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RESUMEN. Se optimiza la desigualdad inversa de Jensen para funciones con-
vexas en términos de diferencias divididas via un refinamiento. Se proveen apli-
caciones de la desigualdad de Holder para medias y para medidas f-divergentes
en teoria de la informacién.
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1. Introduction

Let (£2, A, 1) be a measurable space consisting of a set 2, a o— algebra A of
parts of  and a countably additive and positive measure p on A with values
in RU {oo}.

For a p—measurable function w : @ — R, with w(z) >

for p — a.e.
(almost every) x € Q, consider the Lebesgue space L, (2, 1) :

0
{f: Q=R f
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18 S. S. DRAGOMIR
is p—measurable and [, w (x)|f ()| dp (z) < co}. For simplicity of notation
we write everywhere in the sequel [, wdy instead of [, w () dpu (x).

An useful result that is used to provide simpler upper bounds for the dif-
ference in Jensen’s inequality is the Gruss’ inequality.

We recall now some facts related to this famous result.

If f,9: Q2 — R are p—measurable functions and f,g, fg € Ly, (2, 1), then
we may consider the Cebysev functional

Tw(f:9) = / wfgdp — / wfdu/ wgdy. (1)
Q Q Q
The following result is known in the literature as the Griiss inequality

Tw (9l < 7 (T =) (A=19), (2)

A~ =

provided
—o<y< f(z) KT <00, —0<d<g(z) <A< (3)

for p — a.e. a. x € Q.

The constant i is sharp in the sense that it cannot be replaced by a smaller
quantity.

Note that if Q = {1,...,n} and p is the discrete measure on €2, then we
obtain the discrete Griiss inequality

n n n
g WiT;Y; — E w;Tq * E W;Y;
i=1 =1 =1

provided vy < z; < T, 6 < y; < A for each ¢ € {1,...,n} and w; > 0 with
Wn = Z’?:l w; = 1.

With the above assumptions, if f € Ly, (Q, 1) then we may define

<=7 (A-0), (@

Do ()= D (1) 5= | w’f— / wfdu‘du- (5)

In 2002, Cerone & Dragomir [5] have obtained the following refinement of the
Griiss inequality (2):

Theorem 1.1. Let w, f,g : @ — R be pu—measurable functions with w > 0
p— a.e. (almost everywhere) on Q and [, wdp = 1. If f,g, fg € Ly, (2, 1) and
there exists the constants §, A such that

—0<d<g(x)<A<oo for u—ae x €, (6)
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A REFINEMENT AND A DIVIDED DIFFERENCE REVERSE 19

then we have the inequality

T (.9)| < 5 (A= 8) Du(f). 7)

The constant % is sharp in the sense that it cannot be replaced by a smaller
quantity.

Remark 1.2. The inequality (7) was obtained for the particular case 2 = [a, b]
and the uniform weight w (t) = 1,¢ € [a,b] by X. L. Cheng and J. Sun in [7].

However, in that paper the authors did not prove the sharpness of the constant
1

3¢

For f € Lpw(Q A p) = {f: Q=R [w|f[’du<oo}, p > 1 we may

also define
P 1
Dy () = [/w‘f—/wfdu du] - Hf—/wfdu (8)
Q Q Q Qp
where |-, is the usual p-norm on Ly, (2, A, 1), namely,
1
Ity = ([ whiran)”, oz
Using Holder’s inequality we get
Dy (f) S Dwyp(f) forp>1, f€ Lpw (A 1); 9)
and, in particular for p = 2
273
Dt () < Dus (f) = [ [ s ([ wran) ] S

if f € Lo (A ).

