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ABsTrACT. The paper studies the special classes of the stationary and nonsta-
tionary solutions of VM system and their connection with the systems of nonlo-
cal semilinear elliptic equations with boundary conditions. Using the proposed
lower-upper solution method, we proved an existence theorem for a semilinear
nonlocal elliptic boundary value problem under corresponding restrictions over
the distribution function (ansatz RSS [52, 53]).
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ResUMEN. El articulo estudia clases especiales de soluciones estacionarias y
no estacionarias de sistemas VM y su conexién con los sistemas semilineales
elipticos no locales con condiciones de frontera. Usando el método de bajo-alto
demostramos un teorema de existencia para un problema eliptico semilineal
no local con valor de frontera bajo las restricciones correspondientes sobre la
funcién de distribucién (ver ansatz RSS [52, 53]) .

1. Introduction

At present, the investigation of the Viasov equation goes in two different di-
rections. The first direction is related to the existence theorems for Cauchy
problem and uses an apriori estimation technique as basis for research. The
second one implements the reduction of the initial problem to a simplified one,
introducing a set of distribution functions (ansatz), followed by reconstruction
of the characteristics for electromagnetic fields in an evident form.

This is a rather restrictive approach, since the distribution function has a
special form. On the other hand, it allows us to solve a problem in an explicit
form, which is important for applications.
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152 A. V. SINITSYN & E. V. DULOV

The statement and investigation of the boundary value problem for the
Vlasov equation are very difficult and have been considered in simplified cases
only (see. Abdallach [1], Guo [31], Degond [21]). Reducing it to the boundary
value problem for a system of nonlinear elliptic equations allows us to show
a solvability in some cases. Doing the same for the initial statement of the
problem is not that simple.

Nevertheless, both directions are related in terms of special structures used
for studying kinetic equations. For example:

e Energy integral is applied in both cases for obtaining energy estimations
in existence theorems and for construction of Lyapunov functionals;

e Virial identities in stability and instability analysis in special classes of
solutions of Vlasov equation.

It is known that the solution of Vlasov equation (see Vlasov [61, 62]) is an
arbitrary function of first integrals of the characteristic system (until now their
smoothness remains a complicated unsolved problem), defining the trajectory
of a particle motion in electromagnetic field

m;

=V, V=2 (E(r, t) + %V x B(r, t)) , (1.1)

where 2 (r,y,2) € Q2 C R,V 2 Ve, V,, Vo) € Q1 C R® — position
and velocity of a particle, F 2 (Ez, Ey,E.) — a tension of electrical field,

B = (Bz, By, B;) — magnetic induction and m,,q; — mass and charge of a
particle of i-th kind. For N-component distribution function, the classical
Vlasov-Maxwell(VM) system has the form

i 1 .
atf1+VVTfl+g%(E+cV><B>val0, 1=1,...,N, (1.2)
O FE = c curlB — j, (1
divE = p, (1
OB = —c curlE, (1.
divB = 0. (1

The charge and current densities are defined by formulae

N
= i AV, .
p(r,t) 471';(] /Qlf \% (1.7)

N
jlrt)y=4n> ¢ | fiVav. (1.8)
i=1 7%

We impose the specular reflection condition on the boundary for the distribu-
tion function

filt,r,v) = fi(t,r,v —2(vNq(r))Na(r)), t>0, re€d, veQ
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where Nq(7) is a normal vector to the boundary surface.

In applied problems, the impact of magnetic field is often neglected. This
limit system is known as the Vlasov-Poisson (VP) one, where the Maxwell
equations degenerate to the Poisson equation

N
Np=4rY g [ fidV, (1.9)
i=1 7

where ¢(r,t) — a scalar potential of the electrical field.
In general case the distribution function may be represented in the form

fi = fi(Hi1, Hia, ..., Hy), t=1,...,N, (1.10)

where H;; is the first integral (is constant along the characteristics of the equa-
tion) for (1.1).

In fact, it is not easy to select a structure of the distribution function (1.10)
which is connected with electromagnetic potentials aiming to transform the ini-
tial system into a simplified form. Hence, in practice, we are usually restricted
to energy integrals H; = —c;|V|? + ¢(r,t) or H? = —d;|V|> + ¢(r) as in the
stationary problem case (see Vlasov [61, 62]). Meanwhile, an introduction of
the following ansatz

Hy =i+ (Vida) + (AaV, V) + Y alby VvV (1.11)
m+k+j=3

generalizes the form of the distribution function. Here V = (V1, V2, V3) and
(4, V,V) are quadratic forms; the following ones are the forms of higher de-
grees. In this case matrices A;; and coefficients aiflk y should be connected with
the system (1.2)—(1.6) converting the first integrals for the characteristic system
(1.1) into Hj.

The first statement of existence problem of classical solutions for the one-
dimensional Vlasov equation has been given by lordanskii [37], and the exis-
tence of generalized (weak) solutions for the two-dimensional problem has been
proved by Arsen’ev [10].

The results of Neunzert [46], Horst [33], Batt [11], Illner, Neunzert [36], Ukai,
Okabe [56], DiPerna, Lions P. [22], Wollman [64, 65], Batt, Rein [14], Pfaffel-
moser [48] are devoted to existence of solutions for (1.2) and (1.9). Degond
[20], Glassey, Strauss [25], Glassey, Schaeffer [26-28], Horst [34, 35], Cooper,
Klimas [18], Schaeffer [54], Guo [31], Rein [50] concern its generalization to the
VM system (1.2)—(1.6).

Some rigorous results obtained recently (see Guo [31], Abdallach [1], De-
gond [21], Abdallach, Degond and Mehats [2], Vedenyapin [58-60], Batt and
Fabian [15], Braasch [16], Guo and Ragazzo [32], Dolbeault [23], Poupaud [49],
Caffarelli, Dolbeault, Markowich, Schmeiser [17], Ambroso [7]) are related to
analysis of (1.2)—(1.6), (1.2)—(1.9) on bounded domains with boundary condi-
tions.
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We have to mention that techniques used to prove the existence of solutions
of Cauchy problem for the VM and VP systems for (m € R v € R3) have
limited applicability on bounded domains. Hence a necessity to study VM and
VP systems with boundary conditions is valid. That is why before presenting
our own results, we have to outline some already published results on VM and
VP systems in bounded domains.

Existence and properties of solutions of the VM and VP systems
in bounded domains. In the case of spherical symmetry rather complete
results were obtained by Batt, Faltenbacher, Horst [13]. In the next paper by
Batt, Berestycki, Degond, Perthame [12] a family of “local isotropic” solutions
of nonstationary problem of the VP system for the distribution function

(U — Ar)?
2
teR, reDcR?, veR?, ®:R — [0,00), W:R® - R,
were constructed. Here U — potential and A — antisymmetric 3 x 3- matrix.

Under this assumptions, the VP system is reduced to the Dirichlet boundary
value problem for the nonlinear elliptic equation

flit,r, V)= <I><W(t,r) + ), U(t,r) =W(t,r)+ %, (1.12)

AW + 2|w| :47r/ <I>(W+;|v|2> dv, w = (w1, w2, ws) € R.
R3
The existence of the solution for the named problem is proved using the lower—
upper solution method.
The stationary solutions of the n-component VP system for the distribution
function depending on the energy integral f;(F) were studied by Vedenyapin
[58-60]. He proved the existence of a solution to Dirichlet’s problem

~Au(r) = d(u),  ul)|op = uolr), (1.13)

- 1
Y(u) = 47TZQk/ 9k (ka|v|2 + Qku> dv
k=1 /R

where an arbitrary function 1 satisfies the condition (i) +L4)(u) > 0. Here
u(r) — scalar potential, gx(-) — nonnegative continuously differentiable func-
tions, D C R?® — domain with a smooth enough boundary , ug(r) — potential
given on the boundary. If r € D C RP, v € RP, then the boundary value
problem (1.13) has a unique solution for arbitrary nonnegative functions g
(Vedenyapin [58]).

Rein [51] proved the existence of a solution of (1.13) by a variational method
under condition (i).

