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Nontrivial solutions for a Robin
problem with a nonlinear term
asymptotically linear at —oo and
superlinear at +oo

Soluciones no triviales para un problema de Robin con un término
no lineal asintético en —co y superlineal en +oco
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ABsTrACT. In this paper we study the existence of solutions for a Robin prob-
lem, with a nonlinear term with subcritical growth respect to a variable.
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RESUMEN. En este articulo estudiamos la existencia de soluciones de un prob-
lema de Robin, con término no lineal con crecimiento subcritico respecto a una
variable.

Palabras y frases clave. Problemas de Robin, soluciones débiles, espacios de
Sobolev, funcionales, condicién de Palais-Smale, puntos criticos.
1. Introduction

In this paper, we study the existence of nontrivial solutions of the following
problem with the real parameter o # 0:

u € HYQ,-A),
(P) —Au = f(z,u(z)), in Q,
yu+ayu = 0, on 0f).
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102 RAFAEL A. CASTRO T.

Here A is the Laplace operator, Q is a bounded domain in R™(n > 2) simply
connected and with smooth boundary 9€2. The case a« = 0 was studied by
Arcoya and Villegas in [1].

The function f : Q x R — R, satisfies the following conditions:

fo) The function f is continuous.
f1) 1f(x,8) <c(l+]s]7), Vo € Q and Vs € R, where the exponent o is
a constant such that

l<o< 22 if n>3,
l1<o <o if n=2.

f2) There exists A > 0 such that

lim [f(z,s) —As] =0, uniformlyin z€ Q.

f3) There exist sp > 0 and 6 € (O, %) such that
0< F(z,s) <Osf(x,s), Ve, Vs>sg,
where F(z,s) = [ f(x,t)dt is a primitive of f.

The boundary condition yiu + ayou = 0 involves the trace operators: ~q :
HY(Q) — HY2(0Q) and v, : H'(Q, —A) — H'/2(09), where H'(Q, —A) =
{ue H(Q): —Au € L*(Q)} with the norm

) ) 1/2
el - = (lullin @ + 18ulz))
for each v € H'(Q, —A), yiu € H/2(9Q) and you € H'/?(0Q). Identifying
the element yyu with the functional yju € H ~1/2(9Q) defined by
(i) = [ (ouuds, vw e HV(00).
o0

the boundary condition makes sense in H~/2(99). The mathematical dif-
ficulties that arise by involving this type of boundary conditions are in the
Condition of Palais -Smale.

2. Preliminary results

To get the results of existence Theorems 4.2 and 4.1 we will use the following
Theorem.

Theorem 2.1 (Theorem of Silva, E. A.). Let X = X1 ® X2 be a real Ba-
nach space, with dim(X;) < 4+oo. If ® € C1(X,R) satisfies the Palais-Smale
condition and the following conditions:

I) (u) <0, YueX.

II) There exists po > 0 such that ®(u) > 0,Yu € 0B,,(0) N Xs.
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NONTRIVIAL SOLUTIONS FOR A ROBIN PROBLEM 103

III) There exist e € Xo — {0} and a constant M such that
Pv+te) <M, YveX; and Vt>0.
Then ® has at least a critical point different from zero.

Proof. See [6, Lemma 1.13, p. 460]. o4

We use the decomposition of H!(£2) as orthogonal sum of two subspaces
established in [3]. We denote the sequence of eigenvalues of the problem

—Au = pu, in Q,
{ Mu+ayu = 0, on 99, (2.1)
in the case v < 0 with {y;}32,, where
Vul? + 2d
m= inf Jo[Vul O‘fgﬂ(%u) ° <0, (2.2)
ue?{l(n) fQ u

With X; we denote the space associated to the first eigenvalue p1, and with
X5 = Xj* the orthogonal complement of X; respect to the inner product
defined by

(u,v) = Vu-Vv—i—a/

(vou) (yov)ds + k/ w, wu,v€ HY(Q), (2.3)
Q r9)

Q

where k is a positive constant suitably selected in [3]. Then
HY(Q) = X; © Xo, (2.4)
and

/|V¢I2+a/ (wp)?ds:ul/ 0?, VeoeXi. (2.5)
Q o0 Q

In the case @ > 0, the constant k in (2.3) is positive and arbitrary. We denote
with {3;}32; the eigenvalues of Problem (2.1), in particular, we have

p= e JalVU T lpgbonlds

2
uF#0 U
weH1(Q) fQ

(2.6)

With Y7 we denote the space associated to (51 and Y = Yf‘ the orthogonal
complement of Y; with respect to the inner product defined by the formula
(2.3). Then

H(Q) =Y, @Ys, (2.7)

and

/ |V90|2+a/ (Yo)*ds =61/ 2, VpcY:. (2.8)
Q o0 Q
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104 RAFAEL A. CASTRO T.

