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A family of Kummer covers over the
hermitian function field

Una familia de cubrimientos de Kummer sobre el campo de
funciones hermitianas
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ABsTrRACT. We construct a family of Kummer covers over the Hermitian Func-
tion Field by using a class of polynomials 72 (X, Y") wich arises as a generalization
of certain simmetryc polynomials s2(X). The number of rational places of such
covers is often rather close to the best value listed in [6].
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RESUMEN. Construimos una familia de cubrimientos Kummer sobre el cuerpo
de las funciones Hermitianas usando una clase de polinomios 72 (X, Y) que surge
como una generalizacién de cierto tipo de polinomios s2(X). El nimero de lu-
gares racionales de tales cubrimientos es cercano al mejor valor que se encuentra
en [6].

Palabras y frases clave. Campos finitos, campos de funciones algebraicas, lugares
racionales, campos de funciones hermitianas, extensiones de Kummer.

1. Introduction

Let F, be the finite field with ¢ = p™ elements and let C be an affine plane
algebraic curve over the finite field F,. We will denote by C (F,) the set of
F,-rational points of C and by ¢(C) its genus.

For many years the question on how many rational points a curve of genus

g over a finite field with ¢ elements can have, has attracted the attention of

mathematicians. In 1940 A. Weil proved the Riemann hypothesis for curves
over finite fields. As an immediate corollary he obtained an upper bound for
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the number of rational points on a geometrically irreducible nonsingular curve
C of genus g over a finite field of cardinality ¢, namely

#C(Fy) <q+1+29V/4.

This bound was proved for elliptic curves (i.e., g = 1) by H. Hasse in 1933
[4]. However, the question of finding the maximum number N,(g) of rational
points on an irreducible nonsingular curve of genus g over a finite field F,
did not attract the attention of the mathematicians until Goppa introduced
geometric codes in 1980. (See [3]).

The construction of curves with many points over Fym is often performed
using special polynomials 0(X) € F,[X]. The goal of this paper is to consider a
special class of polynomials 7,,(X,Y"), obtained as sums of products of certain
symmetric polynomials s, ;(X) defined in [1] to construct a family of Kummer
covers over the Hermitian Function Field (Hermitian curve). These new covers
has many places of degree one. In this way we provides explicit equations of
curves over the field F 2 which reach in many cases the best value listed in [6].

2. The polynomials 7,,(X,Y)

In this section we give some properties of a certain class of polynomials 7,,, (X, Y")
which was introduced in [2]. These polynomials arise as product of symmetric

polynomial s,,(X) where s,,(X) = s, (X, X9, ... ,Xq"kl) is the m-th sym-

metric elementary polynomial.

Definition 2.1. For integers m > 1 and j = 1,...,m we define a polynomial
Sm.j(X) € Fy[X] as follows

Sm.i(X) = s, (X,X‘I, . ,X‘f”’l) ,

where s; (X1,..., Xm) is the j-th elementary symmetric polynomial in m varia-
bles over F,. We agree to define spm,0(X) := 1 and sm, ;(X) := 0 for j > m
and for j < 0.

Observe that according to with 2.1:

m—1

Sm,l(X) = X+ X994 ...4+ X1

sma(X) = X4 X1 44 xd" e
Smm(X) = X1+Q+-..+qm*1

smi(X) = 0, forj>m

and deg (s,,,;(X)) =q¢™ P +q¢m 2+ ...+ ¢ I for 1 <j<m.
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Definition 2.2. For integers m > 1 and j = 1,...,m we define a polynomial
om,j(X,Y) € Fy[X,Y] as

X
Om (X, Y) i = smm(Y)sm,j (y) :
In this case we have

O 0(X,Y) = s (V)50 (‘) _ ybabete

= =

om1(X,Y) = $mm(Y)Sm 1 ( > — XY T et 4 xd" Ty d T

X

O'm,m(X7 Y) = Sm,m(Y)Sm_’m <?> _ X1+q+___+qm—1.

Observe that the polynomials s,, ;(X) can be obtained from the oy, ;(X,Y") for
appropriate values of X or Y, more precisely we have s, j(X) = 0y, ;(X, 1).

Definition 2.3. Given a sequence (c1,c¢2,. .., Cm) of elements in F,, we define
a sequence of polynomials T(c, c,,...c,.)(X,Y) € Fg[X,Y] by

.....