For f € Lo (2, A, 1) := {f (Q 2R, [fllg.e = esssup |f ()] < oo} we
€N

also have

Dy (1)< Do ()= |1 = [ s (1)
The following corollary may be useful in practice. 7
Corollary 1.3. With the assumptions of Theorem 1.1, we have
T (£,9)| < 5 (&~ 8) Du (f) (12
< %(A—é)Dwyp(f) iffel,(Q AR, 1<p<oo;
< %(A —0) Dy oo (f) i f€ Lo (A p).
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20 S. S. DRAGOMIR

Remark 1.4. The inequalities in (12) are in order of increasing coarseness. If
we assume that —co < v < f(z) <T < oo for p — a.e. x € Q, then by the
Griiss inequality for g = f we have for p = 2

[/wazdu (/wadu)T < 7). (13)

By (12), we deduce the following sequence of inequalities

|Tw<f,g>|s§<A—6>/Qw]f—/ﬁwfdu\du (14)
<A Vﬂwadu— (/wadu)T
< A8 -)

for f,g:Q — R, p — measurable functions and so that —co < v < f(z) < I' <
00, —00 < d < g(x) <A <oofor p—ae € Q. Thus, the inequality (14) is
a refinement of Griiss’ inequality (2).

In order to provide a reverse of the celebrated Jensen’s integral inequality
for convex functions, S.S. Dragomir obtained in 2002 [14] the following result:

Theorem 1.5. Let @ : [m, M] C R — R be a differentiable convex function on

(m, M) and f : Q — [m,M] so that Do f, f, ® o f, (P of)f € Ly (Qp),
where w > 0 p-a.e. on Q with fQ wdp = 1. Then we have the inequality:

os/Qw@of)du—@(/wadu) (15)

S/Qw(‘P’Of)fdu—/Qw(CP’Of)du/wadu

<500 - ] [ wlr- [

For a generalization of the first inequality when differentiability is not assumed
and the derivative @’ is replaced with a selection ¢ from the subdifferential 0P,
see the paper [28] by C.P. Niculescu.
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A REFINEMENT AND A DIVIDED DIFFERENCE REVERSE 21

Remark 1.6. If u(Q) <ocand ®o f, f, o f, (®of)-f € L(Q,u), then
we have the inequality:

Oéu(lm/g(%f)du—@(u(lm/gfdu) (16)
<5 [ @ensan-—e [ @onn—o [ san

1
L )] —— o
< g0 00 -2l | |7 o]

1 (€2)

Remark 1.7. On making use of (15) and (14), one can state the following
string of reverse inequalities for the Jensen’s difference

os/ﬂw«bof)du—@(/gwfdu) (17)
< [w@ o fan= [ w@onau | wrd
< @) - @ (m)]/gw‘f—/gwfdu‘du
< 5 [/ (M) — ' (m) [ [ wsdn- ( / wfdu)Z] ’
< 119 (M) — @ (m)] (M —m).

We notice that the inequality between the first, second and last term from (17)
was proved in the general case of positive linear functionals in 2001 by S.S.
Dragomir in [13].

The discrete case is as follows.

Let a = (ay,...,an), b= (b1,...,b,), D= (p1,...,Pn) be n—tuples of real
numbers with p; >0 (i € {1,...,n}) and > ;p; =1. 1fb<b; < B, i¢€
{1,...,n}, then one has the inequality

> piaibi =Y piai- Y pibi| < % (B=b)Y pilai—Y pja (18)
i=1 i=1 i=1 i=1 j=1
P

1 n n
3 (B-1) ;Pi a; — ;Pﬂj

IN

1 n
5 (B —b)max ja; - pjayl,

IN

j=1
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22 S. S. DRAGOMIR

where 1 < p < oo. The constant % is sharp in the first inequality.

If more information about the vector a = (ay,...,a,) is available, namely,
if there exists the constants ¢ and A such that a < a; < A, i€ {1,...,n},
then

szaz i szaz sz i > 7(be)zpz aifzpjaj (19)
i=1 j=1

2] 2
1 n n
< §(B_b) Zpi ai_zpjaj
i=1 j=1
1
< B-B@A-a),

with the constants % and i best possible.