3. Condition of Palais-Smale

Following Arcoya - Villegas [1], Figueiredo [4], and using theorems 3.1, 3.2 and
3.3 of [3] we establish the conditions under which the functional

‘I)(u):%A|VU|2+%/;Q(Vou)2dS—AF(x,u), Yu e HY(Q),

satisfies the Palais-Smale condition. We prove the cases a > 0 and o < 0. The
condition of Palais-Smale (P.S) affirms: any sequence {u,}5, in H'(Q) such
that |®(u,)| < ¢ and lim, . ®'(u,) = 0 in H~ (), contains a convergent
subsequence in the norm of H*(€2). In virtue of the density of C> (Q) in
H'(Q) and by the continuity of the operator o : H'(2) — L?(09), we have
the following lemma:

Lemma 3.1. Let us suppose 2 C R™ bounded with boundary of class C*. If
ue HY(Q), ut(z) = max{u(x),0} and u~(z) = max{—u(zx),0} then
z€Q €Q

/{m Yo (ut) 70 (u™)ds=0. (3.1)

Proof. Let {u,,}5% be a sequence in C*° () such that u,, — u in H' () then
uf — ut and u,;, — u~ in H*(Q), see [2]. By the continuity of the operator
Yo : H'(Q) — L*(0Q) we have 7o (u}) — 70 (u") and 7 () — 70 (u”) in
L?(09) then:
/ Yo (u+) Yo (u_) ds = lim Yo (u;‘;) Yo (u;) ds
o9 Q

n—oo B)

. . + —
= lim Uy u, ds
=0.

From (3.1) we have:

[, Cow oy ds = [ o) as, 2
[219)

o0

/BQ (ou) (you~) ds = — /BQ (you~)* ds . (3.3)

Lemma 3.2 (Condition of Palais-Smale). If o < 0 we suppose (fo), (f1), (f2)
and (fs). In the case a > 0, moreover, we also suppose the following conditions

S1) The number \ of condition (f2) is not an eigenvalue of the operator
—A with boundary condition y1u + ayou = 0.
Sa) The numbers o and 0 of the conditions (f1) and (fs) are such that

1 1

o < -+ — ifn>3 and
2 n

o<1 ifn=2.
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NONTRIVIAL SOLUTIONS FOR A ROBIN PROBLEM 105

Then Yu € HY(Q) the functional

1 «
o) =5 [ 9uP+5 [ owids— [ P,

satisfies the condition of Palais-Smale (P.S.).

Proof. Let {u,}5°; be a sequence in H'(Q) such that

1 «
|P(un)| = ’5/ |Vun|2 + E/ (Woun)2ds — | F(z,un)| <C, (3.4)
Q a0

Q

and Yo € H'(Q2)

(@' (un), v)| = < enlvll,

(3.5)

/QVun -V + a/(m(”youn)(fyov)ds — /Q flx,up)v

for some constant C' > 0 and &,, — 0.
To show that {u,}>2; has a convergent subsequence it is enough to prove
that {u,}52 is bounded.

Case a < 0. We argue by contradiction. Let us consider a subsequence of
{un}52 4, which we denote in the same way, such that

lm ||u,|| = 4o00.
n—oo
Let z, = —=-. Then there exists a subsequence of {z,} which we denote in
Munll

the same way, such that

2 — 20 weakly in  HY(Q), 20€ HY(Q),
Zn — 20 in L2(%),
YoZn — Y020 in L2(09), (3.6)
zn(z) —  zo(x) a.e. x €,
lzn(z)] < qlx) a.e. reQ, qelL*Q).

Dividing the terms of (3.5) by ||u,|| and taking the limit Vv € H'(£2) we obtain

lim Mv = [ Vz-Vu+ a/m (7020)(yov)ds . (3.7)

n—oo Jo o [lun| Q
From (3.7) with v = 1 in €, we get

lim f@,un) (2, un)

n—co o  ||unl

= a/ Yozods < +00. (3.8)
X9)

We obtain the desired contradiction in three steps.
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106 RAFAEL A. CASTRO T.

First step. We shall prove

zo(x) =0 ae. ze€, and ~yzo(z) =0 ae. z€IN. (3.9)
First we prove

20(x) <0 ae. 2€Q, and 7vzo(r) <0 ae. z€. (3.10)
Let QF = {z € Q: zo(x) > 0} and |27 be the measure of Lebesgue of Q.

Choosing v = 2z in (3.7) we obtain

lim f(, un) 20 = / |Vzo|? + a/ (WOZ(]L)Q ds < 0. (3.11)
ot o0

n=o0 Jo+ |unl|

Using conditions (f3) and (f3), for x € QT we obtain

(@, un(x))z0(x)

o] > —(Ag(x) + K1)zo(x) . (3.12)

Indeed, condition (f3) implies the existence of a constant ¢ > 0 such that
f(z,s) > esth, Vs> s, (3.13)
Then we can choose s* > sg such that
flz,s) > As, Vs>s". (3.14)
On the other hand, by (f2), for £ > 0 there is s’ < 0 such that
|f(z,s) —As|<e, Vs<s and VreQ, (3.15)
by the continuity of the function f there exists a constant K such that
|f(z,8) —As| < K1, Vsé€(—o00,5*] and VzeQ. (3.16)
From (3.14) and (3.16) we get
flz,8) >Xs— K, Vse€R, VreQ. (3.17)
Now, using (3.17) with € Q" we have
(. un(@)z0(x) G le) ~ K)

fll = Jual @
(Aew(z) — K1)20(a)
~Oale) + K)zole)

From (3.6) we have lim,,_.o u,(2) = +o0 for a.e. € QF and using (3.13) the
superlinearity of f in +o0c we have for a. e. 2 € QT
f(I,Un)Zo(IE) . f(.I,’U,n)

lim ——————2% = lim —————=z,(x)z0(z) = +00.

