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ABsTrACT. The k-generalized Fibonacci sequence (Fygk>)n>2_ . is the linear
recurrent sequence of order k, whose first k terms are 0,...,0,1 and each
term afterwards is the sum of the preceding k£ terms. Two or more terms of a
k-generalized Fibonacci sequence are said to be in the same power of two-class
if the largest odd factors of the terms are identical. In this paper, we show
that for each k > 2, there are only two kinds of power of two-classes in a
k-generalized Fibonacci sequence: one, whose terms are all the powers of two
in the sequence and the other, with a single term.
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nonzero linear forms in logarithms of algebraic numbers.

2010 Mathematics Subject Classification. 11B39, 11J86.

RESUMEN. La sucesion k—generalizada de Fibonacci (F£k>)n>2,k es la sucesién
lineal recurrente de orden k, cuyos primeros k términos son 0,...,0,1 y cada
término posterior es la suma de los k£ términos precedentes. Se dice que dos o
ma&s términos de una sucesiéon k—generalizada de Fibonacci estan en la misma
clase de potencia de dos si los mayores factores impares de los términos son
idénticos. En este trabajo, se muestra que para cada k > 2, s6lo hay dos tipos
de clases de potencias de dos en una secuencia k—generalizada de Fibonacci:
una, cuyos términos son todas las potencias de dos en la sucesién y la otra,
con un dnico término.

Palabras y frases clave. Numeros de Fibonacci k-generalizados, cotas inferiores
para formas lineales en logaritmos de niimeros algebraicos.
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220 CARLOS ALEXIS GOMEZ & FLORIAN LUCA

1. Introduction

Let k£ > 2 be an integer. One generalization of the Fibonacci sequence, which is
sometimes called the k-generalized Fibonacci sequence (F,(Lk))n>_(k_2)7 is given
by the recurrence B

FER=F® L p® o BB forall n>2,
with the initial conditions FQ(ﬁ)k = Féﬁ)k = ... = ék) =0 and Fl(k) =1. We
refer to F,(Lk) as the nth k-generalized Fibonacci number or k-Fibonacci number.

Note that for £ = 2, we have F,(IQ) = F,,, the familiar n** Fibonacci number.
For k = 3 such numbers are called Tribonacci numbers. They are followed by
the Tetranacci numbers for £k = 4, and so on. An interesting fact about the
k—generalized Fibonacci sequence is that the k values after the k initial values
are powers of two. Indeed,

FP =1 FP =2 F®=4q. F® =21 (1)

This is, F,Sk) = 2”*2, for all 2 < n < k + 1. Furthermore, Bravo and Luca
showed in [I] that M < on=2 for all m > k + 2. They also showed that
except for the trivial cases, there are no powers of two in any k—generalized
Fibonacci sequence for any k£ > 3, and that the only nontrivial power of two in
the Fibonacci sequence is Fg = 8.

For k£ > 2, we say that distinct k—Fibonacci numbers F,Sf ) and Fy(lk) are in
the same power of two-class if there exist positive integers x and y such that
ZmF,Sf ) = 2yF,(Lk). That is to say that the largest odd factors are identical. The
sequence (F,gk))n>1 is partitioned into disjoint classes by means of the above

equivalence relation. A power of two-class containing more than one term of
the sequence is called non—trivial. This definition is an analogy to the one of
square-class in Fibonacci and Lucas numbers given by Ribenboim [J].

In this paper, we characterize the power of two—class of k—generalized Fi-
bonacci numbers for each k. This leads to analyzing the Diophantine equation

Féf) = QSFT(Lk), with n,m>1, k>2 and s>1. (2)

Equations analogous to have been studied for the case of Fibonacci
numbers:

F,, = 22°F,, F,, = 3z°F,, F,, = 62°F,.

For more details, see [7].

Before getting to the details, we give a brief description of our method. We
first use lower bounds for linear forms in logarithms of algebraic numbers to
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bound n, m and s polynomially in terms of k. When k is small, we use the
theory of continued fractions by means of a variation of a result of Dujella
and Petho to lower such bounds to cases that allow us to treat our problem
computationally. When k£ is large, we use the fact that the dominant root of
the k-generalized Fibonacci sequence is exponentially close to 2, to substitute
this root by 2 in our calculations with linear form in logarithms obtaining in
this way a simpler linear form in logarithms which allows us to bound k and
then complete the calculations.

