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Resumen: El objetivo de este articulo es
estimar algunos modelos GARCH, univa-
riados y multivariados, para los retornos
diarios de un portafolio compuesto por
cinco activos del mercado financiero co-
lombiano, con el fin de evaluar cual muestra
mejor desempefio en el célculo del Valor
en Riesgo del portafolio. Para calcular el
VaR, con un nivel de confianza del 95%,
se le asigna igual peso a los activos en el
portafolio. Los resultados muestran que
los modelos GARCH univariados tienen
mejor desempefio que los MGARCH en
la estimacion del VaR del portafolio.
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Abstract: The aim of this paper is to
estimate GARCH models, univariate and
multivariate, for the daily returns of a
portfolio consisting of five Colombian
financial marketassets, in order to evaluate
which shows better performancein estima-
ting the Value at Risk of the portfolio. To
calculate VaR, with a confidence level of
95%, equal weight is assigned to the assets
in the portfolio. The results show that the
univariate GARCH models outperform
the MGARCH in estimating the VaR of
the portfolio.
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Introduction

Due to the increased volatility of financial
markets in recent decades, the modeling of
risk and volatility of financial instruments
using various statistical tools has become a
major area of research. In particular, major
emphasis has been placed on modeling the
temporal dependencies present in condi-
tional higher-order moments, in order to
achieve a more efficient management of
risk associated with fluctuations in these
variables.

Since the pioneering work of Engle (1982)
who develops an Autoregressive Condi-
tional Heteroskedasticity model (ARCH),
there have been produced major advances
in modeling and forecasting the volatility
of a time series. It has been shown that
the family of ARCH models captures
much empirical regularity associated with
the volatility of returns on financial assets

such as leptokurtic distributions, volatility
clustering, leverage effects, persistence
and asymmetric volatility, among others
(Bollerslev etal., 1994; Ghysels etal., 1996;
Engle et al., 2001).

The heteroskedastic nature of the finan-
cial assets returns implies that the ARCH
methodology is a natural candidate for its
modeling. However, many works in this
area are made in the multivariate context,
because the volatility of financial markets
moves over time and across different as-
sets and markets. In addition, multivariate
models allow estimating efficiently the
dynamic cross-correlations that may exist
between the returns of a set of assets,
which is a crucial factor in determining the
gains from portfolio diversification (Bera
and Kim, 2002).

One of the most common measures to
assess the risk of a portfolio is the Value at
Risk. The corresponds to the quantile of
the distribution of profits and losses of a
portfolio. Thatis, represents the maximum
loss incurred by an assetin the best cases
(smaller losses).

This paper seeks, with information on
daily returns of five assets of the Co-
lombian market from 01/03/2008 until
10/12/2010, to estimate a univariate and a
multivariate GARCH model fora portfolio,
with information on daily returns of five
assets of the Colombian stock market. As-
signing equal weights for the asset returns,
I use the VaR as a portfolio risk measure,
in order to make comparisons between
the two models.
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I. Theoretical Framework

Value at Risk —VaR

The importance of this measure lies in its
usefulness for quantification of marketrisk
and as a regulatory tool, since the environ-
ment in which financial activity unfolds
is characterized by large fluctuations in
prices of financial assets. In general, the
VaR is an indicator of the extreme points
within which fluctuates the profitability of
an investment in an asset or a particular
portfolio. Thatis, represents the maximum
loss incurred by an asset in the o * 100%
best cases (smaller losses). It is expected
that the loss on the investment does not
exceed the VaR with probability a.

On the other hand, VaR is a natural ap-
plication of volatility models given that
it depends directly to the forecast of the
conditional variance, consequently, the
estimation of the conditional distribution
of returns becomes the main input for the
application of this methodology (Gallén
and Gémez, 2007). Using the conditional
mean and the conditional variance obtained
from the estimated GARCH, the quantiles
of the conditional distribution can be easily
obtained for the calculation of VaR (Tsay,
2002). According to the distribution of
errors, the VaR can be calculated as:
#(1) + Z,6:(1)  Gaussian
»(1 - p)Ge (D)

R t
7 (1) + '—v/(v =2

student’s t

Where Z_is the o quantile of a standard
normal distribution and ¢t (1-p), is the

(1-p)” quantile of astudent'stdistribution
with v degrees of freedom.