In the paper [15] Batt and Fabian studied a transformation of the stationary
VP system into (1.13) in general case, considering distribution functions de-
pending on energy f;(E) and on the sum of energy and momentum f;(E + P).
Using a lower—upper solution method (Pao [47]), they proved the existence of
the solutions of (1.13) under condition (i). Therefore the condition (i) became
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a primary condition to prove the existence theorems for the problem (1.13).
The general weak global solution of the VP system has been presented by
Weckler in [63].

Dolbeault [23] proved the existence and uniqueness of Maxwellian solutions

v 2
ft,z,v) = mp(aj)e oy ) (z,v) € QA xRN (1.14)
using variational methods.

A new direction in the study of the VP system is connected with the
free boundary problems for semiconductor modeling. Caffarelli, Dolbeault,
Markowich, Schmaiser [17] considered a semilinear elliptic integro-differential
equation with Neumann boundary condition

eAp=qn—p—C) Q, (1.15)
2o
i 0 09,

where local densities of electrons n(z) and holes p(z) in insulated semiconductor
are given by Boltzmann-Maxwellian statistics

n(z) = N exp(go(x)/(kT)) p(z) = Pexp(—q¢(x)/(kT))
Jo exp(a9/(KT))dz’ Jo exp(—q0/(kT))da’

C(z) — is given background, z € 2, © C R? a bounded domain. Using a
variational problem statement they proved the existence and uniqueness of the
solutions and showed that the limit potential is a solution of the free boundary
problem.

Concerning a study of the nonlocal problem (1.15), we recommend the paper
by Maslov [42].

Existence and properties of solutions of the VM system in the boun-
v

ded domains. If we change velocity v by its relativistic analogue © = JiHE

we have to face another complicated problem, since the classical VM system is
not invariance in the sense of Galilei and Lorentz.
Adding boundary conditions

E(t,xz) x Ng(z) =0, B(t,z)Nq(z) =0, t>0, xz e dQ (1.16)

to the system (1.2)—(1.8) we obtain a different problem statement. Here N is
the unit normal vector to 92 and reflection condition

fe(t,z,v) = fi (t,x,fz(x,v)), t>0, x € 08, v € R3, (1.17)

where 7 : R® — R3 — bijective mapping for x € 0. One of the most known
reflection mechanisms is a specular reflection condition of the form

o(z,v) =v — 2(vNq(z)) Na(z), x € 09, v € R3, (1.18)
or invertible reflection condition

o(x,v) = —v, x € 09, v e R3. (1.19)
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At present, only a few number of papers study the VM system in bounded
domains. For the first time the boundary value problem for one-dimensional
VM system has been considered by Cooper, Klimas [18].

In the paper of Rudykh, Sidorov, Sinitsyn [52] stationary classical solutions
(f1,--., fn, E, B) for the VM system of the special form (RSS ansatz)

fr(@,v) = v (—apv® + p1eUs (), vd + porUs(x))

1
E(l’) = a1 VUl((L'),
B(z) = —ﬁ(d X VU (x))

were constructed. Here functions ¢, : R? — [0, 00) and parameters d € R3\ {0},
ap >0, ui 0 (k€ {1,...,n},i € {1,2}) — are given; Functions U;, Uy have
to be defined. This approach (RSS ansatz) is closely connected with the paper
of Degond [20].

Batt, Fabian [15] applied RSS ansatz technique for the VM system with dis-
tribution functions ¢¥(E), ¥/(E, F'), ¢(E, F, P), where functions E(x,v), F(x,v)
and P(z,v) — are the first integrals of Vlasov equation (1.2). Braasch in his
own thesis [16] extended RSS results to the relativistic VM system.

Collisionless kinetic models (classical and relativistic VM systems).
In this area existence theorems (and global stability) of renormalized solutions
on bounded domains (when trace is defined on the boundary) were proved by
Mischler [44, 45]. Abdallah and Dolbeault [5] also developed the entropic meth-
ods on bounded domains for qualitative study of behavior of global solutions
of the VP system. Regularity theorems of weak solutions on the basis of scalar
conservation laws and averaging lemmas were proved by Jabin, Perthame [38].
Jabin [39] also obtained local existence theorems of weak solutions of the VP
system on bounded domains. For modeling of ionic beams Ambroso, Fleury,
Lucquin-Desreux, Raviart [8] proposed some new kinetic models with a source.
Existence theorems of global solutions of the Vlasov-Einstein system in the
case of hyperbolic symmetry were proved by Andreasson, Rein, Rendall [9].

Quantum models: Vigner-Poisson (VP) and Schrédinger-Poisson
(SP) systems. The paper of Abdallah, Degond, Markowich [3] considered
the Child-Langmuir regime for stationary Schrédinger equation. The authors
developed a semi-classical analysis for quantum kinetic equations passing from
limit h — 0 to classical Vlasov equation with special boundary “transition”
conditions from quantum zone to classical. New results were obtained for
Boltzmann-Poisson, Euler-Poisson, Vigner-Poisson-Fokker-Plank systems (like
existence and uniqueness of the solutions, hydrodynamic limits, solutions with
a minimum energy and dispersion properties).
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Mixed quantum-—classical kinetic systems. In the paper of Abdallah
[4] the Vlasov-Schrédinger (VS) and Boltzmann-Schrédinger systems for one-
dimensional stationary case are considered. Nonstationary problems for VS
system with boundary “transition” conditions from classical zone (Vlasov equa-
tion) to quantum (Schrédinger equation) are studied in the paper by Abdallah,
Degond, Gamba [4].

We study the special classes of stationary and nonstationary solutions of VM
system. Being constructed, such solutions lead us to systems of nonlocal semi-
linear elliptic equations with boundary conditions. Applying the lower-upper
solution method, existence theorems for solutions of the semilinear nonlocal
elliptic boundary value problem under corresponding restrictions upon a dis-
tribution function are obtained. It was shown that under certain conditions
upon electromagnetic field, the boundary conditions and specular reflection
condition for distribution function are satisfied.

2. Stationary solutions of Vlasov-Maxwell system

In this section we consider the system

6 q; 1 8 -

V'Efi(’f‘, V)+TTLZ(E+CVXB)WfZ(T7V) —O7 (21)
rotE =0, (2.2)
divB =0,

N
divE =473 g / fr(r, V)V, (2.4)
k=1
47 N
rotB=—Y g / V fr(r, V)AV. (2.5)
€= o

L . . ) . A
Here f;(r, V) — distribution function of the particles of i-th kind; r = (z,y, 2) €
€N,V 2 (Va, Vyy, V) € Q1 C R3 — coordinate and velocity of particle respec-
tively; E, B — electric field strength and magnetic induction; m;, ¢; — mass and
charge of particle of i-th kind.
We shall seek stationary distributions of the form

Jir V) = fi (~ealVE 4+ 60,V di 4+ ) = iR, G) (2.6)

and corresponding self consistent electromagnetic fields FE and B satisfying
(2.1)—(2.5). We assume that

i) fi(R, G) — fixed differentiable functions of own arguments; o; € R*,
d; € R? are free parameters, |d;| # 0; ¢; = c1; + lLip, Vi = co; + kitp, where
c14, C2; — constant; for all ¢;,1; the integrals

fidV, / V f;dV,
R3 R3
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are convergent. Unknown functions ¢;(r), 1;(r) have to be defined in such
a manner that system (2.1)—(2.5) will satisfies the relation (E(r),d;) = 0,
i=1,...,N. The last condition is necessary for solvability of (2.1) in a class

(2.6) for 8f;/OR|,—o # 0.

2.1. Reduction of the problem (2.1)—(2.5) to the system of nonlinear
elliptic equations. We construct the system of equations to define the set
of functions ¢;, ;. Substituting (2.6) into (2.1) and equating to zero the
coefficients at df; /OR and 8f;/0G we obtain

m;

E(r) = : 2.
(r) S, Vi, (2.7)
B(r) x d; = —”;fcvwi, (2.8)
(E(r),d;) =0. (2.9)
Here ¢;,1; — arbitrary functions satisfying conditions
(V(pi’di) :07 ’L: 17...,N, (210)
(Vipi,d;) = 0. (2.11)
Vector B is
>\7‘,(7") m;c
B(r) = dzg d; — [d; x v%‘]m, (2.12)

where \;(r) = (B, d;) — function which has to be defined. Having defined ¢;, 1;
such that system (2.2)—(2.5) is satisfied, we can find unknown functions f;, F, B
by formulae (2.6), (2.7), (2.12).

