al., 2014).This work derives
general formulas to describe the mean velocity and SSC distributions of
turbulent shear flow to fit the whole cross section from the bottom boundary
to the upper boundary, using a probability density function method.

A brief review of classical methods for velocity profile of shear flow

Consider the laminar shear flow—the steady incompressible developed
flow between two interfaces, with one interface moving with velocity U and
the other being motionless. The flow can be solved based on 2-dimensional
Navier-Stokes equations and expressed as

uy) _y_h dpy(, y 1
U h 2uUdxh\ h M

Here h is the distance between two interfaces, pis dynamic viscosity,
and d p/ d x is the pressure gradient along the x-direction. The velocity profile
of shear flow can be simplified to Eq. (2) whend p/dx =0
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Logarithm law (Prandtl, 1925), derived by the mixing length method, is
the most popular equation used to express the mean velocity in a cross section
of turbulent shear flow. The basic logarithm law of mean velocity profile of
turbulent shear flow is
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Here, u* is the shear velocity of the fluid and y0 is hydrodynamic
roughness length. But Eq. (3) cannot fit select velocity profiles not full profiles
because of the assumption that the mixing length is proportional to the distance
away from the wall boundary. Many instances and experiments have proven
that the mixing length method can successfully predict velocity distributions
far away from the interfaces, but it cannot predict velocity distribution near
interfaces such as walls, seabed, gas-liquid surfaces, and so on.
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As far as we know, turbulent intensity should be dependent on
the Reynolds number, which is composed of the characteristic velocity,
characteristic length, and kinematic viscosity. Considering the mixing length
method carefully, the core assumption is that the eddy viscosity is in direct
proportion to the average velocity gradient and the mixing length is in direct
proportion to the distance away from the wall. The method does not directly
create the relationship between turbulent parameters and average velocity.

Exponential probability density model (EPDM) for mean velocity profile
of turbulent shear flow

To solve for turbulent flow without closely associated defferent
dynamical mechanics, a probability density function method is adopted to
describe the pulsating intensity of velocity of fluid particles in this study. The
pulsating intensity of every fluid particle in the profile will impact the whole
profile. The effect decays at a distance from its original position and obeys a
probability density function. Exponential probability density function is often
used to describe the decay degree distribution in many physical and chemical
problems. In many situations, the exponential probability density function
model is an appropriate method to approach the random decay phenomena.
The primary expression of the exponential probability density function is

p(y) =A™ @

Here, p(y) is the probability density of a fluid particle impacting any
position, A is the damping index, and y is the distance from the particle
position yi to the impacting position y, defined by

Ay=y-y, ®)

As shown in Fig. 1, the expression of exponential probability density
function p1(y), represents the probability density that the velocity of laminar
shear flow at position y1, ul, distributes to any position y due to turbulence.
Because the expression satisfies the boundary condition that p1(yl) = pml
where y =yl as shown in Fig. 1, A =pm, such as A1=pml, A2 = pm2, and so
on. Hence, the expression pi(y) satisfies
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Figure 1. Schematic diagram of exponential probability density for pulsating
intensity transfer
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The probability density of u, velocity of any position of'y, distributes to
y0, a certain position at the profile, is defined as p0 as shown in Fig. 1, such
as p01 and p02. We have

=Pn(¥)|¥e-3 &)
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average turbulent velocity of a particular position, y0, produced by
integrating the product of the local laminar velocity in Eq. (7), which is
solved with Navier-Stokes equations, and the exponential probability density
function of pulsating intensity at the position, across all fluid particles in the
profile, is shown as

u(yy) = [ ()P o)y ®

Here o is an adjustment.
Substituting u(y) with Eq. (2) and pO(y) with Eq. (7) in Eq. (8), we get
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Eq. (9) cannot be analytically and fully solved. To solve Eq. (8), we
assume that
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Substituting Eq. (2) and Eq. (10) into Eq. (8), the result is
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Integrating Eq. (11), the result is
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Setting

P=p h (13)

and substituting y0 with y in Eq.(12), the velocity profile of turbulent
shear flow with this method (called PDFM) should be
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Assume that

P=p,()h=m(y/h) (15)
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Eq. (14) can be calculated when the adjustable parameters, m and n,
are given.

The mean turbulent velocity in Eq. (14) can be calculated by giving
different m and n, as well as defining the dimensionless turbulent velocity and
dimensionless position as

ut =u(y)/ uh), y*=ylh (16)

The calculated results are shown in Fig. 2 and Fig. 3. Fig. 2 reveals
that the mean velocity profile changes when the value of m is changed, but
the mean velocity changes are weaker in the region near the wall or other
interfaces than in the intermediate region while o=1. The dimensionless
velocities are almost the same in the region when the value of y+ is between
0 and 0.25, but they change very evidently near the position where y+ is
approximately equal to 0.8. Thus, the upper mean velocity will increase along
with an increasing value of m. The curve shape fits turbulent velocity profile
when the value of m is lower in this case, such as m=0.25, 0.1 and 0.01.
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Figure 2. Mean velocity profiles with change of m (n= 0.25)

Figure 3. Mean velocity profiles with change of n (m = 0.3)
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The mean velocity profiles are distinct when the values of n are
different, as shown in Fig. 3, while a=1. The main tendency of the profile
curves is shifting from the top left to the bottom right in Fig. 3 along with
the decreasing value of n. The tendency indicates that the parameter n has a
closed relationship with turbulent intensity.