2
2
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NONTRIVIAL SOLUTIONS FOR A ROBIN PROBLEM 107

If [QF] > 0, by the Fatou’s Lemma, we get
f (@, un(z))

+o00 = lim
or 7 [l ]|

[z, un)

o+ lunll

20(x)

< lim

—n—00

zo(x),

then
[ )
n=too Jor o unl
in contradiction with (3.11). Hence |QF| = 0 and zo(z) < 0 a.e. z € Q. If
y € 012, then

20(z) = 400,

Yozo(y) = z)dz <0.

_)O|B Yy,r ﬂQ |/ yr)ﬁQ
See [5, p. 143]. Below we prove that

/Q zo(z)dr =0 = /asz ~Yozo(s)ds . (3.18)

Let v = Zu,, in (3.5) and subtracting this identity from (3.4), we obtain

/Q {M“" _F(%“n)}‘ < %n [unll +C . (3.19)

Dividing this inequality by ||u,|| and passing to the limit, we get

lim j(zéun)un - F(I, un)
n—o0 l[unll

dz =0, (3.20)

On the other hand, given € > 0, conditions (fy) and (f2) imply the existence
of a constant k. > 0 such that

1
'§f(x,s)s—F(x,s) <els|+ ke, Vs<s'. (3.21)
Using (3.21) we have
/ f(wéun).un — F(x,uy) [ty ] K. 0
[[an | = Jallunll  fluall
up () <s*
< ec+ ” l = 1Q|
and, since ¢ is arbitrary,
fz,un) _F
lim g cun — F@un) _ (3.22)
N0 Juy, () <s* Hun”
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108 RAFAEL A. CASTRO T.

The identities (3.20) and (3.22) show that

fz,un)

Ty — F(2,uy)

lim —0. (3.23)
N0 Sy, () >s* Hun”

Using (3.16) and condition (f3), we obtain

Unp (2)>s* HU’HH 2 Unp (2)>s* ||unH
2( ) /fxun [ S
[[un | un(@)<ss Ul
1 n K
2(——6)5*{ f(a:,U)_)\/ann__1|Q|},
2 o llunll 0 [[n |

1 if up () < 8%,

Xn(z) = { , -

0 otherwise.

where

Using (3.8), (3.20) and getting the limit we have

0 > lim (‘ ) {/fxun _A/X”Z”dI_K”Q'}
n—o0 [l || Q [l

1 %

_ <__9> s {a/ "yOZOdS—)\/ ZO}
2 a9 Q

_ (1 _9> s*{—a/ |7020|ds+/\/ |Zo|} =>0.
2 o9 Q2

Hence

1
<— - 9> s* {—a/ [v0z0|ds + /\/ |zo|} =0. (3.24)
2 o9 Q
/ [7020|ds = 0 = / |z0] -
Q

Using (3.10) we have (3.9). Now, the limit (3.7) is

Then

lim f|x “H" =0, YveHY(Q). (3.25)
n—oo Uy,
Second step. We shall prove now that
lim sup Mzn <0. (3.26)
n—oo Q [[wall
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We denote:

f (@, un(z))
I = %
' /un( )<0 :

[[n|

Iy = / f@unlz) -
0<u, (z)<so Hun”

.[3 = / 7]0(:[;7“71)2" .
wn (z)>s0 ||unH

lim 1120.

n—oo

Let us prove that

2
From condition (f2), we have limg_, _ sf(@:s)=As”

S
continuity of f there exists a constant ¢, > 0 such that
|f(z,s)s — As®| < cc+els|, Vs<O,

then

Sca/ dx—i—s/ |un|+)\/ u?
w, <0 w, <0 Un <0

§c+(c+)\)/u%.

Q

/u PRan

109

(3.27)

=0, so, given € > 0 by the

(3.28)

Dividing the last inequality by [|u,||* and getting the limit yields (3.27), because

Zn — 20 in L2(Q) and 29(x) = 0 a.e. © € Q. Let us see that

lim I, =0.

n—oo

If L =max {|f(z,s)|: (x,5) € 2 x[0,50]} then

[z, un) |f (2, un)l
/ ——%n| < ———— |un ()]
0<un(2)<so  |[tnll 0<un<so |[tn]
LSO
< —19Q.
[|wn |

(3.29)

Therefore, lim,,_.~, > = 0. To prove that lim,,_. ., I3 = 0, first we see that

lim sup I3 <0.
n—oo

(3.30)
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From (3.19) and (3.21) we have

/ {F(x,un> L, un>un}
Un > S0 2

/ 1

S —

un <80 2

e
<[ elunl k) +e+ F
Up <S80

f(z,up)u, — F(z,uy)

ot 2

g
s/<e|un|+ks>+c+—"||un||
Q 2
<ce ”un” + C+ ”un”

On the other hand, condition (f3) implies

(% - 9) /” F @, un)u, < /u> {%f(w,un)un - F(w,un)} :

So,

1 En
i < n )
(2 9) /un>so fz up)u, <c+ (cs + 5 ) [l ]l

Dividing by |[u,||®, we obtain

1
/ I (@, un) zn < ¢ 5 + (cE-I— E—n) ,
unsso  Uunll [len | 2/ [lun||

then lim,,_. o sup Is < 0. Hence

lim sup 7‘“% tn)

n—00 o luall

Zp = lim Sup{[l + Iy +Ig} <0.