Unknown vectors Vi, Vi); are linearly dependent by virtue of (2.7), (2.8).
Then we shall seek ¢;,1; in the form

@i = c15 + i, Py = ¢ + ki, (2.13)

where ¢y, co; — constants. Because of (2.7), (2.8) parameters l;, k; are linked
by the following relations

[ S A S R (2.14)
a1qr my
b g, = 2y, (2.15)
my 7

From (2.4) with (2.7) we obtain the system

(2

N
87‘(’0&1‘ i
Np; = 7m-q E qk fe(r,V)HdVv. (2.16)
k=1 2

Since div[d; x V1);] = 0, then substituting (2.12) into (2.3) we have
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Taking into account (2.12), from (2.5) we obtain the system of linear algebraic
equations for V\;

N
Vi x d; = ?dimpi + %df qu/ V fedV. (2.18)
i k=1 U

To solve (2.18) it is necessary and sufficient due to Fredholm’s theorem (see [55])
that v; satisfies the equation

41 i
Py = —— BN g [ (Vidy) frdV. (2.19)
m;c P 1
Furthermore, vector
Ci(’l“)di +d; x J(T) (220)

is a general solution of (2.18) with

4 N
Soa [ Vv
k=1 !

C; — arbitrary function. Taking into account (2.13)—(2.15), it is easy to show
that functions ¢, 1 satisfy the system

J

[1>
“H

N
8mayq
AQO = qk fde, (2.21)
m ; N
4mq al
b= | vasav (222

withaéal,qéql,méml,dédy
Lemma 2.1. Vector d; x J(r) is a potential and a unique solution of (2.18)
satisfying condition (2.17).

Proof. Since v satisfies (2.22), then (2.20) is a general solution of (2.18). Due
to (2.17) we can set C; = 0. Therefore d; x J — unique solution of (2.17), (2.18).
We show that d; x J — potential. In fact
I‘Ot[di X J] = —(di,V)J + d(V, J),
where
(V,J)=0, (di, V)J = (d;, V)rotB = rot(d;, V) B.
Due to (2.12)

)\i m;c
(0908 = (05 9| G~ x w01 |
di m;c

(Vi d;) =0, (Vii, di) = 0.
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Hence rot[d; x J] =0, d; x J = V\;, and Lemma is proved. ]
Corollary 2.1.
Vi(r) =[d; x J(r)]. (2.23)
Lemma 2.2. Let b(z) = (by(z),ba(x),b3(z)), = € R3,
ob;  0b; .
= =1,2,3. 2.24
893] 3% ) (W) 94y 3 ( )
Then b(z) = VA(z), where
1
Az) = / (b(rz), z)dT + const. (2.25)
0

The proof is developed by straight calculation.

Corollary 2.2.
d; d ! ,
ﬁ)\i:ﬁ G+ (dXJ(T$)7.T)dT , i1=1,...,N, B —const. (2.26)
i 0

Result follows from Lemma 2.2, Corollary 2.1 and (2.15).
We are looking for the solutions (2.21), (2.22) satisfying orthogonality con-
ditions (2.10), (2.11). Assuming dy; # 0, i = 1,2,3 we shall seek solutions in

the form ¢ = p(&,n), v =¢¥(&,n)

- (y _ Z)+d?1(x _ y)
diz  dis dfl + d%g din  diz)’
|d1|d11d12 z Y JAN
=——— - =, dy = (dy11,d12,d13). 2.27
1 diz(d3y +diy) \din  dio 1= (s, ey o) (2.27)
Moreover the problem is reduced to the study of nonlinear (semilinear) elliptic
equations

N
No=pd aqr | fedV, (2.28)
k=1 J
N
8=y a [ (Vv (2:29)
k=1 2
where
A 9% 9%
d=d N=—+ —;
1 662 + 87’}2’
_ 8maq L drq w(d) = d?
~ muw(d)’  mcw(d)’ ©diz(d3 +d3y)

We notice that every solution (2.28), (2.29) due to (2.27) satisfies orthogonality
conditions (2.10), (2.11). From the preceding assertion it follows
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Theorem 2.1. Let the distribution function have the form (2.6). Then the
electromagnetic field {E, B} is defined by formulas

m
E(f) = — Vo,
)= 50 V¥ (2.30)

B(#) = 52{5+ /Ol(d x J(Tf),f)dT}[d x vw(f)];%j,
where 7 2 (€,1); B — const; functions (7), ¥(7) satisfy system (2.28), (2.29).
Let us introduce a scalar and vector potentials U(r), A(r),
E(r)=-VU(r), B(r)=rotA. (2.31)

Due to (2.7), (2.12) and (2.26) field {F, B} is defined via potentials {U, A} by

formulae
m

mc

where (A4;,d) = 0. Unknown potentials U, A can be defined in a subspace D of
smooth enough functions on the set @ C R? with a smooth boundary 9Q and
moreover to satisfy conditions

(VU,d) =0, (V(A, d), d) =0 (2.33)
and on the boundary
Ulaq, = uo(r), (A, d)|oq, = ui(r). (2.34)

Corollary 2.3. Let the distribution function have the form (2.6). Then the
VM system (2.1)—(2.5) with boundary conditions (2.34) has a solution

fi=fi (*0lz'|V|2 +c1i + 1" (r), diV + cai + kﬂ/J*(T)) )
where l;, k; satisfy (2.14) and (2.15),

m *
= 2aq VP (2.35)

mc

B= 52{,6’+ /Ol(d X J*(Tr),r)dr}[d X Vz/;*(r)]ﬁ,

47 N
J*(r)z—qu/ V fdv.
¢4 O

Functions ¢*,¢* belong to D and are defined from system (2.28), (2.29) with
boundary conditions

eloa, = —WUO(T), (2.36)

Ulog, = ~Lu(r). (2.37)
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2.2. Reduction of system (2.28)—(2.29) to a single equation.
Lemma 2.3. If
F(V+d,r)= f(=V +d,r), d e R3, (2.38)
then the following equality holds
j=d-p, (2.39)

where j = le V fdV or is the vector of current density; p = le fdV —or is
the charge density.

Proof. Making change of variables in integral le V fdV of the form V; =¢; +
d; (i=1,2,3), we obtain

/‘/;f(ur)dVZJl+J2+J37

where

J1 = d; f(€+d r)dg,

Jo 4+ J3 = / / / &f §z+drd§+/ / / & f(& +d,r)de.

It is easy to show that J3 = —J5 and (2.39) follows. ]

Taking into account Lemma 2.3, (2.28), (2.29) can be transformed to the
form

N

Ny = MZ aiAi, (2.40)
vd? N kg

N Z > A, (2.41)

=1
where A; = le fidV, i=1,...,N.
Let (&,7) € Q where € is a bounded domain in R? with a smooth boundary
0. We set a value of scalar potential on the boundary 0€:

(& n)loa = A(E,n). (2.42)

Lets consider two cases, when (2.40), (2.41) is reduced to one equation.
Case 1. l;=Fk;,i=1,...,N.

Lemma 2.4. Ifl; = k; and u* satisﬁes equation
a(d, o qu (v + L) (2.43)
with

Yi=c1i+co, t=1,...,N, u=¢+1,
a(d, o) = 2mq (4a*c® — d*) / (mc®aw(d)),
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then system (2.40), (2.41) has a solution
© = 0(d,a)u” + o, Y= (1 — 0O(d, a))u* — o, (2.44)

where
0(d, a) = 40’c?/(4a’c? — d?), 40’c* # d*.

Knowing some solution u* of the equation (2.43) being solved under the
conditions of Lemma 2.4 and the value of potential on the boundary ¢|sq =
A(€,m), we find ¢o by means of the solution of the linear problem

AQDO = O7
(2.45)

wolo = A&, 1) — Ou’|aq.
Hence, in the first case we transformed the problem finding the ”solving” equa-
tion (2.43) and linear Dirichlet problem (2.45). We have the following result.