2. Some Results on k—Fibonacci Numbers
The characteristic polynomial of the k-generalized Fibonacci sequence is

Uy (2) = 2* — k1

———gp—1.

The above polynomial has just one root a(k) outside the unit circle. Tt is
real and positive so it satisfies (k) > 1. The other roots are strictly inside the
unit circle. In particular, Uy (x) is irreducible in Q[z]. Lemma 2.3 in [6] shows
that

2(1-27%) <a(k) <2,  forall k>2. (3)

This inequality was rediscovered by Wolfram [10].

We put « := a(k). This is called the dominant root of Uy (z) for reasons that
we present below. Dresden and Du [3], gave the following Binet-like formula

for F,Sk)

Ja® zk: ol —1 Ol (4)
R R PR R,
where o = a(M, ..., a® are the roots of Uy (z). Dresden and Du also showed

that the contribution of the roots which are inside the unit circle to the right—
hand side of is very small. More precisely, he proved that

F(k)— a—1
Tk (et )(a—2

1
)anfl <3 forall n>1. (5)
Moreover, Bravo and Luca (see [I]) extended a well known property of the
Fibonacci numbers, by proving that
an—Q < F’I’(Lk) < an_17 (6)
for all n > 1 and k& > 2. Further, the sequences

(F(k) (F,(Lk))k22 and (a(k:))k22 (7)

n )nzl’

are non decreasing. Particularly, a > 2(1 - 2_3) = 1.75 for all k£ > 3.

Revista Colombiana de Matemadticas



222 CARLOS ALEXIS GOMEZ & FLORIAN LUCA

We consider the function

z—1
fr(z) = S =2 for k> 2.

If z € (2(1 —27%), 2), a straightforward verification shows that 9. fi(z) < 0.
Indeed,

1-k

O:Jul2) = 2+ (k+2)(z—2)°

<0, for all k> 2.

Thus, from 7 we conclude that

2k—1 1
2k —k—1

% = fx(2) < fi(a) < fk(2(1 _ 2—k)> _

)

<2
— 4

for all k£ > 3. Even more, since fg((l + \/5)/2) =0.72360... < 3/4, we deduce
that fr(a) < 3/4 holds for all k& > 2. On the other hand, if z = o with
1 = 2,...,k, then |fk(a(i))| < 1 for all £ > 2. Indeed, as |a(i)‘ < 1, then
|a® —1] <2 and |24 (k+ 1)(a'? = 2)| > k — 1. Further, fo((1 - v5)/2) =
0.2763. ..

Finally, in order to replace o by 2, we use an argument that is due to Bravo
and Luca (see [1]). If 1 < r < 2¥/2_ then

o' =2"4+06 and  fi(a)=fu(2)+n
with |§] < 271 /2%/2 and || < 2k/2%. Thus,

2" 2rtlf 22
2k/2+ 2k + 23k/2 °

|fk(oz)o/" — 27"_1| <

Furthermore, if k > 10 then 4k/2F < 1/2%/2 and 8k/2%#/2 < 1/2¥/2. Hence,

oz (8)

3. Preliminary Considerations

We completely solve , which in turn solves the main problem of this paper:
characterize the power of two—classes of k—generalized Fibonacci numbers. We
suppose that (m,n, s, k) is a solution of with £ > 2, m > n and s positive
integers.

We first consider the Diophantine equation with Fibonacci numbers.
Carmichael’s Primitive Divisor Theorem (see [2]) states that for m > 13, the
m** Fibonacci number F,,, has at least one odd prime factor that is not a factor
of any previous Fibonacci number. So, is impossible whenever m > 12.
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When 1 < n < m < 12, a simple check of the first twelve terms of the Fibonacci
sequence: 1,1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144 shows that has only the
following solutions.

(m,n,s,k) € {(6,1,3,2),(6,2,3,2),(6,3,2,2), (3,1,1,2), (3,2,1,2) }.

We assume k > 3 and consider the following cases which determine all solutions
Offorngk—i—lz

(i) n =1 and m < k+ 1. The solutions of are given by

(m,n,s,k)=(t+2,1,t,k), with 1<t<k-1.

(ii) 2<n<m < k+1. From , the possible solutions of are

(myn,s,k) =+t tk), with 2<v<k and 1<t<k-1.

(iii) 2<n<k+1<m. has no solutions. Indeed, we have that FP =

2n+5=2 However, it is known from [I] that when m > k + 1, F¥ s not
a power of 2.