Corollary 1.8. Let @ : [m,M] — R be a differentiable convex function on
(m,M). If z; € [m,M] and w; > 0 (i=1,...,n) with W, :== > 1w, =1,
then one has the reverse of Jensen’s weighted discrete inequality:

0< Z w; ® () (Z wlml> (20)
S Z wifI)' (l‘z) Zr; — Z wifI)' (l‘z) szxz
[ (M) =@ (m)] Y w; |z — Y wjaj|.
i=1 j=1

<

N | =

Remark 1.9. We notice that the inequality between the first and second term
in (20) was proved in 1994 by Dragomir & Ionescu, see [16].
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A REFINEMENT AND A DIVIDED DIFFERENCE REVERSE 23

Remark 1.10. On utilizing (20) and (19) we can state the string of inequalities
0< sz (z4) (Z wzx2> (21)
i=1 i=1 i=1

<= [‘P/( Zwl x; — ijxj

. 971/2
<3 [<I>’( szx - (Z wzxi>
< i[cb’ (M) — &' (m)] (M —m).

We notice that the inequality between the first, second and last term in (21)
was proved in 1999 by S.S. Dragomir in [12].

Motivated by the above results, a refinement and a new sharp reverse of
Jensen’s integral inequality for convex functions in terms of divided differences
is obtained. Applications for means, the Holder inequality and for f-divergence
measures in information theory are also provided.

2. A refinement and a new reverse

For a real function g : [m, M] — R and two distinct points «, 5 € [m, M] we
recall that the divided difference of g in these points is defined by

9(B) —g(a)
f—a

In what follows, we assume that w : Q@ — R, with w (z) > 0 for u —a.e. z € Q,
is a p-measurable function with [, wdy = 1.

[, B g] ==

Theorem 2.1. Let @ : I — R be a continuous convex function on the interval

of real numbers I and m, M € R, m < M with [m, M| C I, I the interior of I.

If f:Q — R, is u—measurable, satisfying the bounds
—co<m< f(z) <M<oo for p—ae xe (22)

and such that f,® o f € L, (2, u), then by denoting

)

fow ::/wadue [m, M|
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24 S. S. DRAGOMIR

and assuming that ?Q,w #%m, M, we have

fQ w) ’ sgn [f - 7Q,w:| wd/’c (23)

S/Q(CI)O‘](‘)U)d,UI*(I)(?Q,w)

< 5 ([P M3 8] — [ Ty @) Do (1)
< % (UQ,uﬂM;(I)] - [mva,w;@]) Dw,Q (f)
< 1 (o M: 9] — [m. T @]) (M —m)

The constant % in the second inequality from (23) is best possible.

Proof. We recall that if ® : I — R is a continuous convex function on the
interval of real numbers I and a € I then the divided difference function
D, : I\ {a} =R,

P(t) =P ()

P, (t) = |a,t; P i= ———
o (1) = o8] i= 0=

is monotonic nondecreasing on I \ {a}.

For f as considered in the statement of the theorem we can assume that
that it is not constant p —almost every where, since for that case the inequality
(23) is trivially satisfied.

For ?Q,w € (m, M), we consider now the function defined p -almost every-
where on € by

¢ (f(x) =@ (fou)
f (.Z‘) - fﬂ,w
We will show that &7 and h:= f — TQ,w are synchronous p-a.e. on 2.

Let z,y € Q with f(z), f (y) # fq..- Assume that f(z) > f (y), then
¢ (f (7)) - @ (fou)

o O =T ) T, (24)
(U W)~ 0 (Fau) _ o
T W -fow 70 W)
and
h(z)>h(y) (25)
which shows that
(%7, @ =27, @]hE-rE)20 (26)
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A REFINEMENT AND A DIVIDED DIFFERENCE REVERSE 25

If f(z) < f(y), then the inequalities (24) and (25) reverse but the inequality
(26) still holds true.

This show that for p—a.e. 2,y € Q we have (26) and the claim is proven as
stated.

Utilising the continuity property of the modulus we have

[[27,.. @]~ |27, )] @)~ n )
<|[o7,. @) -2, W] h@ - rw)

= |07, @ =5, )] @ -n)

for p-a.e. x,y € Q.