Third step. Finally we prove

. f T, Up)
lim sup
n—oo Tuall

=1, (3.31)

which contradicts (3.26). From (3.5) with v = z,, and dividing by ||u,||, we get

5_"</z§—1—a/ (Yozn)?ds + f(x’u")z < fn
Q o0 Q

lunl lunfl ™ = Tun]l

By taking superior limit we obtain (3.31).
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Case o > 0. In this case we have that
(u,v)s = / Vu - Vo + a/ (vou)(yov)ds, Vu,v € HY(S),
Q o0

defines an inner product in H(2) and the norm ||ul|. = v/(u, u). is equivalent
to the usual norm || - || of H(Q). As a matter of fact, from (2.6) we get
Jou? < By [lulf; then

lull® < (14 By Hlullf = diflull?, Yue HY(Q).
On the other hand, the inequality [|youl|z2(90) < c1]|ul| implies,

[ull? < (1 + ac))l|ull® = dafjul®, Vue H'(Q).
Then

()2 [lul® < ul? < doflull*, Vue HY(Q).
Henceforth, we denote the constants with the same letter ¢ and expressions

of the form ce,, with ¢,. Using the inner product previously defined and its
associated norm, the inequalities (3.4) and (3.5) take the form

1
B ()] = \5 ol = [ P <. (3.32)

(@ (n), 0) | = |(timy ) — /Q £ un)

< epllvll £ Veep[lvlle = enllv]l, (3.33)

where, lim,, .o £, = 0 and v € H(Q).
Next we shall prove that the sequence {u,}52 is bounded. With this pur-

pose first we establish the inequality ||u;]|> < ¢+ ¢|lu; ||, and second, we
prove that ||u,, ||, is bounded. The desired result will follow from the equality

2 2 _2
llly = w5+ w5 Yu € HY(Q).
First step. We shall prove
/ F(z,up)de < c+ep ||un||*—i—cHur_LHL1 . (3.34)
Un, 250

From (f3) we have

/un>50 Fz,up) < (% - 2) B /WSO {f (@, un)un — 2F (x,u,)} do. (3.35)

From (3.32) and (3.33) we get

/{f(:v, Un )ty — 2F (2, ) Y
Q

<c+epllunll, - (3.36)
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112 RAFAEL A. CASTRO T.

Hence

/ N {f(x,un)un — 2F (z,up) e < ¢+ &, ||unll,
Un>s0
+/ [2F (2, un) — f(2, un)un] - (3.37)
wn<so
Conditions (fp) and (f2) imply
|2F(z,s) — f(z,s)s]| <c+cls|, s<0, VoeQ, (3.38)
from (3.37) and (3.38) we get

/ {f(@,un)un — 2F (x,up) }dx| < c

Un, >80

tenlunll, +eflur . (3.39)

Now, from (3.35) and (3.39), we obtain (3.34).

Second step. We shall prove now that

‘ ||u;||i —/ O2F(x,un) <c+eplug ||« +CHU’7_I||L1 . (3.40)
Making v(x) = u,, () in (3.33) we have
'Hugni_/ £ wn)oin| < en [z, (3.41)
Uy <0

From (3.38) and (3.41) we obtain

ol = [ 2P
Up <

Uy <0

+/ f(xvun)un _/ 2F(Iaun)
Un <0 Un <0

<l [ s v
Un <

+

/ » {f(x,un)un, — 2F (2, up)} da

<eallurll+ [ 17w~ 2 () o
Unp <

n

<cten|luyl, +cllunll, -
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Third step. Next we shall verify the inequality

||uj{||i <c+clu (3.42)

From (3.32) we have

ol - [ 2r(e)

2
*

/ 2F (2, un) — |Ju;,

Un <0

2

. —/ 2F (z,up)
Q

2
=] funl? = [ 2o

< |t +

<c

)

and with (3.40) we get

Ntz = [ 2P

<c+

]/ 2F (2, un) — |[u |
Uy <0

§c+cHu

Then the above inequality and (3.34) give

/ 2F (x,up)

Uy, >0

/ 2F (z,up)
Ogun(iﬂ)gso

/ 2F (x,up)
Un >80

<ctelug], +enluzll, -

it 112 < e+ elull, +

<ctelunll, +

+

Therefore ,
unlly < c+ellug |, +enllurl, .

since lim,_,o €, = 0 this inequality yields (3.42).