Theorem 2.2. Let k; = 1;, i = 1,...,N. Then the VM system (2.1)-(2.5)
with boundary condition (2.42) has a solution

fi=fi (—ai|VI? + Vd; + v + Lu (€,m))
m

E= 2aq (©(d, a)Vu™(§,m) + Vo) , (2.46)

mc

d 1 o )
_ d2{6+/0 (d x J(T?"),T)dT}— [dx (V1= O(d,a)u(€m — )] 5

u*(€,m) — function satisfying “solving” equation (2.43); ~i, B; — const; =
(&,m) and po(&,n) is a harmonic function defined from the linear problem
(2.45).

Case 2. Iy = ... =In 21, ko = ... = kny = k, | # k. We notice that for
N = 2 cases 1 and 2 exhaust all possible connections between parameters [;
and k;. We construct a solution ¢, ¢ of (2.40), (2.41) satisfying condition

p+v=lp+ky. (2.47)

Let f; 2 fi(—ai|V|? + Vd; + ; + ;) be functions such that the following
condition holds.
(A). There are constants 7;, ¢ = 1,..., N such that

OqAi (1 +u +TZQz (vi+u)=0

for
O =4a2c*(1 —1) + d*(k — 1), =401 —1) + d*(k — 1)?

We remark that the corresponding distribution function satisfies the condition
of Lemma 2.3.
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Lemma 2.5. Letlo =l3 = ... = Iy 21, ko =ks = ... = kn =k, [ # k. We
assume that condition (A) holds. Then (2.40), (2.41) has a solution
k-1, L1
ey L e
where u* satisfies equation
Au = f Av(n + ), (2.48)
=l )+ eb(d, k)t '
1 d?(k — 1)?8mag? 9 9
=—, h=—————_= =4a°(1-0l, b=d*(k—1)k.
=3, o a1 Dl b=k

Proof. By changing ¢ = lu, ¥ = ku system is reduced to (2.48) due to (A).
Since
k—1 1-1
90 - k . l u, w k . l u,

then Lemma is proved. ]

From Lemma 2.5 we obtain

Theorem 2.3. Let asga/mo = ... = angv/mn, ke = ... = ky = k such
that k ¢ {O‘NqN 1} and condition (A) holds. Then the VM system (2.1)—(2.5)

with boundary condition (2.42) on the scalar potential v has a solution

fi=fi (| VI? + Vd; + v +u*),

_omk=1) o .
~ 2aq(k — l)v

—i 1 TF), 7)dT p— u* 7cm(1—1)
d2{ﬁ+/0(d><J( ), )d} [dxV ]qu(k—Z)'

Here u* satisfies (2.48) with condition

k—1m

u*og = - T A&, m), (2.49)

0B, i — constants, T 2 (&,m).

The problem (2.48), (2.49) at € — 0 has a solution u* = ug + O(e) where ug
is a harmonic function satisfying condition (2.49). Existence of other solutions
of (2.48), (2.49) can be shown using a parameter continuation method, results
of branching theory (see [57]).
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3. Existence of solutions of boundary value problem
(2.40)—(2.42)

We present the form of the distribution function. Let
fi =exp (_ai|V|2 +Vdi+’}/i+li90+ki’(/)) . (31)

Distributions of the form (3.1) have meaning in applications. Substituting (3.1)
into (2.40) and (2.41) and taking into account (2.13)—(2.15) and (2.39), we get
the system

2

N 7\ 372 &
Do=p) g (a> exp (% o )exp(liw + ki),
k=1 v

)

(3.2)
P 7\ > ki
LY=o~ ; 4 (041') exp ('Yi + 4ai)exp(li<ﬁ + k‘ﬂﬁ)z-
Introducing the normalization condition
/ [dVde =1, (3.3)
Q Jr3
i=1,...,N; QCR% z2 (),
we transform (3.2) into
N -1
Ap = MZ giexp(lip + ki) (/Q exp(lip + kﬂ/f)dx) ;
i=1
(3.4)

(2

2v Lk -
A = Do ; QiTeXp(li@ + ki) (/Q exp(lip + kiqb)dx) :

Consider the general case, when it is not possible to transform (3.4) into one

. . . . A
equation. Without loss of generality we can consider that lo # ko; ¢ = q1. Let
g <0,q >0,7=2,...,N. Introduce new variables

u=p+v, uw=—(Lpy+kv), i=2,...,N. (3.5)

Using (3.5) taking into account of boundary conditions (2.36)—(2.37), we obtain
the system

N
—Aui:ZC’ijAj, ’L':L...,]V7 (36)
J=1

where

—1 —1
Alze“l(/ e“ldx) , Aj=e (/ e_“fdx> , j=2,...,N,
Q Q
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a; 1 (dl,dl)
Ci; = g\ 1 — 5555445 ), Zi=—7,
T w(dy) my la |q]( 2d3 c? J) o

u; =ug;, Tr€O0Q, i=1,...,N. (37)

It is easy to check that (3.4) and (3.6) are equivalent in the sense that solutions
of (3.6) completely define solutions of (3.4). In fact o, are defined via uy, us,
because ls, k2 and u; are linearly dependent for i = 3,..., N. Here we assume
that ug; € 02+a, N e 02—&-04’ a < (0, 1)

We give auxiliary results.

Lemma 3.1. Let
N N
ZCij >0, (ZC” <0>
j=1 j=1

Then

N
Fz(u) = ;C”A](u) 2 O, U; Z Iré)lgluOi,
N

Proof. It is easy to see that [, Fi(u)dz = Z;\le Ci; > 0. Moreover the set
QF = {z € Q: Fy(u(z)) > 0} is nonempty. We denote with Q= = {z € Q:
F;(u(z)) < 0}, and we show that Q= = (. Hence, on one hand, F;(u(z)) =0
where x € 0f), and on the other hand,

—Aui(z) = F;(u(z)) <0, x €.

Thus, u; is bounded in Q and it attains its maximum on 9Q = Q\Q, i.e.
max,cqu(x) = u(zo), xo € 0. However, since the function F;(u) decreases

for fixed ([, e‘“jdx)_l, then we obtain F;(u(x)) > F;(u(zo)) = 0, so & €
Q contradicts definition of the set Q. Analogously case Z;\le Ci; < 0is

considered as well (see [41]). The lemma is now proved. oif

Lemma 3.2 (Gogny, Lions [29]). Let

m&x(u —v)(z) = (u—v)(zo) > 0.

-1 -1
et(®o) (/ e“(x)dx> > (@) (/ e”(x)dx) )
Q Q
—1 -1
e—u(mo) (/ e_“(T)dx) < e—v(ro) (/ e—v(x)dx) )
Q Q

Then
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We define the vector-function v(z), w(z) € C*(Q)N NC(Q)N as a lower and
upper solutions of (3.6) (3.7) in the following sense

et

Az< 7 i SFz ) Qa
v Zij s 1er”1dx (v) T €

7’U‘ v
el1

N
_A'UJZ Z Z 7 f e_de + O’L'l f ewldx 2 Fi('UJ), T € Q,
j=2 Q

v; < Upj, W; > UQg, z € 0N (39)
with v = (v1,...,on), w= (wy,...,wN).
It is easy to show that A;(u) is invariant under a translation on the constant
vector, therefore (3.9) can be changed to

Theorem 3.1. Let there exists a lower v;(z) € C*(Q) N CY(Q) and an upper
w;(x) € C%(Q) N CYH(Q) solution satisfying inequalities (3.8), (3.10), such that
vi(z) < wi(x) in Q. Let ug; € C*(0). Then (3.6), (3.7) has a unique
classical solution u;(x) € C?*T(Q) and moreover v;(z) < u;(z) < w;(z) in Q,

i=1,...,N.

