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AstracT. We characterize the Fucik spectrum (see [9]) of a class selfadjoint
operators. Our characterization relies on Lyapunov-Schmidt reduction argu-
ments. We use this characterization to establish the existence of solutions for
a semilinear wave equation. This work has been motivated by the authors’ re-
sults in [4] where one dimensional second order ordinary differential equations
are studied.
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RESUMEN. Se caracteriza el espectro de Fucik (véase [9]) de una clase de oper-
adores autoadjuntos. Basamos esta caracterizacién en el método de reduccién
de Lyapunov-Schmidt. Usamos esta caracterizacién para demostrar la exis-
tencia de soluciones a una ecuacién de onda semilineal. Este trabajo ha sido
motivado por los resultados de los autores en [4] donde se estudian ecuaciones
diferenciales ordinarias de segundo orden.

Palabras y frases clave. Espectro de Fucik, principio de puntos de silla, com-
portamiento asintético.

1. Introduction

Let Q be a measurable subset in R™ and L a selfadjoint operator with dis-
crete spectrum acting on L2(£2), the space of square integrable functions in
. Examples of such operators are the Laplacian (A) subject to Dirichlet or
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24 ALFONSO CASTRO & CHEN CHANG

Neumann boundary conditions in smooth bounded regions, and the wave op-
erator (O = 0y — O44) acting on 27-periodic functions in the variable ¢ that
also satisfy the Dirichlet boundary condition u(0,t) = u(m,t) = 0 (see [2]).
The Fucik spectrum of L, F, is the set of pairs (a,b) € R? for which the
equation
Lu=auy —bu_ in Q (1)

has a mnon-zero solution, where wu;(z) = max{u(z),0}, and u_(z) =
max{—u(x),0}. This concept was introduced by S. Fucik in [9] in the context
of differential equations.

Remark 1. If u # 0 satisfies (1) then v = —u satisfies Lv = bvy — av_. That
is, F is symmetric with respect to the main diagonal in R2. Since —L also has
discrete spectrum, without loss of generality, we restrict our analysis to the
case b > a. Also by adding to L an adequate multiple of the identity one may
assume b > a > 0.

In order to establish our main result (Theorem 2 below) we recall the fol-
lowing global reduction principle (see [3]).

Theorem 1. Let H be a separable real Hilbert space. Let X,Y be closed sub-
spaces such that H=X @Y, and J : H — R a functional of class C". If there
exists m > 0 such that

(VI(z14y) — V(22 +y), 21 — 22) < —ml|lzy — 22| (2)

for all 1,29 € X, y €Y, then there exists a continuous function r : Y — X
such that

o J(y+r(y) =max{J(y+z) |z e X}.
e J:Y =R defined by J(y) = J(y + r(y)) is of class C*.

e x4y is a critical point of J if and only if x = r(y) and y is critical point
of J.

Welet 0 <A <X < <Ay <---and0>XNg> A1 > > A, > -
denote the eigenvalues of L, and we assume that they do not have accumulation
points in R. That is, if the set {\; | ¢ = 1,...} has infinitely many elements
then lim; ,o A; = +oo. Similarly, if the set {A_; | ¢ = 1,...} has infinitely
many elements then lim; o A_; = —o0.

Let {¢;r | K =1,2,...} denote an orthonornal set of functions that span
the set of eigenvectors corresponding to the eigenvalue \;. We will denote by
N(j) the multiplicity of the eigenvalue \;, which need not be finite. We assume
the set {¢pjr |7 =0,%1,...;k=1,...,N(4)} to be complete in L*(Q). Let H
denote the subspace of L?(€) of elements of the form
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00, N (7)
w= > ajxpik (3)
j=—o00,k=1
such that
00, N (7)
> lar)? < oo (4)
j=—o00,k=1