Multiplying with w (z),w (y) > 0 and integrating over p (z) and u(y) we
have

o ’ ol (27)

h(y))w (z) w(y) dp (z) dp (y)]

// B, (@)= 27, ()]

h(y)]w (z) w (y) dp () du (y) -

A simple calculation shows that

/Q/ fﬂw ‘_‘(bfnw H (28)

) = h(y)w (x)w (y) du () dp (y)
- / o7, @b @) w (@) du )
- [ o5, @] @adut@) [ o@h@dee)

/ @ (f (=) =2 (fou)
f (l‘) - fQ,w

= [ 1@ @) = @ (Fo)] 500 [F (2) = Fo] w (@) du )

[f (@) = fau] w (@) dp(z)
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26 S. S. DRAGOMIR

and
1
3 [or, @-05, )] (29)
< [ (@) — ()] w (=) w (y) ds (=) du (y)
= [ 2, @h@) w @@

- [ 4, @v@dute) [ B i)

[ R 8Ca)
Q f(fll) _?Q,w

- /Q (@ (f () — @ (Foru)] w () du ()

[f (@) = Fou] w (@) du (z)

= [w@opau=9(Fo.).
On making use of the identities (28) and (29) we obtain from (27) the first
inequality in (23).
Now, since f satisfies the condition (22) then we have that

Jow) 220 o (o (30)
fﬂ,w -—m @

(I)(M)_q)(?ﬂ,w) _ .
S M - 79,111 - gﬂﬂu’ M7 (I)}

[m7fﬂ,w; (I)}

for p—a.e. x € Q.

Applying now the Griiss’ type inequality (7) and taking into account the
second part of the equality in (28) we have that

[w@e)dn-o(fa,)
Q

<

@%WM@}{WﬂW@DAwU%%M@

N |

which proves the second inequality in (23).
The other two bounds are obvious from the comments in the introduction.

It is obvious that from (23) we get the following reverse of the first Hermite-
Hadamard inequality for the convex function ® : [a,b] — R

bia/ab@(t)dt—cb(a;b) (31)
< % ({a;b,b;@} - [a,a;b;@DDw(e)
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where e (t) =t,t € [a, b].

Since a simple calculation shows that

1 a+b a+b
([ - [ 272

_ 2 [@(a)+<1>(b) @<a+b)]

1 b
Dw(e):b—a/

and we get from (31) that

ogb/ab@(t)dtq><“;b)
)

1
B 1_{;((1 42-<I>(b) _(b(a—;—b)]'

and
a+b

2

t—

’dti(ba),

=2
To prove the sharpness of the constant %
need now only to show that the equality case in (32) is realized.

27

in the second inequality from (23) we

If we take, for instance ® (t) = |t — “TH’|, t € [a,b], then we observe that ®

is convex and we get in both sides of (32) the same quantity } (b — a).

v

Corollary 2.2. With the assumptions in Theorem 2.1 and if the lateral deriva-

tives ®' (m) and ®'_ (M) are finite, then we have the inequalities

0< [ (®of)wdp - (fq.,)

S~

< [?Q,HHM;@] - [m’?Q,w;(I)])Dw (f)

O (M) = @', (m)) Dy (f)

<
< 5 (2L (M) = @ (m)) D2 (f)

<

—~ o~

=N =N =N =

@ (M) — @/, (m)) (M —m).

(33)

The constant % in the second and third inequality from (33) is best possible.

Proof. We need to prove only the third inequality.

By the convexity of ® we have the gradient inequalities

o (M) - ? (?Q,w)

<@ (M
M_fQ,w B _( )
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28 S. S. DRAGOMIR

and B
@ (fQ,w) - ®(m)

= = ¥y
fsz,w*m

These imply that
HQ,uNM; P| — [mjﬂ,w; P <@ (M)— 9, (m)

and the proof is concluded.

We observe that from (33) we get the following reverse of the Hermite-
Hadamard inequality for the convex function ® : [a,b] — R having finite lateral
derivative ®’_ (a) and @’ (b)

bia/abé(t)dtq>(a;rb> (34)

1 [@(a)+<1>(b) _¢)<a+b)] < Lo 1)- o, @] 0-a).

