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ABSTRACT. In this paper we use the Brouwer-Schauder’s fixed point theorem to
obtain the existence of local smooth viscosity solutions of the Cauchy problem
for the parabolic system

’U/% +f1 (u17u2a'“ 7un)z+gl (’LLl,’U,27“' 7un) :Eui:m
’LL? + fn (u17u27 e 7un)z + gn (u17u27' o ’un) = EuZza
with the bounded measurable initial data
u'(z,0) = uy(x), u’(x,0)=ud(x), -, u"(z,0)=ug(x).

Then based on the local existence and the maximum principle, we get the
existence of global smooth solutions for two special systems, one related to the
hyperbolic system of quadratic flux and the other related to the LeRoux system.
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RESUMEN. En este articulo usamos el teorema de punto fijo de Brouwer-
Schauder para obtener la existencia de soluciones locales de viscosidad suave al
problema de Cauchy para el sistema parabdlico

U‘% +f1 (Ul,u27"' 7un)z+gl (u17u2,"' ,’LLn) :é"LLClCI

’U,? +fn (ul,u2,--- aun)z+gn (U17u2,“’ 7un) :E’U,Zx7

con data inicial medible acotada

u'(z,0) = up(x), u’(z,0)=ui(x), -, u"(z,0)=uf(x).

81



82 JIN YAN, ZHIXIN CHENG & MING TAO

Luego, basados en la existencia local y el principio del maximo, obtenemos
la existencia de soluciones globales suaves para dos sistemas especiales , uno
relacionado con el sistema parabdlico de flujo cuadrético y el otro relacionado
con el sistema LeRoux.

1. Existence of Viscosity Solutions

Let us consider the following Cauchy problem for the parabolic system:

up 4 f1(uhu? o u”) + g (uh e ut) = eug,

u;z + fn (u17u27 e ,un)l + gn (ulaug, e ’un) = 5“2x
with the bounded measurable initial data
ul(x,0) = ué(aj), <o u™(x,0) = ui (o), (2)
ud(@)] < M-, ugi(2)] < M.

Theorem 1.1. (i) Suppose that f; € C'(R") and g; (i = 1,2,---,n) are
locally Lipschitz continuous functions. Then the Cauchy problem (1)-(2) has a
unique solution (ulg(x,t), e ,u"e(az,t)) € C®°(R x (0,79)) for a small 79 >0
which depends only on the L* norm of the initial data, and

|u's (2, t)| < 2M, - Ju"(2,t)| < 2M, V(z,t) € R x [0,70).

(ii) Moreover, if the solution (u'(z,t),u* (z,t),- - ,u"*(x,t)) has an a-priori
estimate
|u15(x,t)| <M, Ju(x,t)| < M(T), foranyt e [0,T], (3)

then the solution (u'¢(z,t),--- ,u"*(x,t)) exists on R x [0,T].
Particularly, if there exists N > 0 so that

le ne
||U (I’t)||L“(RX[O,+oo)) SN, 7”“ (xvt)HLOO(RX[07+OO)) SN7
then the solution (u'®(z,t),-- ,u"(z,t)) € C* (R x (0,+00)) .

Proof. (i) The Cauchy problem (1)-(2) is equivalent to the following integral
equations:

+o0
W)= [ OG- .0 de

[T ) Gl -6 -1)
— i (ul(f,r), e ,u"(f,r)) G*(x — &t — 7)dédr

where G¢(z,t) = e"tt,i=1,---,n.
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For V7 > 0, set
B, = { (ul(%t), e ,u”(%t)) | ui(z,t) € C™(R x (0,7)),
||ui(m7t)”L°°(R><[O,r]) <2M,i=1,,n},

B={(u!(z,t), - ,u"(z,1)) | u'(z,t) € C°(R x (0,7))
NL®(Rx[0,7]), i=1,---,n}.
It is easy to see that B is a Banach space under the norm
1 n _ 1 n
[ty u) g = ot e rxpopy 107 e (0.7

and B, is a bounded closed convex subset of B.
Define an operator T on B,

T(ul,n- ,u”) - (Tl(u1,~-- Jum), - ,Tn(ul,--~ 7u7l))

V(u17~-~ ,u") € B,, where
+oo
T; (Ul,'” ,Un) :[ uy ()G (z — &, t)d¢

t —+00
Jr/o [m fi (ul(g’q—),... ,u”(f,T)) G§($ff,t77')
—g; (WM&, 7), -, u" (&, 7)) G (z — &, t — T)dédr

withi=1,--,n.