Tlericanen) (X Y) =D CiOmm-i(X,Y)  forallm > 1,
1=0

where the polynomials oy, m—i(X,Y) are defined as in 2.2.
According with 2.3 we have:
T(Co-,Cl)(X7 Y) =coX + 1Y
Tlegrer,en) (X, V) = X+ XY+ 1 XY + Y4
T(Co,Cl,Cg,C:;)(Xu y) = COXq2+q+1 + chq2+qY + Cqu2+lyq + Cqu+1Yq2+
XY oy Xy @+ 4 o Xy @©Ha 4 oy ditat]

Remark 2.1. First, observe that if the equality ¢; = ¢;;,—; holds then we have
Tleoroem) (X5 Y) = T(epn.....co) (Y, X), on the other hand by taking the sequence
(1,—1,1,...) with alternating 1 and —1 and denoting by M(m) = 1+ q +
...+ ¢™ ! the exponent of the norm for the extension Fym over Fy, we have
T(1.,71,1.,...)(X7 Y) = (X - Y)M(m)-
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Theorem 2.1. ([2] Th 2.1). For all sequence (co, ...,cm) in Fy we have the
following equality:

Cm—1) (X7 Y)q

(Y, X)?.

,,,,,,,,,,

+ Y -Y)r

Cmfl,...,C())

To see some properties of the polynomials 7., .. .,.)(X,Y) we refer to [2].

3. A Kummer cover over the hermitian function field

In this section we use the polynomials 7, ....c,.) defined above to construct a
family of function fields with many places of degree one over F .

We define the function field F' = Fp(x,y, 2) over F2, where ¢ is a prime
power, by the equations

lyq +y= e
2 =u(z,y) rlg+1,
where u(X,Y) € Fy[X,Y] is the polynomial 7 ¢, c,)(X,Y) £ ¢ with ¢ € F,
and T(cy,e;,e0)(X,Y) is defined as (2.3) associated to an appropriate sequence
(co,c1,c2) of elements ¢; € Fy, ie., T(cyer,e)(X,Y) = co X9t + 1 XY +
ClXYq + CQYqul.
This is a Kummer extension of degree r of the Hermitian function field
H =TFpg(z,y) with y? +y = 2971,

We compute the genus of F//F2 by using the genus formula for Kummer ex-
tensions ([5, Prop. I11.7.3]):

GF) =1+ r(g(H) = 1)+ 5 S (r—rp)deg(P), ()
PEP(H)

where rp = ged(vp(u),r) for a place P in H with discrete valuation vp in H.
By considering the ramification of the places of degree one of H in F' we then
determine the number of places of degree one in F//F,2. In order to use the
genus formula (1) for computing the genus of the Kummer extension F' of H
we have to determinate the divisor of u in H.

Let us first recall some properties of the Hermitian function field ([5, p.

203)).
o _aqlg—1) _

The genus of H is g = s the number N = N(H) of places of degree
one is N = ¢® + 1, namely

(1) the common pole Py of x and y and,

(2) for each rational point (a,b) € Fp2 x Fp2 with b7 +b = a?"! there
is a unique place P, ; of degree one in H such that z(P,;) = a and
y(PaJ,) =b.
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The pole divisors of x and y in H/F 2 are
()oo = qPoc and  (y)oo = (¢ + 1) Poc- (2)

4. A particular case

In this section we construct a particular Kummer cover over the hermitian
function field. We compute the genus and the number of rational places to
illustrate the technique we used to obtain these values.

We consider the function field ' = F 2 (z,y, z) over F 2 with

yq + Y= xq-i-l
2" = u(z,y),
where u(2,y) = T(cy,e1,e0) (X, Y) — 1 and 7(¢y ¢, ) (X,Y) is associated to the
sequence (1,1,0) of Fy, i.e. u(z,y) =29 + 2%y +2y? — 1 and r | ¢+ 1. Now

we want to compute the genus g = g(F) and the number N(F) of places of
degree one of F/IFg.

4.1. The divisor of u. By (2) we get for the pole divisor of u = 29" + 2%y +
zy? —1
(U)oo = (q2 + 2(]) Py
To compute the zero divisor of w in H is much harder work. Let us first
consider the constant field extension H = H K where K is the algebraic closure
of Fp2. Let P = P, with a,b € K and b7 + b = a?! be a place of H/K . If
P is a zero of u then
b+ b= qa?T! (3)
and
a?™ 4 a%b 4+ ab? — 1 = 0. (4)
Lemma 4.1.1. A place P = P,;, with a,b € K and b? + b= a?*! is a zero of
win H = HK if and only if either
i) a? ' =1and a®+a®>-1=0 or,