In the remaining of this article, we prove the following theorem.

Theorem 3.1. The Diophantine equation has no positive integer solutions
(m,n,s, k) withk >3, m>n>k+2 and s > 1.

To conclude this section, we present an inequality relating to m, n and s.
By equations , and @, we have that

anJrsz < 250/7,72 < 2SF'r(Lk) _ F(k) < O[rnfl

m

and
"2 < FR) — 98 (k) < 95qnt,
Thus,
s<m-n<13s+1, (9)

where we used the fact that log2/loga < log2/log1.75 < 1.3. Estimate @D is
essential for our purpose.

4. A Inequality for m and s in Terms of k

From now on, k > 3, m >n > k+ 2 and s > 1 are integers satisfying (2]), so
n > 5 and m > 6. In order to find upper bounds for m and s, we use a result of
E. M. Matveev on lower bound for nonzero linear forms in logarithms algebraic
numbers.
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224 CARLOS ALEXIS GOMEZ & FLORIAN LUCA

Let v be an algebraic number of degree d over Q with minimal primitive
polynomial over the integers

100 = a0 [ (3 —4©) e 7ix],

i=1

where the leading coefficient ag is positive. The logarithmic height of v is given

1})

One of the most cited results today when it comes to the effective resolution
of exponential Diophantine equations is the following theorem of Matveev [§].

d
h(v) = é (log ap + Z log max { |7(i)
i=1

Theorem 4.1. Let K be a number field of degree D over Q, ~1,...,7v: be
positive real numbers of K, and by, ..., b; rational integers. Put

A=Atk 1 and B >max{|bi],...,[b}.

Let A; > max {Dh(’yi),|log’yi|,0.16} be real numbers, for i = 1,...,t.
Then, assuming that A # 0, we have

|A| > exp (— 1.4 x 30" x ¢*5 x D*(1 4+ log D)(1 +1log B)A; - -+ A;).

By using formula (4) and estimate (5)), we can write
FR) = fi(a)a™ ! + ex(m), where lex(m)] < 1/2. (10)
Hence, equation (2)) can be rewritten as
fe(@)a™ ™t =28 fr(a)a™ ! = 2%, (n) — er(m). (11)
Dividing both sides of by 2° fr(a)a™ ! and taking absolute values, we get

< 2°4+1 < 1.5
25t fr(a)an—1 = 17571
where we have used the facts: fy(a) > 1/2, o > 1.75 for all k > 3 and s > 1.

We apply Theorem [£.1] with the parameters ¢ == 2, y1 = 2, 72 = a,
by := —s, by = m —n. Hence, A1 =27 %™ ™ — 1 and from we have that

|27%a™ " — 1] (12)

1.5

A< —2
Ml < Tog

(13)

The algebraic number field K := Q(«) contains v; and v, and has degree k
over Q; i.e., D = k. To see that A; # 0, we note that otherwise we would get
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the relation o™~ = 2°. Conjugating this relation by an automorphism o of
the Galois group of ¥y, (x) over Q with o(a) = a® for some i > 1, we get that
()™ =25, Then 2° = |a(i)fm7n < 1, which is impossible. Thus, A; # 0.

Since h(y1) = log2, and by the properties of the roots of Wi (x), h(vye) =
(loga)/k < (log2)/k. We can take Ay := 0.7k and A, := 0.7. Finally, from (9],
we can take B :=1.3s + 1.

Theorem [4.1| gives the following lower bound for |A4]
exp ( — 1.4 % 30° x 2°%k2(1 + log k) (1 + log(1.35 + 1))(0.7k)(0.7)),

which is smaller than 1.5/1.75" ! by inequality . Taking logarithms in both
sides and performing the respective calculations, we get that

logl.5 1.4 x30%x2%5 x0.72 x6

k®log k log(2
log 1.75 log 1.75 ogklog(2s) )
< 4.1 x 10°k3 log k log(2s),

n<l+

where we used that 1 +logk < 2logk and 1+ 1log(1.3s + 1) < 3log(2s), for all
k>3 and s> 1.