As mentioned by Tsay (2002), VaR is as-
sociated with the prediction of a possible
loss of aportfolio fora given time horizon.
Therefore, it should be calculated using
the distribution of forecasts of returns.
Specifically, the VaR of the returns of

a portfolio, r, for a horizon s should be

g
given the information available at ttisme
t. The forecast of r,, [s] depends on the
model assumed to describe the dynamics
of returns, such as the ARCH model.

t
estimated based on forecasts of r

According with Alves, Nogales and Ruiz
(2009) the first decision one has to make
when trying to predict the VaR of a
portfolio is whether to use a multivariate
model for the system of individual asset
returns of, alternatively, to use a univariate
procedure for the portfolio returns. They
argue that, as the dimension of the port-
folioincreases, the usually large number of
parameters involved renders the estimation
of multivariate models more complicated,
compromising their predictive ability.

Univariate GARCH models

First, it is important to note some stylized
facts of financial assets (in high frequency).
The distribution of returns is not normal:
extreme returns occur most frequently
than expected under normality (fat tails)
and extreme negative returns occur most
frequently than positive (negative asym-
metry); autocorrelations of the returns
tend to be notsignificant, there are clusters
of volatility and calendar effects (Melo
et al., 2005). According to (Tsay, 2010), a
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basic way to represent this type of series
would be:

as = o0&y, &~4a(0,1) O

Whete «, is the shock or innovation of the
asset returns, I',, and of is the process for
the volatility of r,. Conditional heteroske-
dasticity models center in the the dynamics
of af: The volatility equation. In order to do
that, the specification in equation (1) is
the starting point. It can be expressed as:

0 = Var(ag|y1.¢-1) 2

Based on the type of specification for
equation (2), we can separate conditional
heteroskedastic models into (i) determin-
istic models “that use an exact function to
govern the evolution of o?” (Tsay, 2010,
p- 100), or (ii) stochastic models, that make
of follow a random process. (G)ARCH
and E-GARCH models, for example, are
located in the first group, while stochastic
volatility models, belong to the second

group.

GARCH (generalized autoregressive con-
ditional heteroskedastic) models have a
more flexible lags structure, and in many
cases, allow a description more parsimoni-
ous of the data than ARCH models. In
this case, we keep the basic expression for
innovations, and use the following expres-
sion for the volatility equation:

4 q
o =0+ ) wad ) fob 3)
i=1 i=1

Where the persistence of shocks to the
volatility is given by the sum of «, and f.
This expression is useful in representing
the clustering in volatility usually observed

in series of returns: a large shock in vola-
tility yesterday increases the probability
of alarge shock in today’s volatility (Tsay,
2010). However, a drawback of this model
is that it does not allow for distinguishing
between impacts of negative and positive
shocks, which tend to be different (leverage
effect). Some regularity conditions must be
imposedtothemodel: w > 0, a; > 0, 3; = 0,

ymaa) (g, 4 B) < 1.

The positivity restrictions are necessary for
the conditional variance of theinnovations
to exist, and for avoiding degeneration of
their process o . (Carnero, Pefa, & Ruiz,
2004). The last constraint implies that the
process is covariance stationary, and that
its marginal variance of innovations exists
(6% < ), but its conditional variance, oZ,
evolves over time [(Tsay, 2010) (Carnero,
Pefia, & Ruiz, 2004)].