-2 2

We observe that the convex function @ (t) = |t — %H” has finite lateral deriva-
tives

®" (b) =1 and ¥’ (a) = -1

and replacing this function in (34) we get in all terms the same quantity
Lo a)
This proves that the constant % in the second and third inequality from

(33) is best possible. o

Remark 2.3. Let ® : I — R be a continuous convex function on the interval
of real numbers I and m, M € R, m < M with [m, M] C I, I the interior of
I. Let a = (a1,...,a,), P = (p1,...,pn) be n—tuples of real numbers with
pi >0 (ief{l,....,n})and Y/ pi=1.1m<a <M, ie€{l,...,n}, with
i pia; #m, M, then

sz z (szaz>

i=1

< Zpl (a;) <szaz>

([szaz,M o — [m, Yy piai;
i=1

sgn | a; — ijaj (35)

n n
i=1 j=1

l\J\»—t
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A REFINEMENT AND A DIVIDED DIFFERENCE REVERSE 29

If the lateral derivatives ®’, (m) and ®’ (M) are finite, then we also have the
inequalities

0< zn:piq) (ai) —® (f:piaz') (36)
i=1 i=1
< % <l2piauM;‘I’] - lm,ZPiai;‘b1> > pilai— > pja
i=1 i=1 i=1 =1
< 5 (B ()~ @, () Dt s — D pyes .
i=1 =1

Remark 2.4. Define the weighted arithmetic mean of the positive n-tuple

x = (z1,...,2,) with the nonnegative weights w = (w1, ..., w,) by
1 n
A, (w,x) = W, ;wlxl
where W, := > ;w; > 0 and the weighted geometric mean of the same
n-tuple, by

n 1/ W,
G, (w,z) = (H x;“)
i=1

It is well know that the following arithmetic mean-geometric mean inequality
holds
An (wa Jf) > Gn (wv 33) .

Applying the inequality (36) for the convex function ® () = —Int, ¢t > 0 we
have the following reverse of the arithmetic mean-geometric mean inequality
An (w,z)
1< 37
~ Gp(w,x) (37)
An (w,x) Ap(w,z)—m 3 An (|2 =An (w,2)])
(=)
- ( o )M—An(wﬂ’)
Ay (w,z)
1M -
< exp [QmjwmA” (w, |z — A, (w,x)|)] ,

provided that 0 < m < x; < M < oo for i € {1,...,n}.

3. Applications for the Holder Inequality

It is well known that if f € L, (2, ), p > 1, where the Lebesgue space Ly, (€2, 1)
is defined by

L, p) ={f:Q—R, fis y-measurable and /Q If (z)]” dp (z) < oo}
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30 S. S. DRAGOMIR

and g € Ly (Q,p) with 2 4+ 1 =1 then fg € L(Q,p) := L1 (2,p) and the
Holder inequality holds true

/QlfglduS (/Qlflpd/i)l/p (/Q Iglpdu>1/q'

Assume that p > 1. If h: Q — R is y-measurable, satisfies the bounds
—oco<m < |h(z)| < M < oo for prae x €Q

and is such that h, ||’ € L, (Q,u), for a g-measurable function w : Q — R,
with w (z) > 0 for p -a.e. z € Q and [, wdp > 0, then from (23) we have

— _
=T s 1= T wa (59)

< fQ |h|P wdp _ (fg A Wd.“>p
Jo wdp Jo wdn

([Pl M3 (] = [
(acy
)

([Pl M3 ()

IN

IN IN
B =N =N =

where |h], ,, = f‘f‘i%i" € [m, M] and
’ Q

- h|wd
Dl = e [l — f2
Jowdp Jo Jowdn

while

Jow bl du ( |h|wdu>2] g

Dw,Z(‘hD: [ fQWd/L fﬂwdu

The following result related to the Holder inequality holds:

Proposition 3.1. If f € L, (Q,u), g € Ly (R, p) with p > 1, % + % =1 and
there exists the constants v,I' > 0 and such that

/]