Going back to equation , we rewrite it as
2°FF) — fr(@)a™ ! = e (m). (15)

Dividing both sides of by fr(a)a™~! and taking into account identity
and the fact that fi(a) > 1/2, we get

1
< 2fr(a)am—1 S Tt

(16)

22 F) fi(a)"ta (M 1‘

We apply again Theorem with the parameters t = 4, v, = 2, 7o =
F,gk), v3 = fr(a), 74 = a, by == s, by =1, b3 = —1, by = —(m — 1). So,
Ay = 25F7sk)fk(a)_1o<_(m_1) — 1, and from

1

Ag| < ——
Aol < T

(17)

As in the previous application of Theorem we have K = Q(«), D = k,
Ay = 0.7k and A4 := 0.7. Moreover, we can take B:=m — 1, since s <m —n

by inequality @
We are left to determine A, and Asz. From inequality @, we obtain that

h(v2) = log(Fy(Lk)) < nlog2, so we can take Ay := 0.7nk. Now, knowing that
Qa) = Q(fk(oz)) and ‘fk (oz(i))| <1,fort=1,...,kandall k > 3, we conclude
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226 CARLOS ALEXIS GOMEZ & FLORIAN LUCA
that h(ys) = (logag)/k, where ag is the leading coefficient of minimal primitive
polynomial over the integers of 3. Putting

k

ge(x) =] (’I - fk(a(i))> € Q[z]

=1

and N' = Ng,g(2 + (k + 1)(a — 2)) € Z, we conclude that Ngy(z) € Zlz]
vanishes at fx(a). Thus, ag divides |[N|. But

k

7 o 2 7
V| = [[1(2+(k+1)(a(>2))| = (k+1)* }:[1(2k+1a(>)
2
= (k+1) \Ifk(Q—m)
_ 2k+1]€k I;Ekl_F 1)k+1 _ Qkkk_

Therefore, h(7ys) < log(2k) < 2logk for all £k > 3. Hence, we can take A3 =
2k log k.

Let us see that Ay # 0. Indeed, if A5 = 0, then 25F7(Lk) = fr(a)a™ 1,
and from here, applying Ng,o and taking value absolutes, we obtain that
Nk /g (fr(@))] is integer. However

k
Nisq (fr(@)] = fila) ] }fk(au))’ <1
=2
Therefore, Ay # 0.

The conclusion of Theorem and the inequality yield, after taking
logarithms, the following upper bound for m — 1

1.4 % 307 x 445 % 0.73 x 2
m—1< 2% Sg 1'7; =k nlog k(1+ log k) (1 + log(m — 1))
- 1.4x 307" x4*° x 0.73 x 2 x 4

log 1.75

where we used that 1+ log(m — 1) < 2log(m — 1) holds for all m > 6. The last
inequality leads to

En(log k) log(m — 1),

m—1<7.7x 10" k°n(log k)? log(m — 1). (18)
Using inequality to replace n in Inequality (18), we obtain
m—1 - .
< 7.7 x 10V K% (4.1 x 10°k3 log k log(2s)) (log k)*

< 3.2 x 10% k3(log k)* log(2s).
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We next present an analytical argument that allows us to extract from
an upper bound for m depending on k£ and s. This argument will also be used
later.

Let h > 1 be an integer. Whenever A > 2(h + 1) log(h + 1),

x
(log )"

<A yields < (h+1)"A(log A)". (20)

Indeed, we note that the function z +— x/(log )" is increasing for all z > e”.
The case h = 1 was proved by Bravo and Luca [I], so we assume that h > 2.
Arguing by contradiction, say that 2 > (h+1)" A(log A)", then 2 > e" because
A > e. Hence,

A : x > (h+1)"A(log A)" _
(log z) (log ((h+1)"A(log A)h))

After performing the respective simplifications, we get that A/log A < h+ 1
and applying the argument with h = 1, we obtain that A < 2(h+1)log(h+1),
which is false.

Applying the argument in inequality with h =1, x :=m — 1 and
A =32 x 10?3 k8(log k)? log(2s), we obtain

m — 1< 2(3.2 x 10% £®(log k) log(2s)) log (3.2 x 10°® k*(log k)° log(2s))

21
< 5.9 x 10% k®(log k)? log(2s) log £. 2D

Here, we used the fact that log (3.2 x 102% k®(log k)® log(2s)) < 92log ¢, where
£ = max{k, 2s}.
We record what we have just proved in inequalities and .

Lemma 4.2. If (m,n, s, k) is a solution of withk >3 andm >n > k+2,
then both inequalities

n < 4.1 x 10°k% log k log(2s),

22
m < 6 x 10%° k®(log k)3 log(2s) log £ (22)
hold with ¢ == max{k,2s}.