q+2 g+l _q
i) a9t #1 and b= o e 1
a—al

Proof. Suppose that P = P, is a zero of uw and a?~! = 1, t hen from (3) and (4)
follows that b7 = a® —b and a? 4+ ab+ab? = 1, therefore a®> +ab+a (a2 — b) =1
and a® + a?> — 1 = 0. Conversely suppose that a,b € K with a9~! = 1,
a®+a?2—1=0and b?+b=a?"!. Then we have

a ™+ alb+ab?! —1=a®>+ab+ab? —1
=a’+ab+b?) -1
=a*+ad?-1

which means that P, ; is a zero of u.
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Now we consider the case a?~! # 1. If P, is a zero of u, then (3) and (4)
implies b7 = a9t — b and a9 4 a%b+a (a9t — b) = 1, therefore b (a? — a) =
1 — a9t — qat2,

— ad®? 4 qatl — 1
Conversely, let a,b € K with a9~! # 1, b= ——————and b' b=
a—a
a?tt. Then a?t! 4 a9 = 1 — a9%2 + ab which implies that

a1 atb+ab?—1=1—a? +ab+ab? —1
= —aq+2+ab—|—a(aq+l —b)
=0

and therefore P, is a zero of u in H/K o

Lemma 4.1.2. Let a,b € K with b7 +b = a1, If P, is a zero of u in H,
then

i) Ifa?™' =1, then a,b € Fp.

ii) Ifa?” ' #1, then a,b € F2 \Fq ora® +a®> —1=0.

Proof. If P, is a zero of u in H, then from (4) follows that a® + ab+ ab? = 1
and obviously a,b, € Fg.

q+2 q+1 _
If a9~ ! # 1, from Lemma 4.1.1, b = @ Tt L

have the following equation

- , therefore from (3), we
a—a

2 2
a?l t2¢ pgata 1 qat2 4 gatl L
— qdt

al — a7’ a—ad
which implies (aq2 — a) (a3 +a? — 1)q = 0, therefore the result follows. &
In accordance with the previous result we should analyze the behavior of the

polynomial f(z) = 23 +x?—1, but before this, we will analyze the multiplicities
of the zeros P, of u.

Lemma 4.1.3. Let P = P, be a zero of u; then t = y — b is a P-prime
element, and vp(u) > 1 if and only if b = — (a2 + a).

Proof. Let 6, : H — H be the derivation of H/F ,» with respect to t ([5, chap.

d
IV]). Then 6;(z) = d—i for z € H, and from the P—adic power series expansion

of u with respect to t we have

d
vp(u) > 1 if and only if d—lz(P) =0. (5)
. 1 dy x .
From the equation y? + y = 9% follows i IQE and since dy = dt we
have d_x = i, therefore
dt  x9
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du d
e q 7_1
yrini (27 + 2% + 2y )
dx dx
_ g2 q a2
x 7 + 294y 7
q
=142+ T
yq
Finally
d b\
:—U(Pab) if and only if (1+a+—) =0 (6)
dt ’ a
then the assertion follows o

The following result shows the relationship among the polynomial f(z) =
2% 4+ 22 — 1 and the number of zeros of u, more precisely we have

Lemma 4.1.4. The following properties hold

i) If f(x) is separable and has all its roots in Fy, then u has ¢*+2q simple
zeros of degree 1.

ii) If f(x) has a multiple root in Fy, then u has ¢* +q — 1 simple zeros of
degree 1 and one zero of degree 1 and of multiplicity q + 1.

iii) If f(x) has only one root in F,, then u has q*> —2 simple zeros of degree
1 and 2 multiple zeros of degree 1 and multiplicity q + 1.

iv) If f(x) is irreducible over Fy, then u has ¢* — q simple zeros of degree
1 and one zero of degree three and multiplicity q.

Proof.
i) Let us suppose that f(z) = (z —a)(z—0)(z—~) with o, 8 and v € F,,.
If P, is a zero of u with a? ' =1 and a® +a®> — 1 = 0, then by
(4.1.3) P, is a multiple zero, if and only if ab = —a3 — a* = —1 and
therefore b = —a~! and this implies that b¢ +b = —2a~ .
On the other hand, from (3) a?t' = —2a~! if and only if a® = —2
this implies that a = —2- 371 and therefore p = 23 but f(x) = (z +
15)(x + 16)? modulo 23 and therefore P, cannot be a multiple zero.
If a9=! # 1 then, by Lemma (4.1.3) P, is a simple zero. Then we
have ¢ +2¢q simple zeros of u if f(x) is separable and has all their roots
in F,.

ii) Now suppose that f(z) = (z — a)(z — 3)? with a and 8 € F,. This
occur if and only if p = 23. In this case we have 2¢ — 1 simple zeros
of w and one multiple zero, namely, the ¢ zeros P, corresponding to
the pairs (a,b) with a = o and b + b = o2, the ¢ — 1 simple zeros
P, corresponding to the pairs (a,b) with a = 3 and b7 + b = 3% with
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b # —f3% — 3, and the corresponding to the pair (a,b) with a = 3 and
b= —f% — 3 which is a multiple zero of w.

