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Abstract

Context: Rotating equipment that operates at high speeds or handles significant
loads is designed based on the concept of flexible shafts. This is the case with turbines,
compressors, and turbopumps, among others. The theoretical-experimental modal
analysis of these shafts is crucial for ensuring a safe and efficient operation, as well
as for identifying appropriate maintenance strategies.

Method: In this work, we perform both theoretical and experimental modal
analyses of an isotropic flexible rotor based on the Jeffcott model. The theoretical
modal analysis is carried out using a numerical model with conditions similar
to those of the experimental analysis. The results are compared using the modal
assurance criterion (MAC). The validated numerical model enables the evaluation
of eigenfrequencies and their associated modal shapes.

Results: The first two bending natural modes of the flexible rotor were obtained
from the theoretical and experimental modal analysis, and the mode shapes and
natural frequencies were determined. The mode shapes were correlated, exhibiting
a correlation value greater than 88 %, thus validating the numerical model.
Conclusions: This approach not only enhances the understanding of the shaft’s
dynamic response but also contributes to improved decision-making during the
design and operation stages of rotating systems in various industrial applications.
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Resumen

Contexto: El equipo rotativo que opera a altas velocidades o maneja cargas significativas se disefia con base en el
concepto de ¢jes flexibles. Este es el caso de las turbinas, los compresores y las turbobombas, entre otros. El andlisis
modal tedrico-experimental de estos ejes es esencial para garantizar una operacién segura y eficiente, asi como
para identificar estrategias de mantenimiento adecuadas.

Meétodo: En este trabajo desarrollamos analisis modales tanto teéricos como experimentales de un rotor flexible
isotrépico basado en el modelo de Jeffcott. El andlisis modal teérico se realiza utilizando un modelo numérico
con condiciones similares a las del andlisis experimental. Los resultados se comparan utilizando el criterio de
aseguramiento modal (MAC). El modelo numérico validado permite evaluar las frecuencias propias y sus formas
modales asociadas.

Resultados: Se obtuvieron los dos primeros modos naturales de flexién del rotor flexible del anélisis modal teérico
y experimental, y se determinaron las formas modales y las frecuencias naturales. Las formas modales estuvieron
correlacionadas, obteniendo un valor de correlacién superior al 88 %, lo que valida el modelo numérico.
Conclusiones: Este enfoque no solo mejora la comprensiéon de la respuesta dindmica del eje, sino que también
contribuye a mejorar la toma de decisiones durante las etapas de disefio y operacién de sistemas rotativos en

diversas aplicaciones industriales.

Palabras clave: andlisis modal experimental, andlisis modal teérico, frecuencias naturales, MAC, modos de

vibracidn, rotores flexibles, rotor de Jeffcott.
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1. Introduction

Rotating machines operating at high speeds and loads, such as turbines, compressors, and
turbopumps, are typically designed with flexible shafts (1). Analyzing the natural frequencies and
mode shapes of these systems is essential for ensuring their safe and efficient operation. Theoretical
and experimental modal analyses have become key tools for identifying critical speeds and defining

appropriate maintenance strategies (2,3).

This work conducts a theoretical and experimental modal analysis on a Jeffcott-based rotor. A
numerical model based on the finite element method (FEM) is used to simulate the rotor’s conditions,
and the results are compared against experimental data using the modal assurance criterion (MAC).
This criterion facilitates the validation of the numerical model by assessing its consistency with the

rotor’s dynamic behavior.
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The application of theoretical and experimental modal analysis to rotors has been an active
research area in structural and mechanical dynamics, particularly in rotating machinery (4-6). Due
to its simplicity and its ability to represent the dynamic behavior of more complex systems, the
Jeffcott rotor (7) has been widely used in similar studies to analyze the vibration responses of rotating
systems (8). Several studies have developed numerical models to simulate the behavior of its shafts
under varying load and rotational speed conditions (9, 10). In recent years, simulation tools such as the
FEM have enabled a precise analysis of the dynamic behavior of flexible shafts (11). These tools make it
possible to accurately determine natural frequencies and mode shapes, which is essential for avoiding
resonance issues during the operation of rotating machinery (9). Additionally, advancements in sensors
and excitation systems (e.g., shakers) have significantly improved the quality of the results obtained

through experimental modal analysis.

Numerical modal validation requires the comparison of numerical results against experimental
data (5,12). In this context, experimental modal analysis (EMA) is a highly useful tool. EMA is a test that
allows acquiring modal information about an element, including the frequency response to the applied
excitation forces (13). Comparing the outcomes of theoretical modal analysis (TMA) against those of
EMA allows validating numerical results, ensuring an adequate correlation between the vibration mode
shapes obtained in both analyses. This approach has led to a better understanding of the behavior of

rotating systems, contributing to improved design and maintenance strategies for industrial equipment.