Proof. Let z;(z) € C(Q) be given functions, v; < z; < w;. We define the opera-

tor T cyN - C’( Q)N by formulae v = Tz, z2(z) €
€ C(Q)", where u = (uy,...,uy)’ is a unique solution of the problem
—NAu; = Z CijA;(p(2)) + q(z) 2 Fi(z), u; = Ug;, T € 0L, (3.11)

where p(z) = max{v7 min{z, w}},

Wi —24
1;ZZL7 2z 2 Wi,
K
q(zi) = 0, v < 2z < Wy,
Vi—Z;
17+z.277 Vi < Zi-
B

It is evident that the function F (z) is continuous and bounded. Then due to
smoothness of 92 and boundary conditions, (3.11) is only solvable in C**+(Q)V,
ie. u(z) € C1**(Q)N. Here we used Theorem 8.34 from [24] Due to com-
pactness of embedding C'T*(Q) ¢ C(Q) and continuity of F(z), it follows
that the operator T is a completely continuous (compact) operator. Then by
Schauder theorem (see [66]), the operator 7' has a fixed point u = Tu with
u e C(Q)N. On the other hand, since u € C***(Q)N, then F(u) € C*(Q)N
and from classical theory it follows that u € C2T¥(Q)N.
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Now we will show that v; < u; < w;. We suppose that there exists a number
ke{l,...,N} and a point zy € Q such that

(v — ug)(zo) = mgx(vk —up) =¢€>0.

Evidently, o, due to (3.9), can not belong to the boundary 9€2. Then, due to
the maximum principle, we have a contradiction

ew (o) e~ wi(zo)

W+Z YT

0< A(Uk — uk)(xo) < Ci1

eP(u1)(zo) p(uj)(zo) (ug, — vg) (o)

C < 0.
Jq ertu)da Z kg er P(us)dx + 1+ ui (o)

—Cni———

Thus, v; < u;. Analogously, the proof of the inequality u; < w; follows.

We assume that there exists a number [ € {1,2 N } and a point yo e
such that there are two solutions u', u? of (3.6), (3 7) uf =ui, i # 1 ul(yo) >
u?(yo). Using Lemma 3.2 a contradiction arises again to contradiction: 0 <
A (ull — u?) (yo) < 0, which proves uniqueness. The Theorem is now proved.

o

We construct an upper and lower solutions of (3.6), (3.7). Let Zj\;l Ci; > 0,
i =1,...,N. Then from Lemma 3.1 it follows u; > 0. First, we construct an
upper solution of the form: v; = 0,

. Cal
Aw; = Zf e widm erwldx’

(3.12)

wiloa = IiI,lgf)Z{ Upi = Wo (3.13)

with z = (£,17) € © C R% From (3.8) it follows that w; must satisfy the
inequalities

N
> Cijem —[Cale™ >0, i=1,...,N. (3.14)
j=2
Consider the auxiliary problem
-Ag =1, gloa = wo.

We assume that Q(domain) is contained in a strip 0 < 21 < r and we intro-
duce the function g(x) = wp + e” — e**. It is easy to show that A(q — g) =
=—-e4+1<00n,qg—g=c¢e" —e* >0 on JN. Therefore, according to
maximum principle (see [24]) ¢ — g > 0, if € Q and

wo < g(x) Swp+e” — 1= M. (3.15)
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We denote with z; = const > 0 in (3.12). Then from (3.12) and (3.15) we
obtain w; < Mz;, w; = zg(x) and (3.12), (3.13) is equivalent to the following
finite-dimensional algebraic system

ICal &,
Zf e Zﬂdx fgezlgdx = Li(2).

Let us introduce the norm |z| = maxj<;<n |2;|. Then, due to (3.15) we obtain
the following chain of inequalities

IL(z)| < max Zf Cy __1Cal

—Zj z
o€ i9dx er 19dx

Si max ZC”eM‘ L~ |Ciy|e~ M= (3.16)

where || = mesQ, Q C R?.
Lemma 3.3. Let Zjvzl Ci; > 0. We introduce notations

N
A . [¢73 2
E Cii = a; Ci1| = b; min — =a” > 1.
s ij Qs ‘ i | 75 1<i<N bz
]:

Let the inequalities
1 |€2]
i b < ma, i=1,... N 3.17
aa i< 57 no, 4 ( )

hold. Then the equation Lz = z has a solution with z; < ﬁ Ina and functions
v; =0, w; = z;g(x) are a lower and upper solutions of the problems (3.6), (3.7).

Proof. Let |z| = R. From (3.14) it follows
ae” ME _peME >

with R < 47 Ina. Substituting a maximum value R = 77 Ina into (3.16), it is
easy to check that (3.17) gives an estimation |L(z)| < |z| and the existence of
the fixed point Lz = z follows from Brayer theorem (see [66]). vf

Let now Zjvzl Ci; <0,4=1,...,N. Analogously, the latter suggest the
following result.

Lemma 3.4. Let Z;\f:l Ci; <0, %2 = minj<;<n(bi/a;) > 1 and suppose that
inequalities

b; Q
b oy < 1

3 InB, i=1,...,N (3.18)
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hold. Then, the functions v; = —z;g(x), w; = 0 are a lower and an upper
solutions of (3.6), (3.7) with z; = —L;(—=z).

It follows from Theorem 3.1 and from smoothness of the function F;(u) under
the fixed functional coefficients ([, e~ dx)_l7 that there exists a constant
M(v,w) > 0 such that %Fi > —M with 4,7 = 1,...,N. Moreover the
mapping G : C(Q)Y — C(Q)Y defined by formulae Gju = F; + Mu; will be
monotonic increasing in u; because of the monotonicity of the coefficients. Let
Ty : z = Ty z,be an operator with

—Nzi+ Mz; = Gyu > 0, Zi|6Q = UQ;- (3.19)

Due to the maximum principle z; > 0 (ug; > 0), thus operator T} is positive
and monotonic. Moreover, 77 is completely continuous and it can be proved
in the same way as we did for operator T. It is evident, that v < Tyv and
Tyw < w. We notice that a cone of nonnegative functions is normal in C(£2).
Therefore due to uniqueness (Theorem 3.1), we can apply the classical theory of
monotonic operators (see. [40]) for problem (3.19) and we obtain the following
result.

Theorem 3.2. Operator T has a unique fixed point v = Thu, v; < u; < w;,
where for any yo 1 v; < yo; < w;, successive approximations Ypy1 = 11y, are
uniformly convergent to u.

Corollary 3.1. We define successive approzimations in the following way
ud =0,
=AUt Mt = Fi(u™) + Ma,

+1 s _ .
w' " ogmug, 1=1,2, n=0,1,..;

ALk mi n 2 n
up = (22 — zi)ul + (2 —2z)uy |, k=3,...,n.
¥ mg(z2 — 21) | lq1]aa ! Q202 2
Then {ul'}, i =1,...,n are monotonic and uniformly convergent to the solution

of (3.6), (3.7).

Remark 3.1. In the case n = 1, boundary value problem (2.55), (2.56) was
considered in Gogny, Lions [29], Krzywicki, Nadzieja [41].

4. Existence of solution of nonlocal boundary value problem
(2.40), (2.41), (2.36), (2.37)

Consider plasma on domain 0 C R? with a smooth boundary 9Q € C' consist-
ing of N kinds of charged particles. It is assumed that particles interact among
themselves only by means of their own charges qi, ..., qy € R\{0}. Every par-
ticle of i-th kind is described by the distribution function f; = f;(x,v,t) > 0,
where ¢t > 0 — time, 2 € € — position and v € R? — velocity. Plasma motion
is described by the classical VM system (2.1)—(2.5) with boundary conditions
(2.34). We impose the reflection condition (1.17) for distribution functions.
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In this section we studied stationary solutions (f1,..., fn, E, B) of the VM
system of special form

fi=Fi (—a¢v2 + c1i + Lip(z), vd; + ¢ + kﬂﬁ@)) ) (4.1)
m

E(z) = ﬂqup, (4.2)