If a9=! £ 1 then P, is a simple zero of u since f(x) doesn’t have
zeros outside of F, and therefore we have ¢? — ¢ simple zeros.

Now since the degree of the zero divisor equals the degree of pole
divisor of u, the multiple zero of v has multiplicity ¢ + 1.
If f(z) = (z — a) (2? + Bz + ) with % + Bz + 7 irreducible over F,
then we have ¢ simple zeros corresponding to pairs (a,b) with @ = «
and b? + b = o>

Ifa?! #£1and b= - , then by (4.1.3) we have ¢* —
a—a

q — 2 simple zeros and 2 multiple zeros of u, namely, the corresponding
to the pairs (a,b) with a = ¢;.

In order to prove that the multiplicity of these zeros is ¢ + 1, we
compute the P, ;—adic power series expansion of u wit respect to ¢t =
x —a.

Since y = b+ aqt + ast? + ... + aq+1tq+1 + A with vp(A) > ¢+ 1.
Then, the equation z9t! = y7 4 y implies

qdt2 + adtl — 1

T at? 4 a4 0%t = b n I+ 0929 4+ g9t T

iv)

F A F b4 art+aot® + . gt N

We have oy = a9, a4 —a—a? =0, 0q41 =1land a; =0 for i =
2,...,q—1. This implies that u(z,y) = — (a?7™ + a9 + a7 + 1) +
(2a9 + a) t7"! + w where vp, , (W) > g+ 1.

But — (a®*! + a7 + a9t +1) = —a(a?+a)" + (a2 +1) =
—ab? 4+ ab? +ab+ 1 = 0 from 4.1.3 and 3, finally 2a? + a # 0 since
a¢F,.

If f(x) is irreducible over F,, then the zeros of degree one of v i H

a?®? 4 qatl — 1
are the ¢* — ¢ places P, with a € Fp2 \ Fy and b = —
These zeros are simple since if b = —a? — a, then f(a) = 0 which is a
contradiction.

We denote these n = ¢*> — ¢q places by Pi,...,P,. Then (u)y =
P+ ...+ P, + A where A is positive divisor of degree 3¢ in H. In
order to prove that A is of the form A = ¢P with deg(P) = 3, we
consider the constant field extension H - Fy /Feof H/F 2.

By lemma 4.1.3 the zero divisor of u in H-F is of the form Py +. ..+
Pr+mi1Q1+m2Q2 +msQs, where Q1, Q2, Q3 are the places P, ; with
a€Fgs, a®+a?>—1=0,b= —a?—aand m;+my+mz = 3¢q. From ([5,
I11.1.9]), conH.]FqG/H(A) =m1Q1+m2Q2+m3Q3, where conH_]Fqﬁ/H(A)
is the conorm divisor of A in the constant field extension H - Fe/H of
H/F .
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Now we show that A = ¢P with deg(P) = 3. Assume that are
two different zeros P, P’ of u in H with deg(P), deg(P’") > 1. Then
conH.]FqG/H(P + P') < Q1 + Q2 + Q3 wich is a contradiction since
deg(conH,]FqG/H(P + P)) > 4.

Hence A = mP and therefore conH.Fqﬁ/H(P) = Q1+ Q2 + Qs3,
deg(P) =3 and m = m; =ma = ms = q.

]

4.1.1. The genus and the number of rational places of F//F . In order
to determinate the genus of F//IF > we rewrite the formula (1) by using g(H) =

-1
%, and we obtain

GF) =3 (r@—a-2+2+ Y (-rpdes(P)|, (@)
PeP(H)

where rp = ged(vp(u), 7).

Theorem 4.1.1.1. The genus g(F) of the function field F/F . satisfies:

—1)(2¢—1
% if f(x) is separable
and has all their roots
n Fy.
—1)(g—2
r-Dg=2) if f(x) has multiple
(2r —1)¢® —rq 2 ‘
g(F) =—"—"——+ roots in [Fy.
2 “3(r—1)
— 5 if f(x) has only one
root in F.
—1)(2 —
w if f(x) is irreducible
over Fy,
where as in the Lemma 4.1.4 f(x) = 23 + 22 — 1.
Proof. Tt follows from Lemma (4.1.4) and formula (7). ™
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Theorem 4.1.1.2. The number N(F) of rational places of the function field
F/F ;> satisfies:

r (qg —q>—2q) + (q2 +2q+1) if f(z) is separable and
has all their roots in IFy.