In addition to classical approaches to rotor modeling and experimental validation, several studies
have addressed more advanced rotor systems using nonlinear dynamics and active control strategies.
For instance, (14) investigated the whirling behavior and rub/impact phenomena of a 16-pole rotor
supported by active magnetic bearings (AMBs), employing the multiple scales method to analyze
the system’s nonlinear response. More recently, (15) proposed a tuned positive position feedback
(TPPF) control strategy to mitigate vibrations in a magnetically suspended rotor, demonstrating the
effectiveness of control design in stabilizing rotor motion under various conditions. Although these
studies focus on AMB- supported systems, they provide valuable insights into rotor dynamics beyond

the scope of linear free-free configurations.

This research was conducted in three stages: 1) numerical model implementation, 2) experimental
modal analysis, and 3) model validation using the MAC. The numerical model of the rotor was
developed based on the FEM. The process began by selecting the coordinate system and defining the
degrees of freedom. Next, the type and number of elements for the rotor were discretized to strike a
balance between accuracy and computational cost. Through this discretization, the mass and stiffness
matrices were assembled to describe the system’s dynamic behavior. Subsequently, the eigenvalue
problem was solved to numerically obtain the rotor’s natural frequencies and mode shapes. Following
this, EMA was carried out. Multiple equidistant points were marked on the rotor, which was suspended
by elastics to simulate free-free boundary conditions. An accelerometer was placed at a reference point,
and each marked point was impacted with a hammer. These measurements were used to calculate

the frequency response functions, from which modal identification was performed. Finally, the rotor’s
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numerical model was validated by correlating the results of the experimental and numerical modal
analyses. The degree of similarity between modes was determined using the MAC, which quantifies the

agreement between experimental and numerical mode shapes (16).

2. Numerical model

The rotor analyzed in both the numerical and experimental studies consisted of a steel shaft with
a centrally mounted aluminum disk. This simple and symmetric configuration is representative of the
basic rotor geometries that are often used in rotordynamic studies, and it allows for a clear identification
of bending modes and natural frequencies. The geometric dimensions and material properties of both

components are summarized in Table I.

Table I. Geometric dimensions and mechanical properties of the shaft and disk

. . Modulus of .

) Diameter Length/thickness .. Density
Component  Material elasticity
(cm) (cm) (Kg/m?)
(GPa)
AISI 414
Shaft S 0 1.15 31.7 205 7850
steel
Disk Aluminum 9.44 25 70 2700

The numerical model was implemented and solved in the MATLAB programming environment.
This formulation is based on the equation of motion for a forced system (17), which governs the rotor’s

dynamic behavior and is expressed in matrix form, as shown in Eq. (1).
Mg+ Cq+Kq="f (1)

where M represents the mass matrix, C' the damping matrix, K the stiffness matrix, f the force
vector, ¢ the displacement vector, ¢ the velocity vector, and § the acceleration vector. To study the free
vibrations of the Jeffcott rotor, damping is neglected, and the external force is set to zero. The resulting

equation is known as the equation of motion for a free system (18,19) and is presented in Eq. (2).
Mg+ Kq=0 2)

Using the defined equation of motion, the shaft is discretized into eight linear beam elements, each
consisting of two nodes and eight degrees of freedom (DOF), four per node, two translational (v and )
and two rotational (# and ¢). Axial DOF are not considered, as this study focuses on lateral vibrations.

Fig. 1 illustrates the reference coordinates and the associated DOF.

Based on the rotor discretization, the element mass matrix M, and the stiffness matrix K, for each
rotor element are computed using the energy method and Euler-Bernoulli beam theory. This formulation
neglects both rotary inertia and shear deformation, which is appropriate for the slender shaft geometry

considered in this work (5,20, 21). The resulting matrices are shown in Egs. (3) and (4). Afterwards, the
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Figure 1. DOFs and reference coordinates

element matrices are assembled according to their corresponding DOF, yielding the global mass A/ and

stiffness K matrices.

[ 156 0 0 22L. 54 0 0 —13L.]
0 156  —22L. 0 0 54 13L, 0
0 —22L, 4L? 0 0 —13L, —3L? 0
_ ALep | 22Lc 0 0 4L 13L. 0 0 —3L? 3)
420 54 0 0 13L. 156 0 0 —22L,
0 54  —13L. 0 0 156  22L, 0
0 13L,  —3L2 0 0 220,  4L2 0
| —13L, 0 0 -3L% -22L, 0 0 412 |
[ 12 0 0 6L, —12 0 0 6L, |
12 —6L. 0 0 —-12 —6L. O
—6L, 4L? 0 0 6L, 2L? 0
K, — EI |6L, 0 0 412  —6L. 0 0 212 @
L3 1-12 0 0 —6L. 12 0 0 —6L,
0 —12 6L, 0 0 12 6L, 0
0 —6L. 2L? 0 0 6L, 4L2 0
| 6L, 0 0 22 —6L. O 0 412 |

where A denotes the cross-sectional area, L. the length of the element, p the material density, E the
modulus of elasticity, and I the element’s second moment of inertia. The mass contribution of the disk
is incorporated into the overall mass matrix as a concentrated (or point) mass (22) at the disk’s location

node — specifically at node 5. The disk mass matrix is presented in Eq. (5).