It is easily seen that H is a Hilbert space under the inner product

oo,N () oo,N () o0, N(j)
< S ainein Y bj,k%,k> = Y (4 NDajrbik  (5)
1

j=—o00,k=1 j=—o00,k=1 j=—o00,k=1

We denote by || - |1 the norm defined by the inner product ( , );.
We let gop = g : R — R be given by

g(t)=at for t>0 and g(t)=bt for ¢<O0. (6)
For u as in (3) and v = E;’;J_Véi)kzl b; ki i we define
o0, N (4)
B(u,v)= Y Aajrbjx. (7)
j=—o00,k=1

With w as in (3), let J : H — R be defined by
Jap(u) = J(u) = (1/2) (B(u,u) - /Q u(z)g(u(z)) dx). (8)

Note that if L(u) € L*(Q), i.e. if ZOO’N(j) [A%|(aj,k)? < oo, then

j=—o00,k=1
B(u,v) = <L(u),u>0, 9)

where (, )o denotes the usual inner product in L?(Q2). Standard calculations

prove that, for u as in (3) and v = E;’;’]_Vég)kzl b ki ks

(VJ(u),v), =lim Juttv) = J(u)

L 450 t

00, N ()
= Y v [al@)e@ds o)
j=—o0,k=1 Q

= B(u,v) — /Q g(u(z))v(z) da.
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For a € (Aj, A\j4+1) and b > q, let X denote the closure of the subspace of H
generated by the eigenfunctions corresponding to the eigenvalues \; with [ < 7,
and Y the closure of the subspace generated by the eigenfunctions generated
by the eigenvalues A\; with [ > j. Hence, for 1,292 € X and y € Y, we have

<VJ(J:1 +y)—VJ(za+y),x1 — 3:2>1

= B(z1 — x2,21 — x2) — /Q(xl —x2)(9(z1 4+ y) — g(z2 +y)) dé

< B(wy — w201 — x2) — af|ay — 22§ < —mllwr — 22§, (11)

where m = m(a) = inf {(a — \;)/(1 4 |Xi]) | i < j} > 0. Note that m > 0 since
{(a = Xi)/(1+|\i])}, is either finite set of positive numbers or a sequence of
positive numbers that converges to +1. Therefore (2) is satisfied and, hence,
for each pair (a,b) there exists a continuous function r,;, = r satisfying the
properties in Theorem 1. For future reference, and using that ¢g is homogeneous
of degree one, we note that for any x € X and A > 0 we have

0=A(Blria) ~ [ aaly+ ri) )

(12)
= B()\r(y),x) — /Q:vg()\y + )\r(y)) dc.

Hence
r(Ay) = Ar(y) for any A>0. (13)

In the next two lemmas we prove that the functions r,; are compact and
depend continuously on (a,b).

Lemma 1. Let N(I) < oo for alll > j. If {yn}n converges weakly to 7y then
{ra)b(yn)}n contains a subsequence that converges to rmb@).

Proof. For the sake of simplicity in the notation, throughout this proof we write
r for rqp, and g for gqp. Let {y,}n converge weakly to . Since

m|r(ya)llf < —(VJap(yn +7¥n)) = VoY) 7(yn)),
<VJa,b(yn)’r(yn)>1

=—Am%m%ms

< bllynlloll7(yn)llo,

the sequence {r(yn)} is bounded. Since N(I) < oo for all [ > j, the imbedding
of Y into L?(f2) is compact. Thus, without loss of generality, we may assume
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that {y,} converges in L?(Q) to 3. From the definition of 7 we have

(a— )‘j)HT(yn) - T(ym)”g + allyn — ymH(2J
< _B(T(yn) = 7(Ym)s 7(Yn) — T(ym))

4 / (9 + 7)) — 9@m +7(5m))) W + 1) — 7(5m) — ) dC

= /Q (9(yn +7(yn)) = 9(Um +7(Ym))) (Yn — ym) dC. (15)

Since {yn} is a Cauchy sequence in L*(Q) and {g(yn +7(yn))} is bounded
in L?(), the last term in (15) tends to zero, which proves that {r(y,)} is
a Cauchy sequence in L?(f2). Let z be the limit of {r(y,)} in L?(£2). Hence
9(yn + 7(yn)) converges to g(g + z), and

0= B(z,x)— /Qg(y—i- 2)xd (16)

for any # € X. By the uniqueness of 7(7) we conclude that z = r(7), which
proves the lemma. o

Lemma 2. If {(an,bn)}n converges to (a,b), b > a, b, > a, and a,a, €
(Xjs Aj1), then {ra, b, (y)}n converges to rq.(y) for eachy € Y, i.e., r depends
continuously on (a,b).