Fourth step. We consider the following exhaustive cases:

i) There exists a constant ¢ such that ||u, ||, < ¢, or

il) limp—oo ||uy, ||, = 00, passing to a subsequence if it would be necessary.
In case i), using (3.42) we have ||u;f||, < ¢, Vn € N and, from the equality
|lul|? = ||u+||i + ||u_|\i Vu € H'(Q), we conclude that (u,)3; is bounded.
Next let us prove that case ii) can not occur. First, from (3.28) and (3.41) we

get
MWAK—A/KMJ2§c+dWAL. (3.43)
Q
If w, = —2— then there exists wy € H'(Q) and a subsequence from {w, }°

Huﬂ' H*

that we denote in the same way, such that it converges to w, weakly in H*()
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and strongly in L2(). Let us see that wy # 0. Dividing (3.43) by [u; ||> we
obtain

therefore wy # 0. Let us see that A is an eigenvalue and wq its eigenfunction.
First we prove

< (et o+l +elt T ol (349

(u;,v)* —/\/ U, v
Q
From (3.33) we get

<

(u;,v)*—)\/u;U (u:{,v)*—)\/ugv— f oz up)v

Q Q Q

(u;,v)*—)\/urjv—(u:{,v)*—i—)\/u;v—i—/f(:v,un)v
Q Q Q

(ts0), = [ )

<

< énllvf].-

Then

<epllv]l« +

(u;,v)*—)\/gu;v (u:,v)*—AAu;U—Af(x,un)v

San|v||*+||u,tu*||v|*+\x/u;v+/f<x,un>v C (3.45)
Q Q

Next we estimate |\ [, u, v+ [, f(2, un)v|. Conditions (fy) and (f2) imply

|f(z,8) —As|<ec, Vs<O0, VreQ. (3.46)
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using (3.46), we obtain

s [usos [ s

/wo (@, un)o
< [l = dunl ol + [ 17 ()] o
<c [l [ 17 (@) 1o

<c [ lol+ [ 1f )] 1o
/|v|+c/|v|+c/\u+\

< cllll + ¢ [luf || 7,n 10l o,

< / PRECENETSL

+

where the function x,, is defined by

1 i wu,(x) <O,
X ( )_{ 0 if wuy(z)>0,

and p = 22 q:%fornz?),andwetake1<p<1/00aslongasat9<1

n+2’
for n = 2. Then we obtain (3.44). Now, dividing (3.44) by ||u,, |, we get
+ +
’(wn,v)* —)\/ wpv| < (C+En + Hu’i” ||u ”LW> [lv]] - (3.47)
Q feell, " Tleal, ™ Tlua |
cte . [lwr |
It is evident that lim,, B |7|‘ = 0. From (3.42) we have lim,, ] = — ().
Let us prove that
[[w +|\C£pa _
lim ——+— =0. (3.48)

Conditions (fy) and (fs) imply the existence of positive constants K and cz
such that

F(z,s) > 0Ks'/% —cy, for s>0. (3.49)
Then (3.34) and (3.49) give

/]uﬂlwgc—i—anu:{H* (3.50)
Q
Dividing (3.50) by |[|u,, ||1/U we have
1 n 1/9 c HU’:LFH* c
_ 1/0’9/| | 1/00 +én _n1/06 + L1 (351)
(I = el e uz 7"
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From (S2) we have = = 1+ 0 for some § > 0. Hence
1/6
+
lim —EL%; =0. (3.52)
2\ [Ju |1

From (S2) and the choice of p in the case n = 2 we have that 1 < po < £, then

poy 1/po

Jr
0< lim / ]
n—oo Q 1/o

e,

< lim Y
o \HHUU

)

Therefore

lim / |u+|
S [

Then, the limit in (3.47) yields

(Wn, v) —)\/ wpv| = ‘(wo,v)* —)\/ wov
Q Q

(wo,v)*z)\/wov, Yo e HY(Q),
Q

S0, A is an eigenvalue of —A, with boundary condition vu + ayou = 0. But
this contradicts hypothesis (S1). Hence, ||u,, ||, cannot tend to +oco when n —

00. ]

)

lim =0.

n—oo

Hence

4. Results of existence
In this section, we establish the existence of solutions of Problem (P).

Theorem 4.1. Suppose n > 2, a < 0, (fo), (f1), (f2), (f3), and let u1, pa be
the first and the second eigenvalues of —/A with the boundary condition of the
problem
P) —Au = f(z,u(z)), in Q,
! yiu+ayu = 0, on 0,
such that
f1) @ > u1, Vs € R — {0}, Vo € Q.
f5) There exist £g >0 and p > 0 such that p1 < p2 —p < pa, and
@ <pz—p, Vs€(—eo,e0)—{0}, VreQ.
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Then Problem (Py) has at least one nontrivial solution.