On the other hand, the EGARCH model
relaxes the positivity restrictions to its pa-
rameters and allows for the treatment of le-
verage effects. In thatsense, the EGARCH
considers the following specification for
the weighted innovation:

g(er) =y(e) + alle] — Elel)
)
(y + a)e; — aEle|, >0

s = {0 L e e o 2o

Note that the first term, related to is a
regular ARCH term and it determines the
sign of the effect, while the second one,
linked to o is the asymmetric effect and
it determines the size of the effect. This
specification succeeds at representing le-
verage effects, since usually the estimated
value of vy is negative, which implies that
ly —al > ly + al. Now, in order to lose the
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positivity constraints, the volatility equation
is expressed in log terms. For instance, in
the case of EGARCH(1,1), itis given by:

log(of) = w + Blog(af—y) +v(g—1) +
+a(ler—1| — Elee—1]) ©)

Regarding restrictions, the only restric-
tion imposed on the parameters of the
EGARCH is that |B| <1, so that the log-

volatility process is stationary.

Finally, as mentioned above, given an
estimated univariate (G)ARCH model
on a return series, one knows the con-
ditional distribution of returns, and one
can forecast the value-at-risk (VaR) of a
long or short position. When considering
a portfolio of assets, the portfolio return
can be computed directly from the asset
shares and returns (Bauwens et al., 2000).

Multivariate GARCH models

A multivariate GARCH(p,q) model,
MGARCH (p,q), can be represented as:

o= e ©)
Where H}” is the conditional covatiance
matrix of Y, (seties of returns) and €, is a
vector of white noise processes such that
E(&) = 0and E (e:&{) = I.' Thereare two kinds
of multivariate GARCH models: one type
models the time-varying covariances and
the second type models the conditional
correlations (Tsay, 2010).

The most direct generalization of the
univariate GARCH(1,1) modelis the VEC
model given by:

Vech(H,) = Vech(W) + AVech(&;_1&{_1)
+BVech(H;_) (7)

where the vec operator allows each cross-
product toinfluence each covariance term.
The VEC model is covariance stationary
if the modulus of the eigenvalues of A+B
are less than one.

One of the main drawbacks of the mul-
tivariate models, and from this in particu-
lar, is that the number of parameters to
be estimated is too large. Therefore, the
DVEC model restricts the matrices A
and B to be diagonal. In this case, each
clement hy, depends only on its own lag
and on the previous value &;;€jr. However,
this model is not suitable to represent
volatility transmissions between assets
and in both VEC and DVEC models it is
difficult to guarantee the positiveness of
H, (Tsay, 2010).

Another usual specification is the BEKK
model based on quadratic forms:

J

Hy=w+ ZAjet_leé_lA]’-Jr BjH,_1B; 8)
=1

The full BEKK becomes intractable as
the number of assets grows. However, the
diagonal BEKK partially addresses some
of the number of parameters by restricting
A and B to be diagonal.

Finally, the last multivariate model that is
goingto be considered hereis the Constant
Conditional Correlation (CCC), which uses
a different approach: it decomposes the
conditional covariance into the conditional
variances and the conditional correlation,
which is assumed to be constant:

Ht = DtRDt (9)
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Where D (sa diagonal matrix with the con-
ditional standard deviation of the i asset
onits diagonal position. In this model, the
conditional variances are typically model
using standard GARCH(1,1) models:

(10)

2 _ 2 2
oy =wi+a; ¥+ Bioi 1

II. Estimation and Results

Data

In this paper I consider some of the five
most tradable assets in the stock exchange
in Colombia. The returns of these assets
were calculated from the logarithmic dif-
ference of the price. These returns are
for Exito, Bancolombia, Nutresa, Isa

and Ecopetrol. Additionally I consider
the IGBC' —Indice General de la Bolsa de
Valores de Colombia—, to compare it with
the results obtained by forming a portfolio
with equal weights for those returns. The
data has daily frequency from 03/01/2008
until 10/12/2012 for a total of 758 data.
Below are the plots of the returns and the
descriptive statistics.