Proof. Letting z = rq, b, (y) — ra.p(y), from the definition of r we have

0=B(zz) - /Q (Gansbn (U + Tanbn (V) = Gab (Y + Tap(y))) 2 dE
= B(z,2) - /Q (Gansbon (U + Tarbn (V) = Ganbn (U + Tap(y))) 2 dé
- /Q (Ganon (U +7ap(¥) = gap(y +rap(y)))zds. (17)

From (11), (17), and the fact that (ga,, b, (t) — gab(t))/t converges to 0 uni-
formly for ¢t € R as n — oo, we have

ml|2|3 < [|ga.. (4 + 70 ®)) = g (¥ + 70 ®) ol 2]0- (18)

Hence, given € > 0 there exists IV such that if n > N then
m||zllp < Hgan7bn (y + ra,b(y)) - ga,b(y + rmb(y)) Ho < (19)
which proves the lemma. o

Our main result is the following.
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28 ALFONSO CASTRO & CHEN CHANG

Theorem 2. If a € (Aj,\jq1), N(I) < o0 forl > j+1, and bi(a) = by =

sup {b > a| Jusy) = Jus(y +7as(y)) > 0 for all B € (a,b),y € Y —{0}},
then

a) (a,b1) is in the Fucik spectrum when by < +o0.
b) If b € [a,b1) then (a,b) is not in the Fucik spectrum.

c) For b > a, (a,b) is in the Fucik spectrum if and only if the restric-
tion of Jup to {y € Y | |lyllx = 1} has a critical point on {y € Y |
Iyl = 1,Jap = 0}.

d) The function by : (A\j, Aj41) = [0,400], @ — bi(a) is non-increasing and
continuous.

Remark 2. In general, even when X is finite dimensional, b1 (a) need not be
finite for all a € (A\;, A\j41). For example, it is easily seen that for a € (0, 0.25]
the equation

—u" =auy —bu_ in (0,7), w(0)=u'(7) =0 (20)

has no non-trivial solution. That is, b;(a) = +oo for all a € (0,0.25]. In this
case \g =0 and \; = 1.

In Lemma 7 we present a sufficient condition for by(a) to be finite for all
a € (Aj, Aj+1). See Remark 3 for an application of Lemma 7.

For recent results on variational characterizations of the Fucik spectrum the
reader is referred to [10] and [11] where a different variational characterization
of the Fucik spectrum is provided. Unlike the results of [10] and [11], Theorem 2
includes operators L with infinitely many positive and infinitely many negative
eigenvalues which may have infinite multiplicity. This allows for applications
to non-elliptic problems such as the wave equation (21) below. Theorem 2 was
motivated by the authors’ work in [4] where the existence of periodic solutions
for a semilinear ordinary differential equation is established using that the
corresponding potential is asymptotically equal to ug,,(u)/2 with (a,b) not
in the Fucik spectrum. For other results on the Fucik spectrum the reader is
referred to [1, 6, 5, 8, 7, 12]; none of which study (1) in the generality presented
here.

As an application of Theorem 2 we establish the existence of weak solutions
for the semilinear wave equation

U (2,1) — Ugg (2, 1) = h(u(z, 1)) + p(x, t), for x € (0,7),t € R
u(z,t) = u(z,t + 2m), forz € (0,7),t € R, (21)
u(0,t) = u(m,t) =0, for t € R.
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A VARIATIONAL CHARACTERIZATION OF THE FUCIK SPECTRUM 29

where h : R — R is a continuous function, p € LQ((O,TF) X (O,27r)), and p is
2m-periodic in the variable ¢t. The spectrum of (0 = 9y — Opr, D’Alembert’s
operator is given by {k* —j2 |k =1,2,...,7=0,1,...}. Thus \g =0, \; = 1.
We assume that h/(t) > e > 0 for all t € R. We let H(s) = [; h(t)dt, and
assume that that there exists positive real numbers a, b such that

2H H
lim sup 2(8) =aq, lim sup 2(8) =0, (22)
s—+00 S 5——00
a€(0,1) and be€ (a,bi(a)), (23)

where by = by(a) is as in Theorem 2.