0 0 0

M, = d ()
0 0 Jg O
0 0 0 Jy

where m, is the mass of the disk and J; is the moment of inertia of the disk perpendicular to the

axis of rotation. With the global mass matrix M and stiffness matrix K established, the eigenvalue and
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eigenvector problem is solved as shown in Eq. (6).
M 'Kx = Ax (6)

where x represents the eigenvectors of the system associated with the mode shapes, and A represents
the eigenvalues, which are related to the natural frequencies w,, as shown in Eq. (7). In this work, the

eigenvalue problem was solved using MATLAB’s eig function.

A =w? @)

3. Experimental modal analysis

To conduct the EMA, the shaft was divided into eight equidistant segments, resulting in nine
measurement positions (Fig. 2). The selection of measurement and excitation points was based on a
preliminary numerical modal analysis (NMA) of the first two bending modes. From this analysis, point
6 was chosen as the reference accelerometer position, as it corresponds to an antinode and avoids nodes,
thus ensuring an effective capture of the response. All nine positions were used as points for excitation

with the impact hammer, in order to ensure an adequate modal coverage.

y
T<:x = Reference position (accelerometer location)
z  ® Moving positions (hammer impacts)

Figure 2. Configuration of the EMA measurement setup

It should be noted that this type of experimental test requires specific planning for each rotor
configuration. The location of the accelerometers, excitation points, and frequency range must consider
prior numerical simulations and the specific geometric and dynamic characteristics of the rotor under
study. In this case, the shaft was suspended using elastic bands to approximate free-free boundary

conditions (Fig. 3).

Additionally, Fig. 4 presents the data acquisition system used for the test, including the

measurement software interface and the vibration analyzer equipment.

The equipment and instrumentation used for the EMA, along with their main specifications, are
listed in Table II.
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Figure 3. Experimental setup showing the suspended shaft, accelerometer, and impact hammer for

simulating free-free boundary conditions

Figure 4. Data acquisition system used in the experimental tests, including the software interface and

vibration analyzer

Table II. General specifications of the equipment and instruments used in the EMA

Equipment or instrument Specifications
OROS OR35 analyzer Up to 102.4 KS/s
Dytran 3056B1

L. Sensitivity: 10mV /g
uniaxial accelerometer

Dytran 5800B5 hammer Sensitivity: 4.83 mV /Ibf
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The OROS modal software was used to acquire and process data, as well as to perform the EMA. The
main configuration parameters related to the acquisition and processing of the response and excitation

force signals are shown in Table III.

Table III. Configuration parameters for the EMA in the OROS modal software

Parameter Value
Frequency range 0-2000 Hz
Spectral lines 801
Sampling time 400 ms
% overlap 67
Type of averaging Linear

Number of averages 3

Window type Force/Exp

The modal characteristics were calculated from the frequency response functions (FRF) over the
entire measurement range. This was done using the broadband method, which employs a robust modal
identification algorithm. To apply this method, a frequency range of 167.5-1125 Hz was selected from
the modal indication function (MIF) plot. This selection was made by identifying the most prominent
peaks and adjusting the limits to the troughs at the beginning of the first peak and at the end of the last
peak of interest (Fig. 5).

Modal Indication Function

[167.500, 2.874e+001] [1122.500, 2.730e+001]

59
55
51
47

43

dB sV

39

35

31

27 ‘

0 250 500 750 1000 1250 1500 1750 2000

Frequency (Hz)
Figure 5. MIF of the EMA of the rotor
Once the frequency range had been established, modal identification began by obtaining the poles

from the stabilization diagram (Fig. 6). The poles were determined by defining two preset modes,

a minimum of 16 modes, and a range of 12 modes. The two frequencies that showed the greatest
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coincidence with the peaks of the MIF and the frequencies of the stable poles, identified by the green s

in the stabilization diagram, were selected.

Stabilization Chart

(25: 883.502Hz, 0.43%)

28 o o om
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Figure 6. Mode stabilization chart

With the selected frequencies, the deflection shapes were calculated, and the synthesized frequency
response function (SFRF) was obtained (Fig. 7). The graph shows the fit, regarding both peak location
and phase, of the selected eigenfrequencies between the synthesized FRF and the frequency response
function obtained from the measurements.