Inall cases L apply stationarity tests (Dickey-
Fuller and Phillips-Perron) and reject the
unitrootnull hypothesis. Below are the QQ
plots of returns. It compares the observed
quantiles with the theoretical quantiles
of a normal distribution. Therefore, if
the distribution of the series is normal it
should be a straight line.

Figure 1
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1 This is the result of weighting the more liquid shares with higher capitalization traded on the stock

market.
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In this Figure, there is a pattern of “S
rotated” in all cases, where the greatest
differences with respect to dotted line are
at the extremes. This result indicates that

Table 1

Summary statistics

for each return:

the distributions of the series have tails
heavier than those of a normal distribu-
tion. Below thereisa summary of statistics

IGBC Exito  Bancolombia Nutresa ISA Ecopetrol
Mean 0.000487 0.000447 0.000772 0.000577 0.000894 0.000927
Maximum 0.087952 0.081523 0.115069 0.080043 0.089568 0.09963
Minimum -0.090849 -0.10029 -0.094676 -0.084882 -0.083934  -0.093783
Std. Dev. 0.013634 0.016507 0.018688 0.014265 0.014606 0.017271
Skewness -0.646577 -0.041146 0.036138 -0.161334 0.040045 -0.066709
Kurtosis 11.27306 8.556594 8.539296 8.838817 9.514141 9.140775




Perf. de Coyunt. Econ. No. 19, diciembre 2012

Continuaciéon Table 1

IGBC Exito  Bancolombia Nutresa ISA Ecopetrol
Jarque-Bera 2214.49 975.3726 969.2615 1080.02 1340.411 1191.542
(p-value) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
Q@5) (p-  -0.047 (0.07) -0.008 (0.058) -0.024 (0.451) -0.034 (0.210) -0.042 (0.38) -0.026 (0.108)
value)
Q2(15) (p-  0.106 (0.000) -0.005 (0.000) 0.163 (0.000) 0.032 (0.000) 0.067 (0.000) 0.056 (0.000)
value)
LM test 77.63280 23.32832 91.60884 36.22314 82.60921 79.49823
(0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000)

Q1 (15) and Q2 (15) represent the Ljung-Box statistics on returns and their squares, respectively. The

p-values are in parentheses.

Considering the standard deviation as a
measure of volatility, more volatile returns
correspond to, in order, Bancolombia,
Ecopetrol and Exito. On the other hand,
according to the coefficients of skewness
and kurtosis, the Jarque-Bera statistic and
QQ plots, one cannot assume normality
of returns. Additionally, according to the
Ljung-Box statistics we cannot reject the
null hypothesis of no autocorrelation up
to order 15 in the series of returns but is
rejected in the squared returns. Finally,
to confirm whether there are ARCH ef-
fects, was applied the Lagrange multiplier
test (LM test), which considers the null

Portfolio

hypothesis of no ARCH errors versus the
alternative hypothesis that the conditional
error varianceis given byan ARCH process.
The null hypothesis is rejected in all cases,
confirming ARCH effects in the errors.

In the estimation, first, I consider two uni-
variate models, one for the IGBC and one
for the portfolio assuming equal weights
for assets. In both cases I tested various
specifications and the model with best fit
given the constraints of the parameters, the
significance of the conditional volatilityand
the AIC and SC criteria was an EGARCH
(1,1) with ¢t student’s errors.

log(o?) = —0.993595 + 0.914693 log(c2 ;) — 0.094503(g¢_4)
+0.315721(les_4| — Eler_1])

(0.0005)  (0.0000) (0.0074) (0.0000)

IGBC
log(c2) = —0.861326 + 0.929963 log(62_,) — 0.090522(¢;_;)
+0.319087(|&,_1| — Ele;_])

(0.0002)  (0.0000) (0.0095) (0.0000)



Estimating Portfolio Value at Risk...