Bla) =~ 5 (dx Vv) (4.3)

where functions f; : R2 — [0,00] and parameters d € R3\{0}, a; > 0,
C1iy C2is liy ki (see formulae of connection (2.13)—(2.15)) are given, and functions
p,% have to be defined. In Section 3 by the lower-upper solutions method,
the existence theorem of classical solutions of boundary value problem (2.40)-
(2.42) is proved for the distribution function fi = exp(p + ). In the proof of
the existence theorem 3.1, we essentially applied the monotonic property of the
right parts of (3.6). In the general case of distribution function (4.1) system
(2.40), (2.41) does not have good monotonic properties and therefore we can
not apply techniques of lower and upper solutions for nonlinear elliptic systems
in a cone developed by Amann [6]. Therefore we show existence of solutions
of the boundary value problem (2.40), (2.41), (2.36), (2.37) by the method of
lower-upper solutions without monotonic conditions. We notice that the ap-
proach (4.1)—(4.3) is connected with papers of P. Degond [20] and J. Batt, K.
Fabian [15]. In these papers they introduce integrals E, F'(z,v) and P(z,v) of
the Vlasov equation and solutions of the VM system for the distribution func-
tion (i = 1 — particles of single kind) of the form f(E), f(E,F) or f(E,F,P)
are considered. The case of the distribution function of f (E, P) and particles

of various kinds (species ¢ = 1,..., N) in these papers are not considered.
Thus we consider the boundary value problem (2.40), (2.41), (2.36), (2.37).
Let ¢ < 0 (electrons), ¢; > 0 (positive ions), ¢ = = 2,..., N. Then (2.40),

(2.41) takes the form
8magq ol
Np=—-|qA; — i|A; )= R, 4.4
o= ity (o= L lal4,) (4.4
dmg  d? a k;

A= ———(qA; =Y g A )= R 4.5
b= e (a4 - 3 Plad (1.5

i=2
where A; = [, fidv, i =1,...,N, and f; is ansatz (4.1).

Remark 4.1. In case k; = [; system (4.4), (4.5) is transformed to one equation
and we may use Theorem 3.1.

Theorem (McKenna-Walter [43]). Let Q C RY - bounded domain with bound-
ary 00 € C** for some p €]0,1[. Let h : Q x RN — RYN satisfy the following
smoothness conditions: ¥Yr > 0 there exists Cy > 0 such that Vz,z1,z2 € Q and
Yy, y1,y2 < 1



172 A. V. SINITSYN & E. V. DULOV

I. Inequalities

h(1,y) = Mg, y)| < Crley — waf",

|h(£177y1) - h(m7y2)| < Cr|y1 - y2| hold 5

IL. There exists an ordered pair (v,_w) of lower v and upper w solutions, i.e.
v,w € CHOONNCHON, v <win Q, v <0 < w on 99,

Ve e Q: Vz e RY v(z) <2z <w(®), 21 = vp(x) : Avg(z) > hy(z, 2)
and
VeeQ: VzeRY, v(z) <z<w@): 2 = wy : Awp(z) < hi(z, 2)

for all k € {1,...,N} (Here the vector inequality v(z) < z < w(x) means a
component wise comparison). -
Then there is a solution u € C**(Q)N of the problem

Au=h(-u(-)) in Q

u=20 o0

such that v < u < w in Q.

Because the right parts in (4.4), (4.5) are nonlocal, then we give sufficient
conditions on functions fz in order to make possible applying McKenna-Walter
theorem.

Lemma 4.1. Let a > 0 and f:R2 = [0,00] satisfy the following conditions:
1. feC'(R2);
2. f and f' are bounded and there exists Ry € R such that
supp (f) C [Ro, oo[xR.
Then the function ha,f :R? — R?, given via

4dmq 20q . )
hayf(u) = 7mw(d) /R3 ( Lk > f (—av +u1,vd+u2) dv

c2 ll

is continuously differentiable and there are R, Cy,Cs such that
0 Ch(ug + R)Y?
( ) SWOE .
702(’&1 + R)%_ Og(ul + R)%'_
for any function u € R2.

Proof. Transforming into spherical coordinates

vy = psin®cosp, vy = psinOsiny, vz = pcosO,
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we obtain
! A(u)—M f(—a02+u vd + us) dv
af Y me2w(d) Jgs b 2

COpTT 2T
= P(q,a,d, m)/ /O/ [ (—a@? +u1, 0k(p, ©) + uz) sin(0)p?dpdOdyp
0 0

) [ [ e oG )
x sin(0)(u1 — s)v/(ur — s)dpdOds
— W/jl Ki(s,u1 — s,u2)(u1 — s)\/(u1 — s)ds,

where
k(p,©) = dy cos(p) sin(O) + dz sin(p) sin(O) + ds3 cos(O)

and
T 27
Kl(s,t,go)z// F(s, 0 k(p, OVt + ) sin(©)dpd®.
0Jo

Similar expressions are satisfied for hi F and K (s,t,¢). Due to condition (2)
kernels K7, Ko are bounded, and applying Lebesgue dominated convergence
theorem, it is easy to prove that h i€ ct (R2)2. o

Theorem 4.1. Let Q C R? — two-dimensional domain with boundary 02 €
e C¥#, 1 €)0,1]. Let fi,...,fn : R2 — [0,00[ satisfy conditions (1), (2)
of Lemma 4.1. Then the problem (2.40), (2.41), (2.56), (2.37) has a smooth
solution ¢ € C? (Q), W € C? (Q) Moreover, the distribution function fy €
ct (Q X R3) generates the classical stationary solution (f1,..., fn, E,B) of the
VM system of the form (4.1)—(4.3) in Q.

Proof. Consider the system (4.4), (4.5). The right parts in it may change sign
depending on relations
AL gAr = 0, gl As = Glg. A) > 0 = gAr > L, |ail A > 00, T |ail As.

A2 qA1—E£12 lgi|Ai = G1(q, A) <0 = gA; < Zf\iz lgi|Ai < Ziz T |qi] As.
Here
ks . [ (di,d
T = min{li}: mln{ ( dfozza}’

T = max{];;}: max{ (%éiza }

It follows from Lemma 4.1 and conditions (A1), (A2) that right parts h', h?
of (4.4), (4.5) satisfy smoothness conditions of McKenna-Walter theorem and
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that there is an R > 0 and matrix (2 x N) with positive components such that

~Xa,<o il Grl(lun + RS > a0 c1il Gl(liug + R)i/2
< h(u) <

- ZG>0 CQi‘GKliul + R)i ZG1<O CQi|G1|(li’UJ1 + R)ﬁ_

for all u € R2. Now we continue with the construction of lower-upper solutions
(v, w) of (4.4), (4.5), (3.6), (3.7). Let us introduce the following notations

It =min{|l;| | {; >0}, 1~ =min{|l;| | <0} and [ =min(I",17).

We define a lower and an upper solution in €2

—€lT
v = 2
AL Ef\il 2 |G| (1 + ll;) R?
and
el™
w =

~ATTSN G (1 + ”;>2R2
and on the boundary
v; < ug;, w; > ug;, x € 08
with v = (vy,v2)",w = (w1, ws). Assuming that the right parts hl(-), h?(-) of

(4.4), (4.5) are invariant under a constant vector translation, we can change
the last conditions to the following ones

v; <0, w; >0, x € 0N.

Moreover operator A~! is defined with respect to zero boundary conditions
and v <0< win Q.
Due to the previously given estimation for hy and conditions (A1), (A2), we
obtain
Av; =0> h}c(’Ul,Zg), z9 € R,

Awlzogh}-(w1,22)7 29 GR,

N
Avy > enilGl(lizy + R > h3(21,02), 21 € [v1,w1]

i=1

and
N
Nwy < — ZC2Z|G|(ZZ’21 + R)i < h?(zl,wg), 21 € [vl,wl].

i=1
Thus existence of solutions U € C%#(Q), U = (p,1)" of (2.54), (2.55) (respec-
tively (2.40, (2.41)) (2.36), (2.37) follows from McKenna-Walter theorem and
it proves Theorem 4.1. o
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Remark 4.2. Existence of stationary solutions for the relativistic VM system
has been proved in the dissertation of P.Braasch [16] using RSS [52] ansatz.