We assert that there exists a 79 > 0 such that for any (ul7 e ,u”) € B,,,
T(ul, -+ ,u") € By, and also T is a contractive mapping.
In fact, if (u',---,u™), (uf,---,u}), (ud,- - ,uf) € By, then there exist

positive constants K, L so that

|fl(u1’un)|§K, |gz(u17,u”)|<K

and
|fi (ugy - ouz) = fi(wg, ) S L(lug —wi] + o+ Jug —uil),  (4)
|gi (ug, -+ ub) — gi (uy, -+ ul)| < L(Juf —uf|+ -+ [uy —ul]), (5)
because i = 1,--- ,n and the functions f;, g; are locally Lipschitz continuous.
Therefore

t —+oo
7)< are [ )] |Gt gt - dear

[t
+Kt<M+2K —€+Kt (i=1,---,n),
s
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since [*° G*(x —&,t)dé =1 (t > 0) and

t +oo
/O [ |Ge(x — &,t — 7)| dédr
/ / - N £ dear
s de(t —71)\/me(t —7)

+o00o
e”‘d dr =2,/ .
/ \/Wst—T / ‘77 K e

In view of the inequalities (4), (5), we have

|Ti (u%7 ,ug) —Ti(u%,~- ’u?ﬂ

t
< <2L,/m +Lt> (Jus — il o + -+ lus —uf ) -

where i = 1,--- ,n. Thus

IT (uz, -+ uz) = T (a5

t
"(ﬂNﬂE+LQ(Mé—ﬁmw+~n+ms—wmm»

If we choose 79 > 0 such that

2L
\/—\/73+KTO<M ’n(\/ﬁ\/%-ﬁ-lﬂ'(]) <1,

then T (ul, e ) € B;, and T is a contractive mapping. By the Brouwer-
Schauder’s fixed point theorem, there is a unique (uls, e ,u”a) € B, so that

T(u157_“ ’una) _ (ule’.“ ’una)7

i.e., the Cauchy problem (1)-(2) has a local smooth solution (u'¢,---,u"¢) €
C*(R x (0,79)), and

|u'e(z,t)] < 2M, - |u™(z,t)| < 2M, V(z,t) € R x [0, 7).

(if) If the solution (u'(x,t),--- ,u"(z,t)) has an a-priori estimate
@, 0], < M(T), -, (@, t) e < M(T) (vt € [0,T]),
then
lup(2)| < M(T), -+, Jug ()] < M(T).
Thus from the proof of (i) , there is a small 7 > 0 which depends only on M (T)
such that the Cauchy problem has a unique solution (u'¢(z,t),--- ,u"*(x,t))

on R x [0,7] and
[u'®(z,t)| <2M(T),- -, [u"(z,t)| <2M(T)  Vte[0,7].
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Since the solution has the a priori estimate (3), we have
|u'® (2, 7)| < M(T),- -, [u" (2, 7)| < M(T).

If we consider 7 as the initial time, then a similar treatment shows that the
solution also exists on R x [r,27] and

|u's(z,t)| < 2M(T),- -+, Ju"(2,t)| <2M(T)  Vt € [r,27].
Because of the a priori estimate (3), we have
|u'(z,27)] < M(T), -, [u"(x,27)| < M(T).

Therefore, the local time 7 can be extended to T step by step since the step
time depends only on M (T). In particular, if the solution has the a priori
estimate

le ne
HU (I’t)HL“(RX[O,—i-oo)) < Na 7||’U, (xvt)HLOO(Rx[07+oo)) < N7

then the solution exists on R x [0, +00) from the above analysis. o]

2. Applications

In this section, we apply Theorem 1.1 to two special parabolic systems, where
one is related to the hyperbolic system of quadratic flux (6) and another related
to the Le Roux system (10). First we consider the following Cauchy problem
for the parabolic system related to a hyperbolic system of quadratic flux [1,2]
with sources:

{ Ut + % (311,2 + ’Ug)m + gl(u, U) = EUgy (6)

v + (u) g + go(u,v) = EVzy

with the bounded measurable initial data

(u(z,0),v(x,0)) = (uo(z),vo(x)), (7)
where the functions g; (u,v), g2(u,v) are locally Lipschitz continuous.
Proposition 2.1. Suppose that gi(u,v), g2(u,v) satisfy

vga(u,v) vga(u,v)
T (8)

VR0 tu VuZ o2 —u
Then the Cauchy problem (6)-(7) has a unique solution (uf(x,t),v¢(z,t)) on
R x [0,400), and there exists M > 0 such that

[u(z,t)| < M, |v°(z,t)| <M V(z,t) € R x [0, +00).

