Revista Colombiana de Matematicas
Volumen 45(2011)2, paginas 187-195

Extension of Reverse Hilbert-Type
Inequality with a Generalized
Homogeneous Kernel

Extension de la desigualdad tipo Hilbert con niicleo homegéneo

BATBOLD TSERENDORJ!, ADIYASUREN VANDANJAV!,
RENE ERLIN CASTILLO?

'National University of Mongolia, Ulaanbaatar, Mongolia

2Universidad Nacional de Colombia, Bogotd, Colombia

ABsTRACT. In this paper, by introducing some parameters we establish a new
extension of the reverse of Hilbert-type integral inequality with best constant.
We also, consider the equivalent inequality.
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REsuMEN. En este articulo, introduciendo algunos parametros, establecemos

una nueva extension de la desigualdad inversa tipo Hilbert con mejor con-
stante. También consideramos la desigualdad equivalente.

Palabras y frases clave. Desigualdad integral tipo Hilbert, desigualdad inversa
de Holder.

1. Introduction

Ifp > 1, %—&—% = 1 and f,g > 0, satisfy 0 < fooofp(x)dx < oo and
0< J;° g%(z) dz < oo, then

/OOC/OOOdedy< Sir:(rg){/Ooofp(x)d;v}é{/Ooogq(:r)da;}}l, (1)
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//max{xy}dxdy<pq{/ I dx};{/ooogq(x)df}é, (2)

where the constant factors 7/(sin7/p) and pq are the best possible. Inequality
(1) and (2) are called Hardy-Hilbert’s inequalities (see [1]) and are important
in analysis and their applications (cf. Mitrinovié¢ et. al. [3]). The corresponding
inequalities for series (1) and (2) are

Q=

szax{m n}<pq{zap}q{zbz}q’ (4)
n=1m= n=1

where the sequences {an} and {b,} satisfies the following condition:
0< > ab <oo,0< > bl < oo, and the constant factors 7/(sinm/p)
and pq are the best possible.

In 2009, B. Yang (see [4]) obtained the following inequality'
pr>17 —1 B E€R, f,g >0 such that 0 < [~ zE1fP(x) de < oo
and0<fooox2 g%(z) dz < oo, then

/ /Oo a;f:ir{lx vt f(x)g(y) dx dy <

77{ /Ooox’é-lfp(m)dx}’l’{/Oooxé—lgq(x)dx}q, (5)

where the constant factor 7 is the best possible.
Recently, Yang (see [5]) obtained the following reverse inequality:
If0<p<1,%4—%:1,a>O,B€R7f,9208uchthat0<
JoSaP fP(z) do < 0o and 0 < [~ 297 g9(x) do < oo, then

B
min{z, y} x
t - dzd
[ (B et (2) (01 g0y >
1 o %
”{/ xplfp(x)dx} {/ 27 gz )dx} . (6)
2a 0 0
where the constant factor - is the best possible.
Recently, B. He (see [2]) gave a reverse inequality as follows:
If 0 <p< I, 2+ 1 =1, A\p € Rsuch that A+ > 0 f,g > 0 satisfy
0< [ o ) "fP(z)dz < co and 0 < [Tz a(1+254) - “lgi(z)dr < oo,

3=
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then

/ / (min{z, y})* —— S (@) g(y) dedy >

(max{z, y})*

A+u{/o o (125 )1fp(x)dx};{/oooxq(1+*2“)1gq(x)dx}é, (7)

where the constant factor is the best possible.

_4
pe

In this paper, we generalize inequalities (6), (7) and we build reverse in-
equality (5). The equivalent form is considered.

2. Main Results

Lemma 1. Let o,8,7 € R such that o + 8 > 0. If the weight function
w(a, B,7,x) is defined as

[e'e) . a 7(%;!3
wlasio) = | (m“{“’})ﬁtn@;dy ®)

(max{z,y}) 14258

then we obtain
T

w(onByr) = ——.

(9)

Proof. Setting u = y/z in (8) and using the fact that arctan L + arctanz =
(x > 0), we have

2

* (min{1,u})” o
w(a, Byy,x) = / (IHL’U})ﬁ ~u”17%2" L arctan L du (10)
0 (max{1,u}) uy

Vo ass 1 o ats 1
u T2 s arctan — du + w " 2 .arctan —du  (11)
uY 1 uY

J
J

1 1
[=3 1 (o3
w7 L arctan — du + / w5 L arctanw” du (12)
0 u? 0
1 a+8 ].
= / uw <arctan — + arctan u”) du (13)
0 u”
1
s _1+M s
= — U 2 du = . 14
2 /0 a+p (14)
Thus the Lemma 1 is proved. o
Theorem 2. If0 < p <1, 3 + ¢ =1, a,8,7 € R such that « + 5 > 0

+
afﬁ)_lp
< E fP(z)de < oo and

Ji o

and f,g > 0 satisfy
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0< [5° $q< ;ﬁ)*lgq(x) dz < oo, then
I:= / / E;iiz ZZ}} arctan (%)7]”(1') g(y) dz dy >

a+5{/0 a:( ) Lr(z)d };{/Oooa:q(1+“z’3)—1gq(x)dx}é7 (15)

where the constant factor P 1s the best possible.