K
85.,

The fact that both series have similar
behavior has sense because the portfolio
was constructed from some of the more
tradable assets in the Colombian market
and IGBC is an indicator that measures
just that. In both cases it holds that § < 1
(significant) and is verified that there are
leverage effects due to the parameter p is
negative, so the effect on volatility is bigger
when the return is negative than when it
is positive. Below are the QQ plots of the
standardized residuals. It is observed that
normality for the standardized residuals
is still being rejected due to the excess of
kurtosis but in a lower degree.

Inorderto check the specificationin the con-
ditional variance function in both models 1
used the LM test, finding evidence for the

In the multivariate case, three specifica-
tions were chosen to model the distribu-
tion of conditional covariance matrix of
the returns of the five assets, Hz: DVEC,
DBEKK and CCC models. The choice
of these models is not only because in
relative terms they are simpler to estimate,
but also because the cross-correlation of
returns’ does not confirm a significant
linear relation both contemporary and in
the first lag, so there seems not to exist an
important cross-influence on the markets.
Additionally, I used the LM testand I found
evidence for the existence of multivariate
ARCH effects (at 5% significance). Then, I
proceed to estimate the MGARCH models
and the results are presented bellow. In
all cases, the stationarity conditions are

absence of additional ARCH effects, con- verified.
firming that the EGARCH (1,1)? fits well.
Figure 3

QQ plots standardized residuals

Quantiles of Normal

Quantiles of RESIDEGARCHPORT

Quantiles of Normal

Quantiles of RESIDEGARCHIGBC

2 For the IGBC the contrast yields a value of 1.759175 (0.1847) and for the portfolio 0.512384 (0.4741).

3 See Appendix.
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Table 2
DBEKK (1,1) model
Exito Bancolombia Nutresa ISA Ecopetrol
W 0.0000185 0.000018 0.0000185 0.000011 0.00000816
(0.0010) (0.0022) (0.0000) (0.0006) (0.0009)
A 0.210899 0.199513 0.251684 0.270324 0.232908
(0.000) (0.000) (0.000) (0.000) (0.000)
B 0.941585 0.956842 0.919928 0.940301 0.96104
(0.000) (0.000) (0.000) (0.000) (0.000)
Z(afiik +b%,) 09310 0.9553 0.9096 0.9572 0.9778
The diagonal BEKK is stationary if (Engle and Kroner, 1995, p.133).
Table 3
DVEC (1,1) model
Exito Bancolombia Nutresa ISA Ecopetrol
W 0.0000154 0.0000224 0.0000117 0.0000119 0.0000158
(0.0000) (0.0000) (0.0000) (0.0000) (0.0000)
Al 0.05623
(0.000)
B1 0.890492
(0.000)
a; + by 0.946722
The diagonal VEC is stationary if (Engle and Kroner, 1995, p.133).
Table 4
CCC (1,1) model
Exito Bancolombia Nutresa ISA Ecopetrol
W 0.0000249 0.0000248 0.0000171 0.0000135 0.0000115
(0.0004) (0.0031) (0.0001) (0.0033) (0.0012)
A 0.126602 0.099983 0.138962 0.128503 0.118578
(0.000) (0.001) (0.000) (0.000) (0.000)
B 0.782516 0.839398 0.780441 0.817205 0.851376
(0.000) (0.000) (0.000) (0.000) (0.000)
ai + by 0.909118 0.939381 0.919403 0.945708 0.969954
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The stationarity conditions are the same
as in the univariate GARCH model
w>0, af =20,a; +b; <1 IntheAp-
pendixare the results for the estimated cross-
correlation matrix from the CCC model.

The plots of the estimated conditional
variances from the three models atre pre-
sented below.

Figure 4
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In conclusion, it seems clear that the es-
timated conditional covariance matrices
of the models are very close, however
there is uncertainty about which of the
models is better. In addition, QQ plots
of standardized residuals are presented
below, which are showing excess kurtosis
in some cases with a result similar to the
univariate models.