Using Theorem 2 we prove the following result.

Theorem 3. If (22) and (23) hold, then the equation (21) has a weak solution.

For the version of Theorem 3 to ordinary differential equations see [4]. The
reader is invited to compare this result with Theorem 1 of [2] where an ex-
istence result for (21) is established when (a,b) is restricted to the rectangle
(0,1) x (0,1).

2. Proof of Theorem 2

Without loss of generality we may assume that a > 0.

First we note that by > X\;j41. In fact, if b € [a, A\j41) then, for y # 0,

Jab(y)

Ja b (y + T(y))
Ja b(y)
B@ww—Ay@mw@@»@

Y

s
P

24
Zwa—bAfﬁms (2)
> %B(y,y)
> 0.

Next we relate the Fucik spectrum of L with the critical points of J, 3.

Lemma 3. The pair (a,b) € F if and only if Jo» has a nonzero critical point.
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Proof. If w # 0 is a solution to (1) then multiplying (1) by v and using (9) we
have

0= (L(u),v)o — /ngb(u)v d¢

= B(u,v) — /an,b(u)v dC (25)

= (Vg p(u),v)1.

Thus u is a critical point of J, 3.

On the other hand, if u = ZOO’N(j) aj ki r 7 0 is a critical point of J, 4

j=—o00,k=1
letting
0,min{N(5),l} L,min{N(5),l}
we= Y. agwpir and wgp= Y ajpeik (26)
j=—1,k=1 Jj=Lk=1

we see that L(u;—), L(w4+) € H and {u;— +u;+ }; converges to w in H, hence in
L3(Q). Thus 0 = (VJ,p(u), L(u4) — L(w;—))1. This and the fact that L(u;)
and L(u;—) are in orthogonal subspaces give

IZ(uis) + Lw-)llg = I L(uis) — L(w-)[13

0,min{N(5),1} L,min{N (j),l}
_ 2 2 2 2
= E A k@ + Z Aj k5 ks
j=—1,k=1 j=1,k=1

= B(u, L(wi4) — L(w-))
— /Q (L(wg) — L(w—)) gap(w)

<L (uit) = L(wi=) ol ga.(w)lo-

Thus {||L(ury) + L(u-)||§}, is bounded, which implies that {L(ui— 4+ wiy)},
defines a Cauchy sequence in L?(€2). Since L si assumed to be selfadjoint, hence
closed, u is in the domain of L. That is L(u) € L?*(€2). Hence for all v € L*(Q)

/Qvga,b(u) = B(u,v) = (L(u),v)o. (28)

Thus L(u) = gap(u) = aus — bu_, which proves the lemma. o

Lemma 4. Ifb € [a,b1) then (a,b) ¢ F.

Volumen 44, Numero 1, Ano 2010



A VARIATIONAL CHARACTERIZATION OF THE FUCIK SPECTRUM 31

Proof. By the definition of by, if b € [a,by) then jayb(y) > 0 for any y € Y with
|ly|| = 1. Hence

(Vdap(y+7®),y+r),
= B(y+r(y).y+ () - /Q (5 + 7)) gy + (1)) dC

= 2Ja7b(y + T(y))

=2J,5(y)
> 0.

(29)

Thus, by Theorem 1, VJ(y+x) # 0 for y+x # 0, which proves the lemma. of

Lemma 5. If bi(a) < oo and N(I) < oo for alll > j + 1, then there exists
yo €Y with ||yol|1 = 1 and such that

Jab (o) = 0 = min { Jop, (y) | [lylls = 1}.