5. Nonstationary solutions of the Vlasov-Maxwell system

5.1. Reduction of the VM system to nonlinear wave equation. Let us
consider the nonstationary VM system (1.2)—(1.6) for an N-component distri-
bution function with the additional condition

N
Zﬁf/ {E—i—i[VXB]}-VVfidVZO‘ (5-1)
i JR3

i=1
We shall look for distribution functions of the form
fi=Tfi (—Oéi|V|2 +Vd; + Fi(T, t)) R d; € R37 o; € [07 OO) (52)

and the corresponding fields E(r,t), B(r,t) satisfying equations (1.2)—(1.6),
(5.1). If functions F;(r,t), vectors d; and vector-functions F, B are connected
among themselves by relations

oF; | a4
b g ) =o, 5.3
o+ L) 5:3)
2000 ,
vE, - 22ip, Y% pyg)=0, i=1,...,N, (5.4)
m; m;c
then functions (5.2) satisfy (1.2) and we have the following equations
oF;, 1
Fi, d;) =0, .
5 +2ai(V )=0 (5.5)
ofi 1
a T E(vfzvdz) =0. (5.6)

Introducing auxiliary vectors K; = (Km(r, t), Kiy(r,t), Ki(r, t))7 we transform
(5.4) to the system

Qv as
VE - 2% g g (5.7)
mg
di
B x d;] = —K;. 5.8
L 15 x d (58)
We notice that equation (5.8) is solvable with respect to vector B, iff
(K, d;) = 0. (5.9)
We define functions F;(r,t) and vectors K;(r,t) as
F;, = )\i—l—liU(T,t), (510)

where \;, k;, l; — constants, I; = k1 = 1. Then from (5.7) and (5.8) follows that

E(r,t) = %(WU — kK, (5.12)

Zq’L
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v k;m;c
where 7;(r,t) = (B, d;) are still arbitrary functions. Let
I, = by = L Qi (5.14)
a1q1 My
Oéidl :Oéldi, QY1 = 1%, 1= 1,...,N. (515)
Then m
E(r,t)=—(VU - K 5.16
(1) = 5o (VU = K) (5.16)
vy me
where the following notations are introduced
m = m, ala, d2d, vE .

Moreover K L d. Due to (5.3), (5.9) the function U(r,t) satisfies the linear
equation

ou
Having defined U, K such that the Maxwell equations (1.2)—(1.5) are satisfied
for the distribution function

fi=fi (—a|VI* + Vdi + N + LU(r, 1)), (5.19)
we can find unknown functions f;, E, B using (5.16), (5.17) and (5.19).

Lemma 5.1. Densities of charge p and current j defined by formulae

N N
prt)=tr [ Safave o =ar [ Y avhav
R R

are connected among themselves by the following relation

1
j= %dp +1otQ(r) + V' (r), A%(r) = 0. (5.20)
The equality (5.20) follows directly from the continuity equation

dp
—r = 21
5 +Vxj5j=0 (5.21)

and 5 )
I

— 4+ —(d = .22
L+ 5o (d,Vp) =0, (5.22)

which is a corollary of (5.6).
Substituting (5.16), (5.17) into (1.3), (1.5) we obtain

N
AU = divk + 274 Y4 / £dv, (5.23)
moi3 0 JR3
(d, V) + %(d, rotk) = 0. (5.24)
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Due to Lemma 5.1 and taking into account that rotQ(r) + Vi° = 0 (it can
always be assured by calibrating)

d
/ ViV = = | fav. (5.25)
R3 2 R3

Thus after substitution (5.16), (5.17) into (1.2) we obtain the relation

a2 0 2 d?
o (VU-K)+

Vy xd= dqu/ £:dV — Cr0t[K x d]. (5.26)
q

Having used Fredholm’s alternative, we set the function U(r,t), and from the

condition that its solution Vv is a gradient of function ~(r,t), we find K(r,t)

as a function of U. Thus from the solvability condition of (5.26) with respect

o0 (3.18), we obtain

0*U  2mqd? N 2.
= ;q /R f:dV + AdivK. (5.27)
Due to (5.23), (5.27) is transformed into
’U 2
S =au+ T (@2 - 40%?) Zq / £dv. (5.28)

Now we apply (5.28) for solvability of (5.26). If a function U satisfies (5.28),
then (5.26) is satisfied and moreover

1>

v me md® 0 1
Vy=—=d+ |d ——rot|K xd|+ —— —=(VU - K) ;| =
7T +{X{ qro[ ><}+20ch825( )HdQ
where v(r,t) = (V7,d) is arbitrary. It follows from (5.29) that the vector field
F(r,t) must be irrotational. Since U satisfies (5.18), we define K in a class of
vectors satisfying condition

F, (5.29)

K
Qaaa—t +(d-V)K =0. (5.30)
Then d x rot[K x d] = —2a[d x 0K/0t] and (5.29) is transformed into
v 0K 0 m
= —d+ |[dx < (40P — d? +d? —. 31
Vv e +|: x{(ac e 5 atVU Sacad? (5.31)
Up to an arbitrary function b(U) and arbitrary vector-function a(r), we can set
d2
Then y
Vv = ok (5.33)
If

WU) = (VU alr) = Taolr),
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where Vo L d, then (5.32) satisfies (5.30). The proof is developed by direct
substitution (5.32) into (5.30) taking into account (5.18). Thus

d? 1
where Vi L d satisfies condition (5.30). Moreover it is evident that K L d. If
Dgpo(r) =0, (5.35)

then for any U(r,t) satisfying (5.28) the vector-function (5.34) satisfies (5.23)
which can be shown by substituting (5.34) into (5.23). We show that in (5.33)
v =0. In fact

(d,10t(VU,d)) = (d, V(VU,d) x d) =0

for an arbitrary U, (d,rotK) = 0 and due to (5.24) d L V~. Hence in (5.33),
v =0, implying Vv = 0, thus -y is constant.

It remains to show that functions (5.16), (5.17) where U (r,t) satisfies (5.28)
and K (r,t) is expressed via U and ¢ by formula (5.34), satisfy (1.4). ;From
substitution (5.16) and (5.17) in (1.4) we obtain the chain of equalities

m ([ 1[0K 1

M{;[WJ « d] + irot((VU, d)d)}:

m ou 1
m [v<6t + %rot(VU, d)> xd] =0.

Remark 5.1. If (5.20) holds, then the function v # const, Vy = d X rotQ.
Hence it follows:

Theorem 5.1. Let f;(S) — the arbitrary differentiable functions, moreover
/ fz(—‘V‘Z +T)dV < 00, Te (—OO,+OO), Q; € [0700)7 d; € R37
R3

A A
aid:adi, o =, d:dl,

then every solution U(r,t) of the hyperbolic equation (5.28) with condition
(5.18) corresponds to a solution of the system (1.1)-(1.5) of the form

fi=fi (FalVP + Vdi+ X + LU (r,t)) (5.36)
B= %d + W[V(U + po(r)) x dJ, (5.37)

E= m {V (40*U + d*po(r) — (VU,d)d) } , (5.38)

where po(r) — arbitrary function satisfying Npg =0, Vg L d.
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Corollary 5.1. In the stationary case, (5.28) is transformed to the form

N
_ 2mq 2 2 2 . )
AU(r) = — (40%c* —d );qz g fdV (5.39)
with condition
(VU,d) = 0. (5.40)
Remark 5.2. If
fi=e, S=—a;|V]P +Vdi + X + LU, = S
am;q

then
7\ 32
f:dV = () exp{d?/élai—i—)\i—&—liU}.
R3 (67

7

In that case, “solving” equation (5.28) can be expressed as

0*U
ot?

N
2mq _
_ 2 2 2 2\ _3/2 (o \=3/2 24 T
=AU+ —(d° — 4 i d; /4oy + N + ;U L.
c +am( o) igzlq(a) exp{d; /4o; + \; + ;U }
(5.41)
Due to paper [53], for case N = 2 (two-component system), equation (5.41) is

transformed into

2
%TQU =AU + Ab(e¥ — €e'Y), leR™, A eRT, (5.42)
3/2
b= 2mq” (W> / (d* — 4a202)ed2/4°‘.
am \«
Due to [ = —1, (5.42) is a wave sinh-Gordon equation

0?U
57 = AU 4+ 2\bsinhU. (5.43)

Remark 5.3. By the conditions of Theorem 5.1, a scalar ® and a vector A

potentials are defined by formulae

B m

 2aq (d? — 402c?)
me

A= md{U(r, t)+ o} + AO(r), (5.45)

)

{40®PU(r,t) + d*po }, (5.44)

where
A
£O(r) = 55 (dyz,dya,diy) + Vp(r), = (dy, d,do)

and p(r) is an arbitrary harmonic function. Since the function U(r,t) satis-
fies (5.18), then potentials ®, A are connected among themselves by Lorentz

Cahbrat 10n.
- +(ll\/A—(). <)4(;
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For analysis (5.43), we direct a constant vector d € R? along Z axis, i.e. we

assume that d 2 d1(0,0,d,). Moreover the solution U(z,y, z,t) for(5.18) has
the form

d
U=U - —t1]. 5.47
(005 = 551) (5.47)
Solution (5.47) describes the wave spreading velocity running in the positive
direction along Z axis with a constant velocity d/2a, where d/2a < ¢. With

the substitution £ = z — (d/2a)t we reduce (5.43) to
02U  0%U (4@202 — d2) 82U

=2 inh A4
922 + B + 1a2c2 ae2 ApsinhU, (5.48)
where
poong® (7N L, 2 +
=2l (40”c® — d*)exp(d® /4a) > 0; AeRT.