+

Proof. By the reverse Holder’s inequality, we have

I= / / ((E;iiz yy};); arctan <z>7f(x) g(y) dx dy
[ e e ()
(1252 /a y(1+252) /v
X mf(x) mg(y) dz dy (16)

min{z 2\ -0 (1+232) 1/p
{ / / maxi:c yy}i arctan <y) (y(lla;f)fp(x) dx dy}

[ ()

)

If (16) takes the form of the equality, then there exist constants M and N
which are not all zero such that

L= 1)(1+ 2) o yla(1+232)
( ) (CC)—N x( ;5)

M - g;p( B )fp(a:) =N- yq(H_%ﬁ)gq(y), a.e in (0,00) x (0,00).

9%(y), a.ein (0,00) x (0,00),

Hence, there exists a constant ¢ such that

a—p

gﬁ)fp(x) =N. yq(1+ 2 )gq(y) =¢, a.ein (0,00) x (0,00).

M -xp(1+

We claim that M = 0. In fact, if M # 0, then

c
Mg’

2 (10550) 1 () =

a.e in(0, 00),
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B)_lfp(x) dr < oco. Hence, by

(8), (15) takes a strict inequality as follows:

[ e (£) o) o) dedy >

{/OOO w(a, 8,7, 2)a?(°2) 7 () dw};x
{ /OO wla 8.7 )at (77 gt dx}é.

0

In view of (9), we have (15).

Assume that the constant factor ;7 in (15) is not the best possible, then
there exists a positive number k£ with k& > T[ﬁ such that

/ / (min{z, y})" arctan <Z) 7f(:v) g(y) dx dy >

(max{z,y})?
k:{/o xP p(1+252) - 1fp(x)dac}p{/Oqu(l"’a?ﬂ)_lgq(x)dx}q. (17)
For 0 <e < %, setting
_ 0, z € (0,1);
f(x) B {x(1+a2ﬁ) %7 T E [1, )
- ye (0.1);
Tl )5 e o)

We have that

{/ooo “Tp( gﬁ)flfp(af/) dm};{/ooo xq(”agﬁ)*lgq(m) da:}(ll = é, (18)

and taking v = ¥, by Fubini’s theorem, we obtain
mln{x Yy} x v
/ / (max{z,y})? arctan (y) f(z)g(y) dxdy
o 8!
:/ / Marctan <£E> x_(H_aTiB)_%y_(l—’_agﬂ)_%dy o
1 1 (max{z,y})s y
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0 1
atB _ e 1
:/ xlg[/ TR arctandu} dx +
1 1z uv

1 [ _{_ots_- 1
- u 2 ¢ arctan — du
1 u

1 o0
atB e ].
:/ </ x e dx)u_H' 355 arctan — du +
0 1/u u”

1 1 o<+B 1 _
= - R arctan — +u L+eag8 +q arctanu” | du
13 0 u”Y

™
< YRR
Multiplying both sides of (17) by &, the above inequality and (18), become

2(°‘+f’+ >€/ / E;i}ﬁf,% arctan (§>Wf($)§(y)dmdy>

5k{/0 #(+27) 1o () 4 } {/OOOxQ(H“E‘*)l'gVQ(x)dx};:k.

It follows that —7— 5 = k, which contradicts the hypothesis. Hence the con-

S

stant factor %ﬂ in (15) is the best possible. The theorem is proved. ™

Theorem 3. Let f > 0 such that [;° :cp( 32) -1 LfP(z)dx < oo. Then we
have the following inequality, which is equwalent to (15):

J = /Owy_w_l[/owmarctan <§>7f(x) dm]pdy >
(aiﬁ)p/ow‘”p( H) ) o, (19)

where the constant factor (ﬁ_ﬂ)p is the best possible.

Proof. Let us define

oto) =y [ [T D i (2) ) "

with y € (0,00). Applying (15) (see Theorem 2), we have
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- / / 2;1{{2 iﬁ arctan( >7f(x)g(y) dz dy |
B{/O L i } {/ooqu(lwgﬁ)lgq(y)dy}q
) a+ﬁ{/oooxp( Qﬂ)‘lf”(@dx}" y

([ e [ e 3) s )

s | R

Q
3+
=

Finally

([ [ et 3 o] )

(@
Hence (19) is valid.

On the other hand, suppose that (19) is valid. By the reverse Holder’s
inequality with weight, we find

1:/000 [y—(“z‘”—é /Ommarctan (;)Wf(x)dx} X

[y (agﬁ)*;g(y)} dy  (20)

> J;{/OO yq(lJragﬁ)*lgq(x) dx}q.
0

Then by (19), we have (15). Thus (15) and (19) are equivalent. It is clear
that the constant factor in (19) is the best possible. Otherwise, by (20), we may
get a contradiction that the constant factor in (15) is not the best possible. This
completes the proof of Theorem 3. ™

Remark 4.
i) For « =0, 8 =1 in Theorem 2, we have the reverse of (5) as
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/ /Oo a;::x gt f(x)g(y) dx dy >

77{ /OOO 2P () d:c};{ /OOO 23 1g9(z) dx}(ll.

ii) For & = f in Theorem 2, we have (6).

ili) For v = 0 in Theorem 2, we have (7).
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