>r(¢®=1)(g—1)+ (¢*+q) if f(z) has multiple roots
in F,.

NiE) = >r(¢®—q*) + (¢ -1) if f(x) has only one

root in Fy.

r (qs -+ q) + (q2 —q+1) if f(x) is irreducible
over Fg,

where as in the Lemma 4.1.4 f(x) = 23 + 2% — 1.

Proof. Let P be a place of degree one of H, then P is either totally ramified
with exactly one extension of degree one in F' or P is unramified. The first
case holds for the simple zeros of u and for the pole P,,. The second case holds
for the zeros P with vp(u) = 7, and for the places P such that vp(u) = 0.
Let us first consider the case of rational places P = P,; of the hermitian
function field H with vp(u) = 0. If vp(u) = 0 then by ([2, Th. 2.1]), u(P) =
a®!' +a%b+ab?—1 € F;. Therefore the polynomial 7" —u(P, ;) has r distinct
roots in [Fy2. Therefore there exist r extensions of degree one in F'.

Now, consider the zeros with vp, ,(u) = 7. In this case we consider the
P, y—adic expansion of u with respect to t =2 — a.

Since y(Pap) = b, then y = b+t +ast® +. ..+ g4 1197 + X with vp(X) >
g+ 1. On the other hand, the equation z9t! = y7 4 y implies

I oat? 4 a%t + aT = b9 4 0y 919 + 09120 4 L+ g1 9T T4 NI
+ b4 art 4+ ast® + ...+ agpt!tt + .
Therefore we have oy = a?, ag = a — a?’ = 0, ag+1 =1and o; =0 for i =
2,...q—1, this implies that u(z,y) = (2a?+a)t?"* +w where vp, , (w) > ¢+ 1.

Now, to determinate if a place of degree one in F' lies over P we should to
analyze the equation z" = (2a? + a). o4

Remark 4.1.1. For ¢ = 2 and r = 3 we get g(F) = 7 and N(F) = 21 rational
places, this value is the best value known. For ¢ = 3 and we get g(F) = 24
and N(F) = 91, this value is again the best value known, however we point
out that the curve that appear in [6] for ¢> = 9 and g = 24 was obtained by
using methods that do not provide explicit equations of that curve.

5. Final comments

We concludes this work giving a table in which we consider all the possibilities
to the polynomials 7(¢, ¢, ¢,)(X,Y) for the particular case ¢ = 3. We give the
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genus and the number of rational places of the function field obtained. The
column “Entry” makes reference to the tables in [6]. We point out that we use
Kash 3 package, to compute this values.

Extension g(F) N(F) Entry
P =at+ 2y +ay® -1 10 49 54
=2t -y —ayP+1 10 49 54
=2+ 3y +ayd+1 9 44 48
=gt -y —ayP -1 9 44 48
2=t~y —ayP—1 9 44 48
22 =2t -y -yt 41 10 49 54
2=t +3y+ayP -1 9 44 48
22=—2t+ %y +ayP+1 10 49 54

Extension g(F) N(F) Entry
A=ty +ay® -1 24 91 91
=gt -y —ayt 41 24 91 91
A=at iy +ayd+1 21 80 88
A=at -y -y -1 21 80 88
=2t — 3y —ay -1 21 80 88
A=t By —xP 41 24 91 91
=2ty +ayt-1 21 80 88
=ttty +ayP+1 24 91 91

Extension g(F) N(F) Entry
2=yt 3y +ayd -1 9 48 48
2=yt =By —ayP+1 9 48 48
2=yt 3y +ayd+1 10 49 54
2=yt -3y —ayd -1 10 49 54
2=yt — 2ty —ay -1 10 49 54
2=yt -2y -+l 9 48 48
Z2=—yt+23y+ayP-1 10 49 54
Z2=—ytr 2Pyt P+l 9 48 48
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Extension g(F) N(F) Entry
A=yt Py +ayd -1 21 80 88
A=yt =Py — P+ 1 24 91 91
A=yt By +ayd+1 24 91 91
A=yt -3y —ayP -1 21 80 88
A=yt =2y —ayd -1 24 91 91
A=yt -2yl 21 80 88
A=yttt dy+ayi -1 24 91 91
A=yt dy+ayd+1 21 80 88
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