Proof. By the definition of b; there exists a sequence {f;}; converging to by
and a sequence {y; }; with |ly;|[1 = 1 such that jag (yi) < 0. Using again that
Aj = 400 as j — o0, one sees that {y;} has a subsequence that converges
strongly in L?(2). For the sake of simplicity in the notations we denote by {y;}
such a subsequence and denote by ¥ its weak limit in H which is its strong
limit in L2(Q). Since, by the definition of X, Y, the functional J, g, satisfies (2)
we have

mHTa,ﬁi (yl)H% < _<v‘]0«75i (yl + Ta,8; (Zh)) - V‘]a,ﬁi (yl)a Ta,B; (y1)>1
= <VJa7ﬂi (yl)v Ta,B; (yi)>1 (30)

- / Ta,; (Yi)9a,p: (yi) dC.
Q

Since |gq.3, (t)] < cl|t] for some constant ¢ independent of i and ¢, we see that
{ra,;(yi)} is bounded in H. Let us also see that {r, g, (y;)}: is also a Cauchy
sequence in H. In fact, letting z, = rq.p, (y) we have

mllz; = 2|11 < =(Vap, (i + 21) = Vg, (vi + 2j), 2 — 2j),
= Bl(zj, 2 — 2j) — Q(Zi — 2j) (9.8, (Wi + 2;)) dC
= [ (5= 2 (00, (0 + 20) = 01+ ) 6
= [ = 2 (00, + 20) = g, 1+ ) &€
+ /Q(zz' — 2)(9ap; (i + 25) = a5 (yi + 2;)) dC

EIl —|—IQ
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An elementary calculation shows that |gag,(s) — ga,s,(t)| < Bj|s — t| for any
s,t € R. Hence || (ga.5; (45 + 2j) — 9a.5; (i + 25)) ||, converges to 0 as i, j tend to
infinity. This and the fact that {z;}; is bounded in L?(Q) (see (30)) prove that
the integral I7 in (31) converges to zero as i,j — +00. The term I converges
to zero as i,j — +00 because {z;}; is bounded in L*(Q) and {j;}; converges.
Let lim z; = z € X. Therefore, for any x € X, we have

0= lim (B(zi,:v) — /Qiﬂga,ﬂi(yi + 2;) dC)

71— 00
— B(z.x) - / Gain (5 + 2) dC.
Q

which implies that z = rq 4, (7).
From (30) we see that if § = 0, lim;_,~ ||zi|| = 0. On the other hand, since
Ja.5; (yi) <0 we have

0 > lim sup 2‘Zl,ﬁi )

= ll_lglo (B(yi, yi) + B(zi, zi) — /Q(yi + 2i)Ga,6: (Vi + 2i) dC) ;

0 and lim; o0 (B(2i, 2:) — JoWi + 2i)ga.5,(yi + z:) d¢) = 0. Thus 3 # 0.
From the definition of » we have 0 = B(z;, 2;) — fQ ZiGa.p: (Yi + 2;) d¢. Thus

which contradicts that B(yi, yz) > (/\j+1/(/\j+1 + 1)) ||yz||% e )\j+1/(/\j+1 + 1) >

270, (§) = B(,9) + B(r(@), r(@)) - /Q (T + 7)) gap, (7 + (7)) d

1—r 00

< liminf B(yi, y:) — / e (74 r(3)) dc
o (34)

= lim inf (B(yi, Yi) — / Yia.p: (Vi + i) d€>
11— 00 Q

<0.

Since f()\y) = J()\y + T()\y)) = )\2J(y + 7(y)) we have fabl((l/”gn)@ <0,
which proves that N
inf{‘]a;bl @) |yl = 1} <0. (35)

Assuming that .J, 4, (y) < 0 for some y with ||y[|; = 1, by the continuity of r for
€ > 0 close to zero we have jaybl,e(y) < 0. Since this contradicts the definition
of by we have inf {ja,ln (y) | llylls = 1} = 0. Taking yo = (1/]/7]|1)¥ the lemma
is proven. o

Lemma 6. For yy as in Lemma 5 we have VJ(yo) = 0.
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Proof. Since yq is a critical point of ja,bl restricted to the unit sphere in H, by

the Lagrange multipliers rule there exists A € R such that Vja,bl (y0) = A\yo.
Thus

0= 2Ju, (o)
= B(yo,y0) + B(r(y0),m(y0)) — / (Yo + r(Y0)) gaps (Yo + r(y0)) dC

0 (36)
= (Vdap, (o), yo>1
= )‘<y07 y0>1 3

which implies that A = 0 since [|yo||; = 1. Hence yo is a critical point of J, 5,
which proves the lemma.