Verification of PDFM in coastal currents

The mean velocity profile model derived in the previous section
was applied to fit the investigated profiles to verify the effectiveness of the
model. To use Eq. (14) conveniently, the profile formula of PDFM should
be transformed as

— -pt
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Figure 4. Calculated and measured vertical profiles of the stream-wise velocity of
coastal currents at Taranto (Survey data cited in De Serio and Mossa (2014))
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De Serio and Mossa (2010, 2014) investigated vertical profiles of the
stream-wise velocity of the coastal currents at the Taranto (TA) and Bari (BA)
sites in Italy. The comparison between the measurement data, the log law as
shown in Eq. (3), and the PDFM as shown in Eq. (17) is plotted in Fig. 4 at
Taranto for vertical stream-wise velocity profiles in shallow coastal currents.
The calculated results show that the probability density function model
(PDFM) more accurately reflects measurement data than the log-law model.

SSC profiles model and its verification in river and estuary

The Rouse equation (Rouse, 1937) was the most popular method used
to calculate vertical concentration profiles of suspended load in rivers, lakes,
estuarine and coastal currents, as well as on the continental shelf. The Rouse
formula was

Co) _(y. h-y\
C y h-y,

a

(18)

in which ya is the thickness of the sheet-flow layer, Ca is the
concentration at ya which equals the bed-load concentration, z*=w/ku*
is the suspension index, and o is the particle settling velocity. The similar
expression of PDFM also can be created by the method below based on the
Schmidt diffusion equation (Schmidt, 1925).

wC(y)+edC(y)/dy=0 (19a)
That is
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in which ¢ is the particle diffusion coefficient, set as an assumption of
the exponential probability density function
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Here vy is the suspension index of this model.
The results of SSC profiles calculated on PDFM of Eq. (22) are shown
in Fig. 5.
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Figure 5. Calculated results of suspended sediment concentration profile model

Figure 5 shows that the slope of the profile curves is bigger near the
surface than the bottom and the upper slope increases as the lower slope
decrease when v is increasing. The trend means that the particle settling
velocity, particle diffusion coefficient and the water depth velocity influence y
to change the SSC distribution in the vertical cross section.

The SSC is very small when y=50, so the bed load is the dominant
composition when y>50. The curves also show that the SSC at surfaces is
greater than zero when y<2. On the contrary, the SSC at surfaces tends to zero
when y>2. So, this model provides an approach to avoid the surface limitation
of Rouse equation.

Zhang et al. (2007) investigated SSC of the Yangtze River in detail
and concluded a semi-empirical model of SSC. A comparison of predicting
profiles between the PDFM (Eq. 22) and the Rouse equation [Eq. (18)] with
the measurements in the Yangtze River is shown in Fig. 6. As shown in the
figure, the PDFM model used for this study more accurately reflects the
measurement data than does the Rouse equation.
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Figure 6. Calculated and measured vertical SSC profile in the Yangtze River
(Survey data cited in Zhang et al. (2007))
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Figure 7. Calculated and measured vertical SSC profile in the Yangtze Estuary
(Survey data cited in Liu, et al. (2014))

Liu, Yang, Zhu, et al. (2014) investigated the average SSC profile in the
Yangtze Estuary in detail. The survey data is cited here to verify the PDFM
model, Eq. (22). The comparison between the Rouse equation, PDFM, and
measurements is shown in Fig. 7. The PDFM model of this study is also
agreed more closely with the measurement data than does the Rouse equation
in the case of the estuarine area.

Discussions

A model for solving velocity and concentration distribution of turbulent
flow by using probabilistic methods is put forward in the article (Khan et al.,
2017; Sultana et al., 2017). General models for describing the mean velocity
and SSC profiles of a whole cross section in turbulent shear flow are derived
based on the idea. In fact, the velocity profile formula of laminar shear flow
is also the mean velocity profile solution of turbulent flow which ignores the
turbulent items in Reynolds equation, thus the pulsating intensity of fluid
particles is apparently related to it. On the other hand, the pulsating intensity
is also under the control of certain boundary conditions. The exponential
probability density function may describe the pulsating intensity of fluid
particles of the whole cross section correctly to study mean velocity and
concentration distributions. The calculated results of the derived formulas
are as diverse as the changing the damping index of exponential probability
density function. An innovative approach may be found to solve complex
turbulent flow by expanding on this concept.

Conclusions

The PDFMmodel of this study possesses some advantage in the fields of
predicting stream-wise velocity profiles of coastal currents and SSC profiles
in river and estuaries as shown in the previous examples.Further research
is needed to validate the method through continued studies and carried
forward to clarify and optimize the parameters of these models to apply for
practical problems. For advanced research, the parameters should be studied
meticulously, such as its relationship with dynamic parameters, particularly
turbulent characteristic parameters.
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