Moreover introducing a new variable n = (404262 / (4&202 — d2)) 1/2 £, we trans-
form (5.48) into
0?U 09U 9*U
ox? + Oy? + on?
Using formulae (2.69), it is easy to reconstruct some solutions of (5.49) using
the Xirota method [67].

= 2\psinhU, U2 U(x,y,n). (5.49)

5.2. Existence of nonstationary solutions of the VM system on bounded

domains. Here we consider the classical solutions (f1, ..., fv, E, B) of the VM
system of the special form of(5.36)—(5.38), which we write in the following form
fi(z,v,t) = fz (—aiv2 +vd; + ;U (x, t)) , (5.50)

_ m 2 2
B(a,t) = e YU(x,t) x d, (5.52)

q(402¢2 — @)
where the functions f; : R — [0,00[ and the vector d € R*\{0} are given,
and the function U : [0,00[x€ — R has to be defined. Assuming that 9Q €
€ C*', we add the VM system with the boundary conditions for the electro-
magnetic field
E(z,t) x na(z) =0, B(z,t)nq(x)=0, t>0,z¢cdQ, (5.53)
and a specular reflection condition for the distribution function on the boundary
filt,z,v) = fi(t,z,v — 2 (vng(z)) na(z)), t>0, x €00 veR?, (554)

where ng — normal unit vector to 9€).

To prove existence of classical solutions of (1.2)—(1.6), (5.50)—(5.54) we apply
the method of lower-upper solutions developed for nonlinear elliptic systems. In
contrast to the stationary problem, nonstationary is more complicated because
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we need to add the equation of first order (5.18) to the nonlinear wave equation
(5.28). Hence the problem is not “strongly” elliptic and it demands a further
development of the method of lower-upper solutions.

Lemma 5.2. Let Q@ c RV — bounded domain with boundary 0Q €
€ C%*, a €)0,1[. Let ug € C>*(Q) and h € C2(Q x R) such that h(z,-) -
monotonic increasing function for every x € Q. Then the boundary value prob-

lem
Au = h(-,u()) in Q,

(5.55)
U= ug on o0

has a unique solution u € C*<(12).

Proof. Due to monotonicity of h it is easy to check that there exist p,ps €
C%(Q) such that pa(x) < 0 < py(z) and

Bz, s) < p1(z) for <0,
x,s
> p2(1’) for s 2 03

for all z € Q. Let up; = min(ug,0) and ups = max(ug,0). Let up €
€ €% (Q) - solution of the linear boundary value problem for k € (1,2)

NAuy = pi in Q,
U = Uk on of.

Due to the maximum principle, u; < 0 < ug in €. ;From the latter it follows
that u; is a lower solution and ws is an upper solution for (5.55). Then from
theorem of existence (see Pao [47, Theorem 7.1]) it follows that (5.55) has a
unique solution u € C%(Q). o

Remark 5.4. Lemma (5.2) is a well-known statement and does not require
additional comments. We remark only that the condition of monotonicity of
the function h(z,-) for the VP system is applied first by Vedenyapin [58-60].
Introduce the following conditions to the function f : R — [0, col:
(f)) feC'(R);
(f2) YueR: fe LY (u,o0);
(f3) fis a measurable function and f(s) < Cexp(—s) for a.e. s eR,;
(f4) f is decreasing, f(0) =0 and 3 > 0:Vs < 0: f(s) < C|s|*.
Lemma 5.3 (Braasch [16]). Let f : R — [0, 00[ be a given function and

hf(u):c/Rgf(vz—kvd—ku), u € R.

Then the following claims hold.
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(1) Assume conditions (f2), (f3). Then hy : R — R is continuous and

nonnegative,
|d|s®
(u) / / (s 4+t + u)dtds
|d| |d| ‘;2

for all uw € R.

(2) Assume condition (£3). Let ¢ : —[0,00[ be a measurable function and
Y < f (a.e.). Then hy < hy.

(3) Assume (f4) and |d| < 1. Then the following conditions (£2), (3), hy —
continuously differentiable and hy(u) < Cexp(—u) for all u € R are
satisfied.

(4) Assume (f4) and |d| < 1. Then from (f4) it follows that hy is a de-
creasing function and

g (w)| < Clul”
for alluw € R, where C' = C(p,|d|).

Lemma 5.4. Let Q C R? have a smooth boundary 02 € C'. Let fl, .. .,fN :
R — [0,00[ be functions satisfying conditions (f1)-(f3) and |d| < 1. Let hy :
QxR — R be given by

he) = 2 q(4 22 _ 2) qu/Rd (—av? + vd; + LU (2,1)) d

am
=1

and we assume U € C%(Q) — solution of the boundary problem

LUZ2Y AU =hy(,U) in 9,
(5.56)
U=0 on 0N
We define 3
U(z,t) = Uz + td), t>0, zeQ,
A d? 72 _

K e Cl([O, oo[><Q)3 and E, B by means of (5.51), (5.52). Then (f1,...,fn,E,B,)
is a classical solution of the VM system in ) and it satisfies boundary conditions

(5.53), (5.54).

Proof. Due to Lemma 5.3, hy is a continuously differentiable function. The
function U satisfies equation (5.18). Therefore it follows from Theorem 5.1
that f1..., fy is a solution of the Vlasov equation, and E, B is a solution of
the Maxwell system. Since U vanishes on 0f2, then from the definition of U
and the translation invariance € in d we obtain that U and 0;U vanish on
[0, 00[x 0. Hence VU x ng = K x ng = 0 on [0,00[x9Q. From the latter we
obtain

E(x,t) X no(x) = (K(z,t) — VU (x,t)) X ng(x) =0
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and
B(z,t) x no(z) = |d|"*(na(z) x K(z,t))d =0
at t > 0 and = € 9Q. Therefore the boundary conditions (5.53) are satisfied.
o

Theorem 5.2. Let Q C R®. Let fi,...,fn : R — [0,00[ be functions sat-
isfying condition (fl1) and (pointwise) smaller than corresponding functions
Y1,..,pn R — [0,00[ satisfying condition (f4) with p > 0. We suppose
that |d| < 1 and that there exists a function U € CZ(Q) such that
Uz,t) =U(z +td), t>0, ze€Q.

Then (5.56) in Lemma 5.4 has a smooth solution and fi,..., fn generates the
classical solution (f1,..., fn,E,B) of the VM system in Q of the form (5.50)-
(5.52).

Proof. Since the elliptic operator L in (5.56) has constant coefficients, then
by a linear change of coordinates, it is possible to transform it to the Laplace

operator L = A. Introducing notations F = (f1,-.., fn) we write the right
part hp of (5.56) as

N
hp(z,U) = —ci(c2 — d2) Y qihy, (LU (2)),
i=1
where functions Ay, ..., hy, are defined in Lemma 5.4. From Lemmas 5.3 and

5.4 we obtain

~ AN
> —ci(ea = d2) X2 <0 Cilailhy, (|i|U(x)) = ha(z,U),
hF(l', U)

< er(es — d2) Y, <o Cilasl (11T (2)) £ ha(2,0),

where hy, ..., hyy : R — R are continuously differentiable, decreasing, non-
negative functions. Moreover functions hi, hy are continuously differentiable
and increasing functions in U and h; < 0 < hs. o
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