< g1(u,v) <

There are many functions g; (u, v), g2(u, v) which satisfy the condition (8). For
instance, g (u,v) = au®v?, go = fu?v (Vu? + v + |u|) where (Ja| < 3).

Proof. Let F be the mapping from R? into R? defined by

3 1
F: (u,v) — <2u2 + 2v2,uv) ,
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dF(?)u v>.
voou

Thus the eigenvalues of system (6) are

then

)\1:2u—3%, )\2:2u+3%,
and the two Riemann invariants are
W(u,v):u—i—s%, Z(u,v):u—s%7

where s = u? + v2.
By simple calculations, we have

(V]
N

u v u

Wy,=1+ , Wy = , Wuu:ja Wuv:_ja va:i;
\/g \/g S2 S2 S2

2 2
u v v uv u

Zy=1~- 5 Ly = — 5 Zuu:_iga Zuvziga Z’U’U:_ig'
\/g \/g S2 S2 S?2

It is clear that W (u,v) is convex and Z(u,v) is concave, i.e.,
Woun@? + 2Wypab + Woob® > 0, Zyya® + 2Zy,ab+ Zyb> <0 VY(a,b) € R%.
Multiplying the first and the second equation in (6) by W,, and W, respectively
and add them up, we have
Wi + AW, = eWay — (Wautta® + 2Wantigvy + Wepv,?)
- [gl (’LL, U)Wu + g2(u7 U)Wv] 5
similarly,
Zt+)\1Z;E - 5Za;z_ (Zuuua:2 + ZZU’UU’I’UZ + Z'vaa:Z) - [91 (U'7 U)Zu + 92(% U)Zv] .
Therefore, in light of the assumption (8), we obtain
g1 ('LL, U)Wu + 92(“’7 U)Wv > 07 g1 (ua 'U)Zu + 92(“’7 U)Zv < 0
and hence
Wi+ XMW, <eWyppy, Zi+MZy 2> €25y 9)
If we consider (9) as the inequalities about the variables w and z, then we can
get the estimates W (uf,v°) < N, Z (u®,v%) > —N by the maximum principle
and thereby |u®(z,t)| < M, [|[v°(z,t)] < M for two positive constants M, N

which depend only on the L norm of the initial data. So we end the proof
according to Theorem 1.1 (ii). vf

Next we study the following Cauchy problem for the parabolic system related
to the LeRoux system [3] with sources:

{ w4 (W +v) + fu,0) = ey, (10)

v + (), + g(u, v) = evyy,
with the continuously differential initial data

u(z,0) = uo(x), v(x,0)=mwv(z) >0, (11)
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where the functions f(u,v),g(u,v) are locally Lipschitz continuous, ug(z),
vo(x), uh(x) and vj(z) are bounded.

Proposition 2.2. Suppose that f(u,v), g(u,v) satisfy

_u%\/mf(u,v)’ g(u’v)Z@f(u,v) ()

and g(u,v) = vh(u,v), where h(u,v) is a continuous function. Then the Cauchy
problem (10)-(11) has a unique solution (u®(x,t),v¢(z,t)) on R x [0,+00) and

|uf(z,t)| < M, 0<v°(z,t) <M V(z,t) € R x [0,400).

g(u,v) >

There are many functions f(u,v),g(u,v) which satisfy the assumption of the
proposition, since the inequalities (12) is equivalent to

g(u,v) > —uf(u,v) + v u? +4v | f(u,v)|.

For instance,

flu,v) = auvv/u? +4v,  g(u,v) = avlu| (u* + 4v) (Va > 0).
To prove the Proposition 2.2 we need the following two Lemmas.

Lemma 2.1. Let (u(z,t),v(z,t)) € C°(R x (0,T]) be the local solution of the
cauchy problem (10)-(11). Then uy(xz,t) and vy (x,t) are bounded on R x [0,T].
Proof. The solution u(z,t),v(z,t) of the Cauchy problem (10)-(11) can be rep-

resented by the Green function G*(z —y,t) = \/R exp {— (x;{)z } (see [4]) as

follows:
u(z,t) / G*(x —y,t)uo(y dy+/ / s) +v(y,s))Gy (v —y,t —s)
= fluly, s), v(y, ))GE(SC*y?t*S)dyds

v(z,t) / G*(z — y,t)vo(y dy+// —y,t—s)

79( (ya ),U( Y, ))Gg(zfyatfs)dyd&

/ G*(z —y, t)ugy(y dy+// (2uuy (y, s) +vy(y, s))

x t
G (e =yt — 8) — Fluly, s), v(y, ) G5 @ — gyt — s)dyds,  (13)
wlot) = [ G — b (w)dy + 0 / (uy 59) + oy 5:)
)

Thus

Define

w1 (t) = sup |uz(z,t)], wa(t) = sup |v.(z,1t)],
TER TzER
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then it follows from (13), (14) that

U<M+qf+/

m wi(s) + wa(s))ds,

w(t) < M+01\/¥+/0 \/%(M(S) + wy(s))ds

for two suitable large positive constants C7, Cs. Thus

wi(t) +wa(t) < C(T) + w1 (s) + wa(s))ds.