Proof. We prove the conditions of Theorem 2.1. The functional ® associated
to the problem (P;) is defined by

o) =5 [ 1P+ 5 [ Goupas— [ P,

which satisfies the Palais-Smale condition by Lemma (3.2).
Using decomposition (2.4), H*(Q)) = X1 & X», we have

2

I) ®(u) <0, Vu € X;. Indeed, condition (fy) implies that F(x,s) > u1 5,
Vs € R, Vo € Q. Then for each v € X;

1
D(u) = 3 /Q |Vu|? + g/(m(%u)2ds —/QF(:E,U)

:%m /Qu2— | Flau) (by (25))

1 / 5 1 / 9
— L1 U — = u“=0.
2 Q 2 Q

IT) There exists pg > 0 such that ®(u) > 0, Yu € dBpo(0) N Xs. Condition
(f5) implies

IN

2
F(z,s) < (2 —p)% , for |s|<ep, and V€. (4.1)

On the other hand, for |s| > ¢, condition (f1) implies the existence of a positive
constant mg such that

|f(z,8)| <mg|s|”, for |s|>eg, and VreQ. (4.2)

Now, (4.1) and (4.2) implies

s2 :
F < (M? _p)77 if |S| < é€p, 4.3
(I’SL{ mlsl* i Js] > eo, 3

for any constant m and = € Q.
Using (4.3), the variational characterization of s, the Sobolev Imbedding
Theorem, and the norm ||ul|x = +/(u, u)k, where the inner product (u,v)y is
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defined in (2.3), we get for u € Xs,

o) = 5luli =5 [ v~ [ P
1 1
> 2l - / u——/ W~ (s~ p)
2 Jjuj<eo 2 Jjul>eo 2

/ u2_m |u|cr+1
lu|<eo |u|>e0
1 2 1 2 k/ 2 +1
= —|lu ——ug—i—k—p/ ut— = uc—m w|?
2l - 5 ) . ol

lu|<eo |u|>eo

1 1 N
> —I\UI\i——(u2+k—p)/ uQ—C/ ul”t —m Ju7
2 2 Q [ul>e0 lul>¢o

(where ¢ = k/2¢57 1)

1 1 .
= glulE = S+ k=p) [ = [
Q |u|>eo

(my =¢+m)

1 (u2+/€ p -
—HUHi BT TR Jullf — ma IUI i

1
> - u2—m/u‘7+1
> 5 (2 ) ol = [ 1o

= mallull® — ma|lu] 7.
So,
D(u) = [Jull (mallull = msllul”) , uwe Xs. (4.4)
Recalling that o > 1 by condition f1, the function d : [0, +00) — R defined by
1/(oc—1)
d(p) = map —mgp° achieves its global maximum in py = ("’Z“a) . Then

1
®(u) > pod(po) = p2 (1 - ;) mg >0, Yue€dB,(0)NXs.

IIT) There exists e € Xy — {0} and a constant M such that
Ov+te) <M, YveX; and Vt>0.
If n > 2 the space H*(Q) is not contained in L°°(£2). Let e € X5 be a function
which is unbounded from above, and A, the number given by
Jo IVel? —|—af(9Q Yo€) ds

Jo€?

Then, po < Ay and 1 < Ax. The value of A, does not change by substituting
e by te, then we suppose that e satisfies the condition

20— \) /Q < —8*(ju — N), (4.6)

A\, = (4.5)
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5
#1Jlrk
constant such that 01[jv[|F« < |[o[l7, Vv € X1 where [[v]| = sup, g |v(z)|.

Moreover 0* satisfies

where ) is the positive constant of condition (f2), §* =

and d7 is a positive

S vl2e < /Qv2, Vv e X;. (4.7)

If v e X7 we get

0= (v,e)k :/VU-Ve—i—k/ve—i—a/ (vov) (0e)ds
Q Q o9
Ry
Q

where 1 + k > 0, then fQ ve = 0 and we obtain

/ Vv -Ve+ a/ (70v)(v0e)ds = 0. (4.8)
Q o9

From (f3) there exist ms > 0 and s1 > sg such that
F(x,s) > %SQ +msst/?, Vs>s and VreQ. (4.9)

Conditions (fp) and (f2) imply the existence of a positive constant mg > 0
such that

A —
F(z,s) > 552 —mgls], Vs<s1 and VreQ. (4.10)
Now, if v € X7 and ¢ > 0 then (4.5), (4.8), (4.9) and (4.10) yield

1
O(v + te) = 5/ V(v + te)? + %/ (ro(v +te))2 — [ F(z, v+ te)
Q o0 Q
1 5 12 9
=—w [ v+ =\ | e — | F(z,v+te)
2 Q 2 Q Q
1 , t2 9
=—u [ v+ =N [ e — F(x,v+te)
2 Q 2 Q v(z)+te(z)<sy
- / F(z,v+te)
v(z)+te(x)>s1
1 2 A
S—ul/v2—|——)\*/62——/(v—|—te)2
2 Q 2 Q 2 Ja
—|—m6/ |v—|—te|—m5/ (v + te)'/?
v(z)+te(r)<sy v(x)+te(x)>s1
1 s 1 2
<o =N [ v+ =N =A) [ e+mg [ |v]
2 Q 2 Q Q

—i—mﬁt/ le] —m5/ (v +te)'/?.
Q v(z)+te(x)>s1
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From (4.7) we have

*

no| <7

t2
B(v-+ 1) < (= Mol + el ol + SO =) / &
Q

—i—mﬁt/ |e|—m5/ (v+ te)/? (4.11)
Q v(z)+te(x)>s1

Observing (4.11) we have the following cases:

Case 1. If A > A, then

*

0
®(v +te) < (11 = Nvlze +melQ [Jvl] e

t2
+—(/\*—)\)/62—|—m6t le],
2 Q Q

where the coefficients of ||v[|2.. and ¢* are negative, therefore there exists a
constant M; > 0 such that ®(v + te) < My, Vv € X; and Vt > 0.