Proof. (Theorem 2)

e Part a) of Theorem 2 follows from Lemmas 5-6.

e Part b) was proved in Lemma 4.

e Since also (Vo p(z + ),z +y) = 2J(z +y) = J(y) we have that the
critical points of J are the critical points of J restricted to the unit sphere

with J(y) = 0, which proves part c).

e Now we prove part d). Let § be such that

0= Ja,bl (a) (27) = Ja,bl (a) (?/J\ + Ta,by(a) (@\))

. (37)
= min {Ja,bl(a)(y + Ta,bl(a)(y)) | ye Ya ||y||1 = 1}

Since L(§+Ta,b1(a) @)) = Ya b1 (a) (§+Ta,b1(a) @)) and a is not an eigenvalue
of L, J 4 74, (a)(¥) is not a positive function. Hence, letting Gop(u) =
(1/2)ugqp(u), for any § > 0 we have

2ja,b1(a)+6@)
= max {B(:v +y,24+7y) — / Gaby(a)+s(T + 37)}
rzeX Q
= gle%)(( {B(:E + ?J\ax + 37) - /Q Ga,b1(a)(x + ?/J\) - ‘/Q G075(x + ?/J\)} (38)

= B(aby ()45 @) + Us Tabr ()45 (F) + 7)

- /Q Gt (e (Fatn (a5 (5) +7) — /Q Gos(Fass(@)15(F) +7)

<0,
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where we have used that if 74 4, (a)+5(¥) 7# Ta,b, (a)(¥), then

B(Ta,bl (a)+6(§) + @\7 Ta,by (a)JrJ(@\) + @\)
- /Q Ga,bl(a) (Ta,bl(a)JrJ(/y\) + Z/J\) d¢ <0, (39)

while if Ta,bi(a)+5 (@\) = Ta,bi(a) (?/J\) then — fQ G0,5 (ra,bl (a)+46 (?/J\) +3//\) dC <0
since 744, () (¥) + ¥ is not a positive function.
Arguing as in (38) we see that for any 6 € (0, \j11 — a),

Jats,1(a)(F) < 0. (40)
Hence by (a+0) < by(a), which proves that by is a non-increasing function.

Let {an}n be a sequence in (\;, A\j11) converging to a. Suppose that
bi(an) < bi(a) — 6 for some § > 0. By the definition of by(a,) there
exists y, € Y with ||y,|l1 = 1 such that jambl(an)(yn) = 0. Since Y is
compactly imbedded in L?(Q2), we may assume without loss of generality
that {y,} converges weakly to 7 in Y and that {y,} converges strongly
to 7 in L2(£2). Since

B(yn —YmyYn — ym)
= /Q(yn = Ym) (9n (Un + 10 (Wn)) = gm (Ym + Tm(ym))) d¢,  (41)

where gn = Ga,. b1 (an)s Tn = Tap b1 (an)s SIDIlATLY g, 7. Hence {y, }r con-
verges strongly to 7 in H. Let ¢ < by(a) — 0 be a limit point of {b1(an)}n-
Without loss of generality we may assume that {b;(a,)}, converges to c.
Thus

Ja,C@) = Ja,c(y + ra,c@))
= lim Jan,b1 (an) (? + Ta, b1 (an)(y))

= nhﬂngo Jan,bl(an) (yn + Tan,bl(an)(yn))
= 0,
which contradicts the definition of by (a). Hence
h?i}l;lf bi(t) > bi(a). (43)

