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ABsTrACT. In this paper, some basic properties of the cohomology solution on
ring surfaces of genus g are presented, and the theorem of Dolbeault and the
theorem of Serre for the operator 9 = %dé are obtained. The index theorem
on such ring surfaces of genus g is also discussed.
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RESUMEN. En este articulo se presentan algunas propiedades béasicas de la
solucién cohomoldgica para superficies sobre anillos de género g y se obtienen
los teoremas de Dolbeault y Serre para el operador 0 = %dz Se discute el
teorema del indice para tales superficies.
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1. Introduction

A lot of research results have been obtained for the study of the compact
Riemann surface [1], [2], [4], [5], [7]. These results, however, focus mainly
on its function-theoretic property, but rarely on its topological property. In
this paper, we consider the topological property for a special complex compact
Riemann surface, namely, the ring surface with genus g. First in Section 2, we
discuss its cohomology group solution by presenting some basic properties of
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the solution. Then in Section 3, we investigate its index property and arrive at
two index theorems. And finally in Section 4, we study its spectral sequence
of the Dolbeault double complex form.

2. Some properties of the cohomology group solution on Tg2

Let T; be the ring surface of genus g, namely, a complex compact Riemann
surface. Let further © (T;) represent the sheaf of germs of holomorphic func-
tions on Tg2, and ©* (T;) the sheaf of germs of holomorphic functions which are
never equal to zero on ng_ Then, H' (T;, O (T;)) represents the holomorphic
line bundle group on T;, called Picard group of Tg2 and denoted by Pic Tg2.

For the compact Riemann surface T;, we have a sheaf exact sequence as
follows con ,

0—>Z—>®(Tg2) —>®*(Tg) — 0,

where Z is the additive group of integers.

From the above exact sequence, we can obtain the cohomology exact se-
quence

— H'(T3,0" (1)) = H' (T}, Z) — H' (T}, 0 (17))
TP HY (12,07 (T2)) 2 H? (T2,2) — .
Since Tg2 is the compact Riemann surface with genus g, we have
HY (12,0 (12)) =7, 1°(12,6°(12)) = 2.
H(T?, Z)=H*(T,), Z), H'(T?, Z)=2%,
And since H' (T}, ©* (T2)) = PicT, the above exact sequence becomes
—7—7% - Z, pier? L 7

Let Pic°T? denote the image of exp* and NS (T}}) the image of §, also called
Néron-Severi group [8] of T2, respectively. Then we have

g 3
Theorem 2.1. For the ring surface Tg2 of genus g, we have
C 02 2 2\
Pic’T) ~C9/Z%, NS (T7) ~ Z.
Now let us consider the following Dolbeault complex form on TgQ,
0— 0 (T2) & A% (12) L A% (12) 2 A%2(T2) — 0,
where A% (T?) is the sheaf of germs of complex smooth (0, q)-forms on T77

(g=0,1,2) and 0 = Zdz. Letting H* (g) represent the k-order cohomology
solution of the sheaf g, we have

Theorem 2.2. H' (0 (T2)) =~ H° (A% (T2)) /3 (H° (A*° (12))),
H* (6 (17)) =0, k> 1.
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Proof. Consider the mapping 9 : A0 (T2) — A%! (T?). Then kerd = © (172).
On the other hand, since 8 is a full mapping [6], namely, I,,0 = A%! (T2), the
sequence

2\ i 20,0 (2 9. A0,1 (72
OHG(Tg) — A (Tg) —A (Tg) —0
is exact. And from this exact sequence, we can obtain the cohomology exact
sequence