C
o Vi=5!
Hence
w1 (1) + wa(t) < C(T)e*CV?
by Gronwall’s inequality and this completes the proof of the lemma. o
Lemma 2.2. Assume that g(u,v) = vh(u,v) and h(u,v) is continuous. Then

the local solution (u(x,t),v(x,t)) € C°(Rx (0,T]) of the cauchy problem (10)-
(11) has the property v(x,t) > 0 on R x [0,T].

Proof. Let |u(x,t)| < N(T), |v(z,t)] < N(T). Then there exists o > 0 such
that |ug(z,t) + h(u,v)| < a. Set

N(T)(2? + CRt)

v(x,t) = |w(z,t) — B et
Direct calculations show that
N(T)x?
w(z,0) = vo(x) + % >0,
CN(T)Rt
w(R,t) = v(R,t)e” " + N(T) + % >0,
N(T)Rt
w(—R,t) =v(—R,t)e " + N(T) + C;# >0,
and
N(T)
Wy + UWy — Wy = R (CR+ 2zu —2)
N(T)(2®> + CRt
+ |ty + LR b (1)

Now we prove
w(z,t) >0 V(z,t) € R x [0,T].
If not, there exists (zg, tg) € (=R, R)x(0,T] such that w(zg, to) is the minimum
n [—R, R] x [0,T7], then w(zg,tp) < 0 and

wt(x07t0) S Oa ww(antO) = 07 www(antO) 2 07

we (o, to) + u(xo, to)wx (o, to) — Waz(xo,to) < 0.
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Whereas the value of the righthand side of (15) at (xg, %) is positive if C' is
large enough, this is impossible and hence w(z,t) > 0 on R x [0,7]. Thus
v(z,t) > 0 on R x [0,T] by letting R — oo.

Proof of Proposition 2.2. Let F be the mapping from R? into R? defined by

F: (u,v) — (u2—|—v,uv),

JF — (Qu 1>.
v u

Thus the eigenvalues of system (10) are

then

1 1
and the two Riemann invariants are
W(u,v) =u+ D, Z(u,v)=u—D,

where D = vu? + 4v. By simple calculations, we have

U 2 4v —2u 4
Wuzl -, Wv:*a Wuuziy Wu'u: 5 W’U’U:_ )
+ D D D3 D3 D3

U 2 4v 2u 4
Zu=1=—=,Zv=—=, Zuu=—Ty3+ Zuv = 533 Zov = 735

D D D3 D3 D3

we multiply system (10) by VW (u,v) and VZ(u,v) respectively to obtain
W (u,v)t + AW (u,v)e = eW(ty0)gr — € (Wuuqu + 2W o Ug Vs + WM,UIQ)
= [f(u, 0)Wo + g(u,v)W,)]
= eWgz — 5¥W(u7 V)gZ (U, )y

vu? + 4v
— [f(u, )Wy + g(u, v)W,]

and

Z(u,0)t + M Z(u,v)y = eZ(U,0)ge — € (Zuuug;2 + 27Uy Uy + Zm,vf)
- [f(uv U>Zu + g(”v U)Zv]
1
=€lpy + e———=W(u,v)Z(u,v),
u? +4v (1, )a 2 (1)
- [f(uvv)Zu + g(uvv)Zv} .

In view of the inequalities (12), we have

fu, )Wy + g(u,0)Wy 20, f(u,0)Zy + g(u,v)Zy <0
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and hence
1
W (u,v)e + oW (u,0)e < eW(t,0)gr — smW(u,v)xZ(u,v)x, (16)
1

Z(u,0)e + M Z(u,v)p > eZ(U,0) g0 + € W(u,v)e Z(u,v),.  (17)

Vu? 4+ 4o
Therefore, in light of Lemma 2.2, we can get W (u®,v°) < N, Z (uf,v®) >
—N by applying the maximum principle to (16),(17) and thereby |u®(x,t)| <
M, 0 < ve(z,t) < M for two positive constants M, N which depend only on
the L norm of the initial data ug(x), vo(x). So we end the proof according to
Theorem 1.1 (ii). o
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