From (38) we have

limsup Jo, p, ()46 (F) = Hmsup Jo,, b, ()5 (T + Tan pr ()46 (@)
n— 00 n— o0
= Jabr(@)+5 (T + Ta (0)+5(7)) (44)
= Jabi(a)+5 )
< 0.
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Hence, for n sufficiently large, b1 (a,) < b1(a)+ 4. Since 6 > 0 is arbitrary,

limsup by (t) < by(a). (45)
t—a

From (43) and (45) we conclude that by is continuous, which concludes
the proof of Theorem 2 of
3. A Sufficient Condition for by (a) < oo
Lemma 7. If Y ~ {0} contains a non-negative function then by(a) < +oo for

all a € ()\k, )\k-i-l)-

Proof. Let y € Y ~ {0} be a non-negative function. Assuming that
infrex [ ((—y+ a:),)2 = 0, there exists a sequence {x)} € X such that

0= mf/ﬂ((—ym),f: lim [ ((—y+2)-)> (46)

zeX k—oo Jq

Writing 2z = (—y +2p) + (2x +y) = (—y + o)+ — (=¥ +21) - + (y + 21),
and using (46) we have

0:2/x;€y
Q

= lim [ ((—y+a)+y + (y +z)y) d (47)

k— o0 Q

> ||yl
0.

This contradiction proves that ¢ = inf,ex [, ((—y + x)_)2 > 0. Now, for any
re X,
2J(~y + ) = B(—y, —y) — allyl[§ + B(z, ) — allz|
2
~0-a) [ ((u+o)-)a

< B(y,y) —allyll§ — c(b— a)
<0,

(48)

for b > a+ (B(y,y) — ally||l3) /c. Hence J(—y) = max{J(—y+z) |z € X} <0
and b1(a) < a+ (B(y,y) — ally||3)/c < +o0, which proves the lemma.

4. Proof of Theorem 3

Let W = (0,7) x (0,27) and H be the vector space of elements u € L?(W)
with

u(x,t) = Z ak,j sin(kx) cos(jt) + by, j sin(kx) sin(jt) (49)
k=1,j=0
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and

00,00

> (417 - k) (e}, +b; ) < 0. (50)
k=1,j=0

This vector space is a Hilbert space under the inner product defined by

00,00

(u,v>1 = (1+ |j2—k2|)(ak1jak,j +bk,jﬂk7j)5kj, (51)
k=1,j=0

where 8o = 72, 6; = 72/2 for j > 0, u is as in (49), and v is given by

v(x,t) = Z ag,j sin(kx) cos(jt) + P, sin(kz) sin(jt). (52)
k=1,j=0
For u, v as above, let
Blu,v) = > Ski(k* = j*)(arjok; + br.jBr.s)- (53)
k=1,j=0

Note that if u is a function of class C? and Ou € L?(Q2) then B(u,v) =
(Ou, v)g. Let

00,00

I(u) = Z 6%@:2 - j2)(aiﬁj + biﬁj) - /W(F(u) + pu) dx dt, (54)

k=1,7=0

where I'(t) = fg h(s)ds. We say that v € H is a weak solution to (21) if u is a
critical point of I. Let X be the closure of the subspace of H generated by func-
tions of the type sin(kz) cos(jit), sin(kz) sin(jt) such that k% —j2 < 0, and Y the
closure of the subspace of H generated by functions of the type sin(kx) cos(jt),
sin(kx) sin(jt) such that k2 — j2 > 1. A straightforward calculation shows that

(VI(u),v) = Blu,v) — /W(h(u) +podedt. (55)

Since B(z,z) <0 for any z € X, for y € Y, 21,22 € X we have

<VI(y + 21) - VI(y + 2’2), 21 — ZQ> =
B(z1 — 22,21 — 22) — / (R(y + 21) — h(y + 22)) (21 — 22) dw dt
w
< —ellar — zoflf, (56)

where ||-||; denotes the norm in H. Thus by Theorem 1 there exists a continuous
function p : Y — X such that v € H is a critical point I if and only if
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u =y + p(y) with y a critical point of I(y) = I(y + p(y)). By the continuity
of the function by (see Theorem 2) there exists 6 > 0 such that a + ¢ < 1 and
b+ 0 < bi(a+0). By (22), there exists a real number C' such that