In order to find an upper bound for m on k only, we look at ¢. If ¢ = k,
then from (22)), we conclude that

n <m < 6x10%° k¥ (logk)°. (23)
If £ = 2s, then from , we get

n<m < 6x10% k(log k)* (log(2s)). (24)
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We return to the inequality and divide both sides by 25F7(Lk). From
identity , we have

1 1

W < 35 (25)

27 (F) " e =1 <

One more time, we apply Theorem [{.1]taking the parameters ¢ == 4, v = 2,
Yo 1= Fék), v3 = fr(a), v4 = a, by = —s, by = —1, b3 =1, by =m — 1. In

1
this instance, Ag :=27° (E@) fr(@)a™! —1 and from

1
[Ag] < 55 (26)

Also, as before, we have K := Q(«), D := k, Ay == 0.7k, Ay = 0.7Tnk, A3 =
2klogk, Ay == 0.7, B:=m, and A3 # 0.

Combining the conclusion of Theoremwith inequality , we get, after
taking logarithms, the following upper bound for s

1.4 x 307 x 4%5 x 0.7 x 2
log 2
1.4 x 307 x 4%5 x 0.7 x 2 x 4
<
log 2
< 6.3 x 1013k5(log k)*nlogm.

E°(1 +logk)(1 + logm)nlogk

E®(log k)*nlogm

Thus, given that k < 2s, by 7 we obtain that n < 4.1 x 10°k3 log k log(2s),
logm < 99log(2s), and by substituting these in the previous bound on s,
we conclude that

2
< 6% 10%k3(log k)®.
(log(25))

Taking h = 2, z := 2s and A == 6 x 102°k8(log k)3, we have from an upper
bound on 2s depending only on k&

25 <3.4 x 102k (log k)®, (28)

where we used the fact that inequality log (6 x 1025k%(log k)*) < 66 log k holds
for all £ > 3.

Hence, log(2s) < 72log k for all k¥ > 3, and returning to inequality , we
get
n<m < 3.2x10% k8(logk)°. (29)
Combining inequalities , and , we get the following result.
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Lemma 4.3. If (m,n, s, k) is a solution of with k >3 andm >n > k+2,
then both inequalities

n<m < 3.2 x 10 k3(log k)® and 5 < 1.7x10%%k%(logk)®  (30)

hold.

5. The Case of Small k

We next treat the case k € [3,360] showing that in such range the equation
has no nontrivial solutions.

We make use several times of the following result, which is a slight variation
of a result due to Dujella and Petho which itself is a generalization of a result
of Baker and Davenport (see [1] and [4]). For a real number x, we put ||z|| =
min {|z — n| : n € Z} for the distance from z to the nearest integer.

Lemma 5.1. Let M be a positive integer, let p/q be a convergent of the con-
tinued fraction of the irrational vy such that ¢ > 6M, and let A, B, be some
real numbers with A > 0 and B > 1. Let € := |uq|| — M||vq|. If € > 0, then
there is no solution to the inequality

0<my—n+p<AB™

in positive integers m,n and | with

I> log(Ag/€)

<M d
m < an log B

Before continuing, we find a absolute bound for n by arguments of Dio-
phantine approximation. Returning to inequality , we take

Iy == (m —n)log(a) — slog 2,

and conclude that

1.5

|A1| = ‘erl — 1’ < W

< (31)

1
3’
because n > 4. Thus, e/'1l < 3/2 and from , given that Ay # 0,

4

r r
O<|F1|§€‘ 1||€ 171’<ﬁ

Dividing the above inequality by slog «, we obtain

4 7.2

log 2 _m-n < <
1.75"slogar ~ 1.75%s’

(32)

log v s
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Now, for 3 < k < 360, we put i := log 2/ log av, compute its continued fraction

(k) (k) (k) (k) (k)/qék)

ag , Gy Gy .. } and its convergents pgk)/q1 , Dy ... In each case we

find an integer t; such that qt(f) > 1.7 x 1028k%(log k)® > s and take

— (k) :
ay = max {a;’ : 0<i<t}.
3§k§360{ v S

Then, from the known properties of continued fractions, we have that

1
(apr +2)s2°

m—-n

R (33)

Hence, combining the inequalities and and taking into account that
am + 2 < 3.3 x 101 (confirmed by Mathematica) and s < 3.4 x 10°2 by (30),
we obtain

1.75™ < 8.1 x 1016,

son < 667.