<
= -1
lg|*

<T p-a.e on,
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A REFINEMENT AND A DIVIDED DIFFERENCE REVERSE 31

then we have
P

/Q 91"\ Jo lgl* dps
_ Jolf1"de (fg Ifgldu)p

= JolglTdw \ [ lgl" du
1 ([Jalfalde 5] [ flfgldu) i
2 <-f(z Iglqdu’r’() 171, \glqdu’(> | ) Par lg|"!
[olfaldw 01 [ Jolfglde, .p') - /]
<-fg Iglqdu’r’() 7, \glqdu’() ] Plgr2 lg)"!
<'f9|fg|du [ Jolfgldu )]

Lo Iglqdu’r; (')p_ ", glqdu’<')p_) =

|f] fQ|f9|dM q
n — — g|* du
llglq b S lel®dp d

IN
N =

IA
|

where

|f] fQ|f9|d.U

gl Jo lgl® dp

dp

T |f| 1 / q
D)a =
. (Igl“"1 Tolal7dn Jo

and

-

- ] 1 I (fQ|fg|du>2 H
D q _— = d _ .
o <|9|q1> [ffz ol dn Jo 19172~ \ ol du

Proof. The inequalities (40) follow from (38) by choosing

|f]
- —1
lg|*

and w = [g|?.

The details are omitted. ™
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32 S. S. DRAGOMIR

Remark 3.2. We observe that for p = ¢ = 2 we have from the first inequality
in (39) the following reverse of the Cauchy-Bunyakovsky-Schwarz inequality

1P (J&fgldu>2 lLf__15|fgdﬂ1 . "
/Q|g|2 IR AT oI (40
_ Jo P dp (15|fg|du>2

fg g2 dp \ S, lgl® dp
U1 folfoldn|

1 1
gf@—vr———7/||
2 o lgl? du lgl Jo lg” du

1 Jo I £gldu
=3 fg||d /\f| <f9|du>
1

<7 (

r- 7)2 )
provided that f,g € Lo (2, ), and there exists the constants v, ' > 0 such that

|f1
lgl

v < <T p-a.e on .

4. Applications for f-divergence

One of the important issues in many applications of probability theory is finding
an appropriate measure of distance (or difference or discrimination ) between
two probability distributions. A number of divergence measures for this purpose
have been proposed and extensively studied by Jeffreys [20], Kullback and
Leibler [25], Rényi [31], Havrda and Charvat [18], Kapur [23], Sharma and
Mittal [33], Burbea and Rao [4], Rao [30], Lin [26], Csiszéar [9], Ali and Silvey
[1], Vajda [39], Shioya and Da-te [34] and others (see for example [27] and the
references therein).

These measures have been applied in a variety of fields such as: anthropol-
ogy [30], genetics [27], finance, economics, and political science [32], [36], [37],
biology [29], the analysis of contingency tables [17], approximation of proba-
bility distributions [8], [24], signal processing [21], [22] and pattern recognition
[2], [6]. A number of these measures of distance are specific cases of Csiszar f-
divergence and so further exploration of this concept will have a flow on effect
to other measures of distance and to areas in which they are applied.

Assume that a set Q and the o—finite measure p are given. Consider
the set of all probability densities on p to be P := {plp : & — R, p(x) >

0, [ p(2)du(x) = 1}.
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A REFINEMENT AND A DIVIDED DIFFERENCE REVERSE 33

Csiszdr f—divergence is defined as follows [10]

Ipa)i= [ 901 [q(‘”)} du(z), paeP, (1)

p(z)

where f is convex on (0, 00). It is assumed that f (u) is zero and strictly convex
at v = 1. By appropriately defining this convex function, various divergences
are derived.

The Kullback-Leibler divergence [25] is well known among the information
divergences. It is defined as:

Dir )= [ p)m |20 au ). mae. ()
where In is to base e.