Case 2. If 0 < A < Ay, and vy = min{v(x):xeﬁ} then vg +¢ < s1 or
vo+1t>s1. Let t <s1— .
o If g = 0, from (4.11) we have

5*
®(v +te) < (11 = Moz +mslQ [[vl]ze

2
+—1()\*—)\)/e2+m651/ le].
2 Q Q

Since the coefficient of ||v||% . is negative, there is My > 0 such that ®(v+te) <
M.
o If vy # 0 then |vg| < ||v||L= and from (4.11) we have,

*

)
O(v +te) < (= Mvl|Ze +melQ [|v] Lo
1

2
+ =(51 —v0)*(\s — )\)/ e? + (s1 —vo)mg [ le|.
2 Q Q

Using the inequality
(s1 —v0)* <2 (s + |vol?) , (4.12)

¢ = me <|Q|+/Q|e|> , (4.13)

B+ 10) < | S -0+ 0= [ ] ol

and calling

we obtain

+C||’UHL:>0+S%()\*—)\)/€2+81m6/ le].
Q Q
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The coefficient of ||v||% « is negative, therefore there exists Mz > 0 such that
O(v+te) < Ms.

e In the case t > s1 — vp, let Q1 = {z € Q: e(x) > 1} then |Q4] > 0. Since
the function e is not bounded from above, and O C {z € Q : v(x)+te(x) > 51}
then (4.11) yields

*

no| f

t2
B(v-+ 1) < (= Mol +mel ol + S =) / &
Q
—i—mﬁt/ le] = ms | |(vo + £)17° . (4.14)
Q

Setting vo +t = s we have

no| <z

O (v +te) <

5 —1p)?
(= Vel +male] o= + E2 0 -3 [ 2

+m6(s—v0)/ le| — ms|Qq]s'/?
Q

From (s — vp)? < 252 + 2||v[|2 and (4.13) we obtain
5*
b0+ 16) < (G =+ 0 =) [ @) ol + clolo
Q
+ mgs/ le] + s2(\s — )\)/ €2 —ms|Oy|s'/9.
Q Q

Since the coefficients of ||v[|2 .. and s'/% are negative, then there exists My > 0
such that ®(v + te) < My. If M = max{My, M3, My}, then ®(v +te) < M
Vv € X1, and ¢t > 0. o

In the following theorem we consider the case a > 0, and we use the following
condition (f3): the number A of condition (f2) is such that A > £, and \ # 35,
for j =2,3,---, (A is not an eigenvalue).

Theorem 4.2. Suppose: n > 2, a > 0, (fo), (f1), (f3), (f3), (S2), and the

conditions:

(fr) 22 > 8, vse R— {0}, vz € Q,
(f¥) there exist e > 0 and B € (81, 32) such that

@ <p Vse (—80,50)—{0} Vz e Q.

Then the problem

(Py) —Au = f(z,u(z)), in Q,
? Tu+ayu = 0, on 0N,

has at least a nontrivial solution.
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Proof. To prove the conditions of Theorem 2.1 we use the decomposition (2.7),
H'(Q) =Y; ® Ys. The functional ® associated to problem (Py) is

1 «
o) =5 [ VuP+5 [ owtds— [ P,

which satisfies the Palais-Smale condition by Lemma (3.2).
I) ®(u) < 0,YVu € Yi. Let u € Y, condition (ff) and the equality (2.8),

yields
1 2 O 2
Ou) =5 [ [Vul"+ 3 [ (vu)ds— | Flz,u)
2 Jg 2 Jaa Q

Sl&/uQ—ﬁ/uQ:O.
2 Q 2 Jo

IT) There exists po > 0 such that ®(u) > 0 Yu € 9B,,(0) N Y>2. Condition
(f¥) implies

F(z,s) < =s%, |s|<eo, VreQ. (4.15)

W@

On the other hand, for |s| > gy and = € Q condition (f;) implies the existence
of a positive constant mq such that |f(x, s)| < mg|s|” and its integrals yield

|F(z,s)] <ml|s|”™, V|s|>ey and VreQ, (4.16)
for any constant m > 0. From (4.15) and (4.16), we have
F(xz,s) < gsz +m|s|tt, VseR, VreQ. (4.17)

If u € Y5 then

1 2, @ 2

o) =5 [1VuP+ 5 [ oupds - [ P
2 Q 2 [2}9) Q
1
— 5l = [ P
Q

1
sz =5 [ —m [ Ju
2 2 Ja Q

1 I6] -
SllullZ = s==llull¥ = meflu|"*!
2 202

1 B —1y. 012 41
(1= 5 ) dy|lul|® —meljul|” .
5 (1= ) ul? = ml

Since o + 1 > 2, there exist pg > 0 and a > 0 such that
®(u) >a>0, Yue€dBpy(0)NYs.