1
D(t) < Gtgarsps(t) + O, forall teR. (57)

Forze X andyeY, let

Iussaste i) = 5 (Batwasn = [ @t iasnsto+n)  69)

Therefore, letting w = rq46p+5(y) we have

I(y) = 1(y+ p(v))

> I(y +w)

1
= 5B(y +w,y +w) — / (D(y + w) + p(z, t)(y + w)) da dt
w
> %(B(y+w,y+w) (59)
~ [ Gsssesto+ o)+l 0+ ) de e — 250
w
>

o[ Jatrsbts(Y) lIpllo 2m?C
Iy + w2 b _ - ).
ly+wllf  ly+wl [ly+wl|i

Let us see that inf {L+57b+5(y) |yl =1} = A> 0. Let m = m(a+6) >0
be asin (11). Assuming that {yx}x is a sequencein {y € Y | ||y||1 = 1} such that
limy 00 J (yx) = 0, by the compact imbedding of ¥ in L2(€2) we may assume
that {yx }r converges weakly in H and strongly in L?(Q). Let 7 be such a limit
and, for the sake of simplicity in the notations, let Jo45p4+5 = J, ¥ = Tat5,0+5,
and faﬂ;,bﬂ; = J. Arguing as in (31) we see that {r(y)}x converges in H. Let
Z be such a limit. Hence, for any z € X,

<J(§+ /517\)7 Z>1 = B(./I\, Z) — / (ga+5,b+5(§+ 55))2
w
= lim B(r(yr), 2) _'J/ (gatsprs(yr +7(yr)))z (60)
> w
=0.
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Thus = = r(y) and

2J(Z +7y) = B(Z,7) + B(g?, @) — /W (ga+5,b+6@+ E))@—i— 7)

< liminf B(r(yx), 7(yx)) + B(yk, yr)

- /W (ga+6,b+5(yk + T“(yk))) (yk + T(yk)) (61)

= liminf J(yx)
k—o0
=0.

Since (a+d,b+¢) is not in the Fucik spectrum of O, we have = § = 0. Thus

limp oo B(r(yr), 7(yk)) — fo (Gatop+5(wr + 7(yk))) (yx + 7(yx)) = 0. On the
other hand, from the definition of B (see (53)), B(yx,yx) > |lyxl|? = 1, which

contradicts that limg_ o J(yx) = 0. Thus A > 0.
Now for y € Y and p(y) = w € X,

I(y) = %B(y +w,y +w) — /W (C(y +w) + p(z, t)(y + w)) da dt

1
Z§<B(y+w,y+w)

(62)
- /W (Jatsp+5(y +w) + pla, 1)) (y + w) dw dt — 27r20>

o [ Jats,p+5(Y) l[pllo 2m%C
= Hy‘f'w”l 7 - 2 |-
ly+wli  ly+wl [ly+wlf

V

From (14) we see that there exists ¢ > 0, independent of y such that ||w]|; <
¢|ly||1. These and the fact that J is homogeneous of degree 2 (see (13)) yield

I(y) > |ly + wlF(Allyll/lly + wlT = Ipllo/ Iy + wlly — 27*C/lly + wl?)
> |ly +wl[F(A/ A+ ) = [Ipllo/Ily + wlly = 272C/|ly + w|}) (63)
— 400 as ly|]| = +oo.

Arguing as in Lemma 1 we see that

1
N(y) = 5B(p(v): p(y)) = /Q (T(y + p(y)) + poly)) d¢ (64)
defines a weakly lower semicontinuous function. Thus T is the sum of a convex
function (y — B(y,y)/2— [, pyd() with a weakly lower semicontinuous function
(y — N(y)). Hence, by (63), I achieves its minimum at some point yo. By

Theorem 1 we conclude that yo+ p(yo) is a critical point of I, hence a solutions
0 (21). This proves Theorem 3.
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Remark 3. Since sin(z) € Y, by Lemma 7, b1(a) < oo for all a € (0,1).

1]
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