Synthesized FRF : BroBand

[0.000, 0.000e+000] [2000.000, 1.302e+002]

1801
— | “;’
° 90+ \nyr ‘
-
@ 04
B 01
£
o 180
0 250 500 750 1000 1250 1500 1750 2000
[0.000, -1.383e+001] [2000.000, 2.957+001]
z
Z
o™
<
d
)
£
E
@
E ..
8 ey !
0 250 500 750 1000 1250 1500 1750 2000

Frequency (Hz)

Figure 7. Frequency response function synthesized using the broadband method
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4. Model validation

The numerical model was validated using the MAC. This method correlates the modes
obtained from two different sources (numerical-numerical, numerical-experimental, or
experimental-experimental). The MAC value indicates the degree of correlation and correspondence
between the two sets of modes. It ranges from 0 to 1, with a value of 1 representing the highest degree
of correlation between the modes. The MAC (16) is defined in Eq. (8).

2

VT s
(havs:) (viebn:)

MAC,,; = (8)
where 9, is the experimental modal vector, and v, is the numerical modal vector for mode i. The

superscript T' denotes the conjugate transpose of the modal vector.

5. Results analysis

The deflection shapes (or modal shapes) obtained from the numerical model exhibit the typical
morphological characteristics of bending modes. Specifically, the first mode shows two nodes and three
antinodes, while the second mode has three nodes and four antinodes. The frequencies associated with
these modes are 368.7 and 841 Hz, respectively, which confirm the rotor’s ability to operate across a wide
range of speeds. The modal shapes, along with the natural frequencies corresponding to the first two

bending modes of the rotor, are shown in Fig. 8, as obtained from the implemented numerical model.

First bending mode: 368.7077 [Hz]

Amplitude
Ss ¢
o
N

0.03 ]
-0.04 L L L L L L L
1 2 3 4 5 6 7 8 9
Nodes
Second bending mode: 841.0481 [Hz]
T T T T T
0.02 d
o 0.01f 1
e)
2
R e i
€
< .0.01F B
-0.02 - A
Il Il Il Il Il Il Il
1 2 3 4 5 6 7 8 9
Nodes

Figure 8. First and second rotor bending modes obtained from the numerical model
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The modal shapes obtained from the EMA reveal one mode corresponding to the first rotor bending
mode and another associated with the second bending mode. The natural frequencies associated with
these modes are 381.2 and 883.85 Hz. Based on these results, the rotor’s safe operating speed range
is limited to approximately 0-18,300 RPM, i.e., 20 % below the first bending natural frequency. This
prevents the rotor from operating near the critical speed. The deflection of the first two modes shows a
slight asymmetry at the ends, which may be caused by changes in stiffness and mass in the area where
the keyseat or wedge is located (on the left side of the rotor). The experimental modal shapes and their

natural frequencies are shown in Fig. 9.
BroBand : Mode 1 - Freq. 381.20Hz, Damp. 0.25% (Real)

et e
> N

Zz 00 .

v X

v

BroBand : Mode 2 - Freq. 883.856Hz, Damp. 0.48% (Real)

Z e : 0.0 .

Figure 9. First and second rotor bending modes obtained from the EMA

The results of applying the MAC show a high degree of correlation and correspondence between
the modes obtained from the EMA and those from the numerical model. The first bending mode
shows a 99.78 % correlation, while the second bending mode exhibits an 88.66 % correlation. These
correlation and correspondence values validate the implemented numerical model. The results of the

MAC application are shown in Fig. 10.

While updating the active magnetic bearing rotor model, (23) used the MAC as part of the updating
function. The values obtained were close to 1, exceeding 97.9 % and approaching 100 % for the first
modes. The higher correlation of mode shapes compared to our results can be attributed to the larger
number of nodes in the EMA and the greater number of DOF in the numerical model, along with the

precision of the material’s mechanical properties defined in the numerical model.

6. Conclusions

According to the MAC method, the numerical model of the rotor shows a correlation and agreement
of over 88 % with the results from the EMA for the analyzed bending natural frequencies. These results

validate the implemented model.
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0.9
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0.2
40.3
0
0.2
841.048
Numerical natural 883.85 0.1
i Experimental natural
reauencies [l se8.708 381.2 frequencies [Hz] 0

Figure 10. MAC between the experimental and numerical rotor modes

The first two bending modes of the shaft have natural frequencies of 381.2 and 883.85 Hz, and their
deflection shapes exhibit the typical morphological characteristics of this type of shaft or beam. The
relatively high values of the natural frequencies allow the shaft to operate across a wide speed range,

up to 18,297 rpm, ensuring that the shaft operates below 20 % of the first natural bending frequency.

The use of linear beam elements facilitates the implementation of the rotor’s numerical model,
given their ability to adapt to the geometry and behavior of the shafts, offering an optimal balance
between accuracy and computational efficiency. This allows simulating the dynamic behavior of rotating

structures, such as flexible shafts, at a relatively low computational cost.
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