Y%

Y

Y%

IIT) There exist a function e € Y5 — {0} and a constant M > 0 such that

Ov+te) <M, YveY; and Vi>0.
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Let e € Y5 be a function which is unbounded from above and A, the number
defined by

Ja [Vel? 4+ a [y (r0e)*ds
= f o ,
Q
then Oy < A, and A > A\, or A < \,. We suppose that e satisfies the condition

20\ — \) /Q e? < 5" (1 - %) : (4.19)

A (4.18)

where 6* > 0 is such that
S vRe < )2, YveY. (4.20)
For v € Y7 and k£ > 0 we have,

(v, u) = (v,u)s + k:/

vu:(ﬂl—l—k)/vu, Yu € HY(Q).
Q

Q

Making u = e we get

0:(v,e)k:(v,e)*—i—k/veZ(ﬁl—i—k)/ve7

Q Q
then
/ ve =0, (4.21)
Q
and
(v,e)s =0. (4.22)
We also use
A _
F(x,s) > 552 + m5sl/0, Vs >s1, Vre and (4.23)
A, _
F(x,s) > 55~ megls|, Vs<s and VxeQ. (4.24)

If v € Y7 and ¢t > 0 then using (4.18), (4.21), (4.22), (4.23) and (4.24), we
obtain

<I)(v—|—te):%/Q|V(v+te)|2—|—%/69(70(v+te))2—/QF(:Z:,U—I—te)

1 t?
:561/1)24—5)\*/62—/ F(z,v+te)
Q Q v(z)+te(z)<sy

- / F(x,v+te)
v(x)+te(xr)>s1
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<16/2+t2)\/2 A/ (v+te)?
> 7M1 v A e — — [ e
2 Q 2 Q 2 vt+te<sy

+ me / |v + te

v+te<sy

A 2 1/6
- = (v+te)® —ms (v + te)

2 vtte>sy v4te>sq

1 5 1 )
<=(B1=A) [ v+ =A=A) [ e+mg | |v+te]

2 Q 2 Q Q

—m5/ (v + te)/?

v+te>sy

1 5 2 5
S(BL=A) [ v H+me [ o]+ 5 (A=A) [ e
2 Q Q 2 Q

+tmg [ |e] —m5/ (v +te)'/?.
Q v+te>sy

IN

Using 31 [, v = |[v]|2, Vv € Y1 and (4.20) we get
A
B

t2
+—()\*—)\)/e2+tm6/ |e|—m5/ (v +te)/?.
2 Q Q vt+te>sq

Observing (4.25) we have the following cases:

5*
b0+ 16) < 5 (1= ) ol + malgllol~ (4.25)

Case A > .. In this case, the coefficients of ||v]|? and * in (4.25) are nega-
tive, therefore, there exists a constant M > 0 such that

Ov+te) <My YvoeYy and Vt>0.

Case 0 < A < \,. vaozmin{v(:z):xeﬁ} then vg +¢ < s1 or vg +1¢ > s1.
LettSsl—Uo.

If vg = 0 then from (4.25) we have,

o A
Qv +te) < — <1 - —) 0|70 + me | vl Lo
2 b1

2
+ S—l()\* - /\)/ e? + Slmﬁ/ e, (4.26)
2 Q Q

then there exists M3 > 0 such that ®(v + te) < MJ.
If vy # 0 then |vg| < ||v||L Vv € Y. From (4.25) we have

o A
Qv +te) < — (1 - —> 01700 + me | [lv]l Lo
2 I3

+lr=wPOn - [

5 e + (s1 — ’Uo)mﬁ/ le] .
Q Q
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Using (4.12) and (4.13), we obtain

O(v+te) < {6— <1 - i) + (A — )\)/ 62] 0|3 o
2 b1 Q
+ c||v|| e 4+ 5T (A — )\)/ e? + Slmﬁ/ le].
Q Q

From (4.19) there exists M35 > 0 such that ®(v + te) < M3,

In the case vg +t > s1, let 3 = {z € Q : e(z) > 1}. Clearly, [24] > 0.
From (4.25) we have

o* A 2
B tte) <L (1 - —) ol ol el + 50 =) [
2 51 2 Q

+tm6/ |8| —m5|Ql| (’Uo+t)1/0. (427)
Q

Making vg +t = s, using (4.12) and (4.13), we obtain

O(v +te) < {%* (1 — %) + (A — )\)/962] )% + cllv|| L
|

—|—sm6/ le —|—s2(/\*—)\)/ e — ms|Qy]s'/°.
Q Q

and there exists M} > 0 such that ®(v+te) < M. If M* = max { M3, M5, M;}
then
Ov+te) <M*, VYvoeY, and Vt>0.

]

Recalling that for n = 1 the space H'() is contained in L>°(2), and the fact
that the above proofs require an unbounded function in H*(f2), we conclude
that theorems 4.1 and 4.2 can not be applied to the case n = 1.
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