As noted above, s < 3.4 x 10°2. In order to reduce this bound, we apply
Lemma 5.l Put

'3 :=mloga — slog2 + (log fr() — log o — log FM)).

Returning to Az given by the expression , we have that e’ — 1 = Az and
I's # 0 since Ag # 0, so we distinguish the following cases. If I'3 > 0, then

el* —1 >0 and

1
0<F3<er3—1<§.

Replacing I's and dividing both sides by log 2, we get

0<m<11(;i;> _s+Ingk(a)—llé)gg;—long(zk) < 12—5 (34)
We put
log « log fr(a) —loga — log F¥)
T log2’ H= log 2 ’
and

A=15 B=2

The fact that « is a unit in Ok ensures that v is an irrational number. Even
more, 7y is transcendental by the Gelfond-Schneider theorem. Inequality
can be rewritten as

O<my—s+u<AB™%. (35)
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Now, we take M := [3.2 x 102°k8(log k)®| which is an upper bound on m
by (B0), and apply Lemma [5.1] for each k € [3,360] and n € [k + 2,667] to in-
equality . A computer search with Mathematica showed that the maximum
value of |log(Aq/€)/log B] is 982, which is an upper bound on s, according to
Lemma [5.11

Continuing with the case I's < 0, from , we have that |€F3 — 1| <1/2
and therefore e/"sl < 2. Moreover,

2
0< g <elfsl —1 < elfsl]els — 1] < T

As in the case I's > 0, after replacing |I's| and divide by log o we obtain

O<sy—m+u<AB™?, (36)
where now
_ log2 _ log Fi¥ +loga — log Jr(@)
T loga’ o log ,

and
A= 3.6, B :=2.

Lastly, we take M = [1.7 x 102%k®(log k)® |, which is an upper bound on s
by (B0), and apply again Lemma [5.1] for each k € [3,360] and n € [k + 2,667
to inequality . With the help of Mathematica, we found that the maximum
value of |log(Aq/e)/log B] is 984, which is an upper bound on s, according to
Lemma [B.11

Thus, gathering all the information obtained above and considering the
inequality (9)), our problem is reduced to search solutions for (2) in the following
range

k€3,360], nelk+2,667, s€[l1,984], me[n+1,n+13s+1]. (37)

A computer search with Mathematica revealed that there are no solutions
to the equation in the ranges given in . With this, we completed the
analysis of the case when k is small.

6. The Case of Large k

In this section, we assume that & > 360 and show that the Equation has
no nontrivial solutions. We have, from , that

n<m<3.2x10k(logk)® < 2/2.

Then, using inequality , with r = m — 1 and r = n — 1, and inequality ,
we conclude that
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|2m72 o 2n72+s| <

’2m—2_fk(a)am—1’+|fk(a)am—l_25fk(a)an—l‘ —‘rQS‘fk(Oé)Oén_l _2n—2
2m 2841 onts
< ok/2 + 5 + TR

Now, dividing both sides by 2™~ 2, we get

4 1 1 4

+

+ —
|1 —2msm] < ok/2 gm—1-s + om—1 + om—n—s9k/2"

(38)

On the other hand, by @[), the left-hand side in is greater than or
equal to 1/2 unless m = n + s in which case it is zero. However, the equality

m = n + s is not possible, otherwise, since F,(,ﬁ)_l = 2R — Féﬁk (see [A]), we
would get that F,gf) = Fr(llj_)s < QSF,(Lk), which is a contradiction.
So, in summary, from and the previous observation, we have that

4 1 1 4 1
2k/2 + om—1—s + om—1 + om—n—s9k/2 > 2°

(39)

Inequality is a fact impossible, given that:
(i) k> 360 and m > 6;
(ii) m—n—s>landm—-1—s>n>4.

Thus, we have in fact showed that there are no solutions (m,n, s, k) to with
k > 360 which completes the proof of Theorem [3.1

7. Conclusions

We note that according to the observations from Section 3 and Theorem [3.1] it
follows that there are only two types of power of two—classes in k—generalized
Fibonacci numbers, namely, one corresponding to all powers of two and the
other with a single term. Or equivalently, there are no k—generalized Fibonacci
numbers having the same largest odd factor greater than one.
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