Once established the processes that model
the dependence of returns, itis possible to
calculate risk measures and then verify their
performance through backtesting. Given
the results presented above the VaR was

estimated assuming that the distribution
of the errors is a Student’s t, according to
the methodology previously presented.
In the multivariate case, following Gallon
and Gémez (2007), the VaR for a portfolio
consisting of N assets in a time horizon §
with probability « is defined as:

VaR,, = (VaR[R.;VaR,)'/?
Whete

VaR = (Vath, VaRNt)’

1
with VaRy = (u + t,H:)
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DBEKK model
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Continuacion Figure 5

CCC

RESID_CCCO01

RESID_CCCO02

RESID_CCCO03

Quantiles of Normal
o
I
Quantiles of Normal
o
I

Quantiles of Normal

Quantilesof RESID_CCCO1

RESID_CCC04

Quantilesof RESID_CCC02

T T
2

Quantilesof RESID_CCCO03

RESID_CCCO05

4 4
3 s
A &
E 2 T
2 1 z
a S o
< 04 2
2
L
3 T T T T -4 v T T T
-6 4 2 0 2 4 -6 4 0 4 6
Quantilesof RESID_CCC04 Quantilesof RESID_CCC05
Where w; is the amount invested in the it Table 5
asset. Here it is assumed that w; is equal VaR and HIT
for all assets, in order to compare it with
h . . . .. VaR HIT
the portfolio estimated in the univariate
case and the IGBC. IGBC 0.01518 0.91820
A basic measure for comparing the esti- Portfolio 0.01279 0.89050
mated models is the failure ratio or HIT, DBEKK 0.00469 0.69393
defined as
. DVEC 0.00469 0.69261
1
HIT = Nz I(r; < VaR;()) ccc 0.00471 0.69393
i=1

Where I(r; < VaR;(a)) is an indicator vati-
able that takes the value 1 when r; < VaR;(a).
Amodelis correctly specified when this ratio
is equal to the pre-specified probability for
the VaR. Below is the result of the estimate
for a confidence level of 95%.

For instance the VaR of the portfolio
indicates that the maximum loss expected
with a probability of 95% and a horizon
of one day shall not exceed that percent-
age of the amount invested. The HIT
calculated shows that the models that are
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closer to 95% pre-specified for the VaR
are both models that were obtained from
the univariate (E) GARCH. Additionally it
is noted that similar results are obtained
for the three multivariate specifications.
Finally, the most important result is that
the univariate models perform better in
estimating the VaR than the multivariate
models, which seems to underestimate the
risk of the portfolio.

ITI. Conclusions

The modeling of risk and volatility of
financial instruments has become a major
area of researchinlastdecades. This study
sought to estimate the risk of a portfolio
consisting of 5 assets of the Colombian
stock market. In the estimation, I consid-
ered two univariate models, one for the
IGBC and one for the portfolio assuming
equal weights for assets. In the multivari-
ate case, three specifications were chosen
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Appendix

Cross-Correlation Matrix

LAG EXITO BANCOL NUTR ISA ECO
EXITO 1
BANCOL 0.555 1
0 NUTR 0.3945 0.5252 1
ISA 0.4809 0.5908 0.5102 1
ECO 0.4375 0.555 0.5152 5835 1
EXITO 1 0.0843* 0.0859 0.088 0.058
BANCOL 0.0438 1 0.129* 0.1121* 0.0634
1 NUTR 0.0674 0.0665 1 0.0835 0.0169
ISA -0.0002 0.0339 0.0518 1 0.0195%*
ECO 0.058 0.0488 0.0207 0.0202 1
* indicates that the correlation coefficient is significant at 5%
Estimated Cross-Correlations (CCC model)
EXITO BANCOL NUTR ISA ECO
EXITO 1
BANCOL 0.45887 1
NUTR 0.388358 0.41008 1
ISA 0.380292 0.482737 0.394586 1
ECO 0.342668 0.438967 0.394633 0.466978 1

All are significant at 1%