0 H (6/(T7)) & HO (A (1)) & HO (A% (7)) &
H' (0 (Ty)) — H' (A" (T7)) — -+
Note that both A®? (T7) and A%! (T7) are strong sheaves. Therefore, we have
S (A0 (12)) = HF (A™ (1)) =0, k> 1.
Consequently, the above exact sequence can be transformed to
0— HO(6(13)) = H* (A0 (17)) % HO (A" (13)) & H' (6 (17)) — 0
0— H*(©(T7)) — 0, k> 1.
Therefore, we finally have
H' (6 (Ty)) = H* (A" (T5)) /kerd = H? (A (T7)) /0 (H" (A" (T5)))
H* (0 (17)) =0, k> 1.
This completes the proof of Theorem 2.2. of
Next, let us consider the following Dolbeault complex form on T;,
0— Qb (12) LAY (12) L At (72) 2 A2 (72) =,
where Q! (T;) is the sheaf of germs of holomorphic 1-forms on Tg2, and AL4 (T;)
is the sheaf of germs of complex smooth (1, g)-forms on T} (¢ = 0, 1,2), respec-
tively. Since 0* = %dz, similarly, we have
Theorem 2.3. H' (Q' (T2)) ~ H° (A1 (T2)) /8" (HO (A0 (T2))),
HO (Q'(T2)) ~ kerd", H* (0" (T2)) =0, k> 1.
For the complex differential form on the Riemann surface Tg2, we introduce the
exterior differential operator d = 9 + 0, where

o)
0= g-dz A (T2) — APTHI(T7),

5_ 0 2 +1 (2
0= gdz: AP (Tg) — AP1 (Tg) .
On the other hand, using the Hermite gauge, we introduce the remainder dif-
ferential operator

5:—*d*:—*(8+5)*:v+v,
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where
V=—%0x: API(T2) — AP~ (T7),
V= — s 0u s AP (T2) — AP~ (T2).

Now let A = 2(9V + V) represent the Laplace operator of 0, and A =
2 (57 + Vé) the Laplace operator of 9, respectively. By simple calculations,
in fact we can arrive at that A = A A (fdz) = 0 if and only if A (fdz) = 0.
Therefore, we have

Lemma 2.1. The space of Harmonic forms on T7 is 1% (T2) ~ 110 (T2).
Theorem 2.4 (Serre dual). H' (© (Tg2)) ~ HO (Q! (Tg2))
Proof. Using the Dolbeault Theorem [4], we have
H' (0(17)) = Hy" (T7), H® (' (17)) ~ Hy" (T7) .
On the other hand, using the Hodge Theorem [4], we have
HY(12) ~ 0 (12), B (1) ~ 100 (72).
Then using Lemma 2.1, we have H' (0 (T7)) ~ H® (Q' (17)).

Theorem 2.5. HO (A! (Tg2)) /0 (HO (A%° (T;))) ~ kerd*.
Proof. From Theorem 2.2, we have
H (AY(75)) /0 (H" (A" (T5))) = H' (O (T5)) -
On the other hand, from Theorem 2.4, we have
H' (6(17)) = H* (2 (13))
Then from Theorem 2.3, we have H° (' (T7)) ~ kerd . ™
3. The index theorem on the ring surface of genus g

Now let us consider the Dolbeault complex form on T;
0= © (1) - A% (T7) 2 A (1) 2 A2 (1) — 0,
v v

where V is the dual of 9. Since the Laplace operator of 9: A = 2 (57 + 75) is
an elliptic differential operator, the above complex form is an elliptic complex
form with index being [6]

Ind () = 21; (—1)P dim Hy'? (T2)
= p;o (=1)P dim I1°? (T7?) = dim II%° (T7) — dim 11! (T7)

where g is the genus of 77 and dim 1% (T2) = g [3].
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The above index property can be generalized. Let p (T;) be the set of all
meromorphic functions on T7;. For a divisor D given on T;, we can define a di-
visor sheaf ©p = {f € u (T7) |(f) = =D}, where (f) represents the principal
divisor of f. If D = P is a point divisor, then ©p is the set of all meromorphic
functions which have at most a single pole at P. If D = 0, then ©p = © (T;).

Furthermore, let p* (T;) represent the sheaf of germs of the meromorphic func-
tions which are never equal to zero on T72. Then, p* (T72) /©* (T2) represents
a divisor presheaf, and the divisor D € H (u* (T7) /©* (T7)) represents a
family of D = (pi, i), where oy € p* (), i/ € ©* (U NU;), UU; = T
The exact sequence of sheaves becomes

0— 0" (Ty) — w (Tg) — w (1) /0 (Ty) — 0,
from which we can obtain the long exact sequence
0 H (U™ (13)) — H (U* (13) /6" (17)) > H* (0" (T}))

(U (1)) — 1 (U (12) /67 (T2) — 12 (6" (T2) = 0. (3

Recall that ©* (T;) is the sheaf of germs of the holomorphic functions
which are never equal to zero on T. Using a result from [6], we have that
H! (@* (T;)) is the first-order cohomology group of the holomorphic line bun-
dles which are never equal to zero on Tg2.

If the divisor D € H° (U* (T;) /O (T;)), then dD = [D] represents a holo-
morphic line bundle whose connectivity function is g;; = o;/a; € ©* (U; N U;).
Here, [D] is also called a holomorphic line bundle generated by the divisor D.
Since [D] is a complex line bundle, the first churn class Cy ([D]) € H? (T}}, Z)

and dim H' (©* (T}})) can be measured by the first churn number [6]. Since
any divisor D can be constructed by the point divisors, we have

Lemma 3.1. Suppose that D = P is a point divisor. Then [—P] = L,
where L is a natural line bundle on the Riemann sphere CP (1) ~ S? : L =
{(z,2°,2") |(2%,2") are the homogeneous coordinates of x on CP (1)}.

Proof. Since D = P is a point divisor, we can choose the Riemann surface
W =CP(1) = S8*=CU {0}

as the Riemann sphere. Note that C'P (1) can be covered by two open sets
Up = {[zo,zl] e P(1) |zO #0}

and
Up={[",z']eCcP)|z' #0}.

Choose the point P as P = [1,0]. Then, on Uy, construct a meromorphic

function ag ([2°, 2']) = 21 /2°, which has a single pole exactly at the point P
0 ([ ) ) gle p Yy b )
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and the divisor D = P. Moreover, let a; = 1 on U;. Then the connectivity
function of the bundle [P], defined on Uy N Uy, is go1 = ao/aq = 21/2°.

On the other hand, C'P (1) has a natural line bundle L, whose partial cross
sections on the two domains Ug and Uy are og = (1,2'/2°) and o1 = (2°/2%,1)
[3], respectively. And the connectivity function of the bundle L is defined by
0 =000 = (zo/zl) o9, namely, go1 = 2°/2z'. By comparing the connectivity
function of the bundle [P] to that of the bundle L, we have that the bundle [P]
is the conjugate bundle of the bundle L, that is to say, for the point divisor P~!
or —P connected to the single pole P, we can have [—P] = L. This completes
the proof of Lemma 3.1. of

Note that the first churn class of the natural line bundle L of C'P (1) is the
Kahler form on the complex manifold C'P (1), namely,

- A -1 A
Cl(L)z—aaln(l—i-zz) —t_defdz 1 dwhay
27 (14 2%) T (1+ 22 +y?)

and the first churn number (again denoted by Cy (L)) is

o (L)—_—l/ dxAdy // rdrdf 1
! ) (14 22 +12)° (14 r2)? .

S

Then Cy ([-P]) = C; (L) = —1, from which we have

Corollary 3.1. Suppose that the Riemann surface W has only a point divisor
D = P. Then dim H' (0* (W)) = C4 ([P]) = —deg (P) = 1.

Corollary 3.2. For any divisor D on W, dim H' (©* (W)) = Cy ([D]) = —
deg|[D], where deg|D] represents the degree of the divisor D.

From Corollaries 3.1 and 3.2, we obtain

Theorem 3.1. Suppose that D is the divisor on the compact Riemann surface
Tg2 of genus g. Then

dim H® (U* (T7) /©* (T})) — dim H" (U* (T}}) /©* (T}})) = deg (D) — g + 1.
Proof. From [6], we have the Euler number of the exact sequence in (3.2) is 0,
ie.,
X (H (U (7)) = x (H (U™ (Ty) /€7 (1)) — dim H' (&7 (T})) = 0.
From Corollaries 3.1 and 3.2, we have
dim H° (U* (7)) —dim H' (U*(T}))) — dim H° (U* (T})) /©* (T7))
+dim H' (U* (T72) /0" (1)) + deg (D) = 0. (3.3)

Then, inserting dim H (U* (T;)) =1 and dim H' (U* (T;)) =g [5] in (3.3)
leads to

dim H° (U* (T?2) /0" (T?)) — dim H' (U™ (T2) /0" (T?)) = deg (D) — g + 1.
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il

In particular, when the divisor D = 0, Theorem 3.1 reduces to the index
theorem represented by (3.1). Moreover, when the divisor D = 0, and the
genus g = 1, Theorem 3.1 reduces to Theorem 5 in [9].

From Theorem 3.1 we have

Theorem 3.2. Suppose that D is the divisor on Ty . If deg (D) > 29— 2, then
dim H' (U* (T2) /©* (T7)) = 0.
4. The spectral sequence of the Dolbeault double complex

form on the n dimensional complex ring surface T"

Combining the operators  and 0 on the complex ring surface T", we can
obtain the 0 — 9 double complex form

|
lo;l

AO,O (Tn) i AO,I (Tn) AO’2 (Tn)
10 10 1o

lc;l
|
lc;l

AI,O (Tn) Al,l (Tn) A1’2 (Tn)
1o 10 1o

lc;l

A0 (7m) 2o p21 (1) 2 A% ()
1o 1o 1o
Define
ZW(T™) = {£e A (T")| d¢ =0, 9¢ =0, i,j > 1},
B (T™) = {00A~ 1 (T) |i, j > 1},
HY (T™) =z (T™) /B (T™).
Then, obviously we have

Theorem 4.1. Givenr € N and r <n. Then
! ( o A <T">) = o H(AY(@TM)= o HY(I").
i+j=r i+j=r i+j=r
Given r € N. Let
Tr (Tn) = @ Ai,j (Tn)7

itj=r
and

FPT,. (T™) = o<e?<p AT 1 <p <.

Then we have

FPT, (T") < FPHT, (T < T (T™), (%)
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namely, F is a filter of T, (T™). Then we can obtain the commutative diagram
as follows

FPAT, (1) S FPT, 0 (T

In In
FPT, (T™) 2 FPeiT, o (T7)
|l |l

APTTP (T”) ﬂ, APtTLT—P (T”)
where 7 is an imbedding mapping, and 7 a natural surjection homomorphism,
respectively. From the short exact sequence

0— FPI(T™) L FPT, (T™) 5 APT7P(T") — 0

)

we can obtain the cohomology exact sequence

— %

N (Tn)i o Hi,r—i(Tn)L
0<i<p-—1 0<i<p

HPTP (Tn) L D Hi,rfiJrl (Tn) .
0<i<p
Furthermore, from the above exact sequence, using the Massey method [10] we
can obtain the Lerry spectral sequence

S mn V
{Epmp(T )7 85—}3 SZ 17
p,r—p
where
1 ny __ = n
Ep,rfp(T )pr p(T )7
v
1
Fpr—p
is the cohomology mapping induced by

Fpr—ps AP (TT) — APTZPEL(TT)

HP:T—P (Tn) — Hp,r—p-i—l (Tn)

and
v \%4
) ny 1 _
E}, ,(T")=H(E,, ,)=ker o, /Ima;,T_p_l
v \%4
s n s—1
e BS L, (T") = H (E5,L,) = ker 551 /Imas_l
p,r—p p,r—p—1

Here H is the cohomology functor.
Note that the filter (x) is finite, namely,

0=F'T.(T") C F°T. (T™) C--- C FPT.(T") C--- C F'T,.(T™) =T, (T").

Hence, from [10], we have that for 1 < p <r < n € N, there exists a certain
number s such that
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(1)
Epr—p (T") = E;,tl—p (T") =---.

(2)
By, (T") = FPH (T, (T")) /FP~ H (T, (T"))

p,r—=p
:FPH( @ AW (T")) /Fle( © AW (T”))
itj=r i+j=r
=F? @ HY((T")/FP' @ HY(T")

itj=r i+j=r

D Hi,rfi (Tn)/ @ Hi,rfi (Tn)
0<i<p 0<i<p-1

= HP"P(T")
=B _ (T").

p,r—p

Therefore, we finally have

Theorem 4.2. For the 0—0 double complex form on the n dimensional complex
ring surface T™, the Lerry spectral sequence

S mn V
{Ep7r_p (™), 7 } , s>1
p,r—p

converges to E} . (T™) = HP" P (T").
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