In Information Theory and Statistics, various divergences are applied in
addition to the Kullback-Leibler divergence. These are the: variation distance
D,, Hellinger distance Dy [19], x*—divergence D, 2, a—divergence D, Bhat-
tacharyya distance Dp [3], Harmonic distance Dy, Jeffrey’s distance D [20],
triangular discrimination Da [38], etc.... They are defined as follows:

2 =/Q|p(w)—q(w)\du(w)7 p.q € P; (43)

Di(p.0) = [ [Vo(@) = V(@) du(a). paeP; (44)

2
D)= [ p(@ [(Zﬁxi) - 1] (), paeP  (45)

Dalp) =z 1= [ p@I T W@ T du@)] . paePi (o
Dp (p:q) :=/Q\/1Wdu(w)7 p.q € P; (47)

Do )= [ 2L du(a), paep, (48)

D, (p.a) = / p(#) — g (@)]n [5(3] dile). pacP ()

0= [ EOLEdue). paer. (50)

For other divergence measures, see the paper [23] by Kapur or the book on line
[35] by Taneja.
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34 S. S. DRAGOMIR

Most of the above distances (42) — (50), are particular instances of Csiszér
f—divergence. There are also many others which are not in this class (see for
example [35]). For the basic properties of Csiszdr f—divergence see [10], [11]

and [39].

Before we apply the results obtained in the previous section we observe that,
by employing the inequalities from (17) we can state the following theorem:

Theorem 4.1. Let f : (0,00) = R be a convex function with the property that
f(1) = 0. Assume that p,q € P and there exists the constants 0 < r < 1 <

R < oo such that
(z)
(2)

L)

r<

< R for p-a.e. x € €.

iS]

Then we have

0< I (a) < 5 [ ()~ £ ()] Dy (0,0)

< [F(R) = £2.0)] [Dye )] /2
<lr-nir®@-rw)

4
Proof. From (17) we have

IA

Q

—~
8

~

X
NI = S— =D
= 3]
—
&
|
(S
—~
NP
&
=
—~
<
=
L
=
—
&

=
=
\_/)E

IN

X
Lv—|
S
i
&

— 7\
hSHES
—~|—
SRS
~— [ —
N——

no
U
=
[
Y
S
()
&
U
=
N——
]
S

I
—~~
=
[
+ ~
—~
=
~

IN

=
—~
Iny
I
S
S~—

and since

@) |12~ [ )
/Q ‘p(x) Q

/Qp(w) (Zi;)zdu— (/QCI(l")d/i>2 =Dy (p;q),

then we get from (53) the desired result (52).

.
=
S

.
=
&

Il

>
<
=
2

and
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Remark 4.2. The inequality

It (0.0) < 3 (R=7) [72 (R) — 7} ()] (54

was obtained for the discrete divergence measures in 2000 by S.S. Dragomir,
see [15].

Theorem 4.3. With the assumptions in Theorem 4.1 we have

|11 1(sgn()-1) (@) < Iy (p.q) (55)

< 3 (LR 1= 1150 D ,0)
< S (LR A= [ 1:4]) [Dys ()] 2
< S (LR = 1) (R= 1),

where I\f|(sgn(-)—1) (D, q) is the generalized f-divergence for the non-necessarily
convex function |f| (sgn () — 1) and is defined by

I\ f1(sgn()-1) (P14 /‘f( )

Proof. From the inequality (23) we have

e I T B

sgn {q(x) - 1} p(x)du.  (56)

p(z)

(z)
/ ( i)du() f(/ﬂq(m)du(x)>
(L, R; f1 = [, 15 1)
@[55 - [ atdu)]dna)
< 5 (LR f] = [ 1 1))

N

X

I
e Gis) o= (o)

< LR = [ f) (R =),

from where we get the desired result (55). vf

The above results can be utilized to obtain various inequalities for the di-
vergence measures in Information Theory that are particular instances of f-
divergence.
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36 S. S. DRAGOMIR
Consider the Kullback-Leibler divergence
p(x
Dkr (p,q) = / p(z)In {()} dp(z), p.q€P,
Q q(z)
which is an f-divergence for the convex function f : (0,00) = R, f (t) = —Int.

If p,q € P such that there exists the constants 0 <7 <1 < R < oo with

q ()
p(x)

r < < R for p-a.e. v € Q, (58)

then we get from (52) that

R—r
<
Dk (p.a) < =5 Do (p,9) (59)
R—r 172 _ (R—r)
<
o [Pxe (pa)] 4rR
and from (55) that
1 1
Dkr (p,q) < §Dv (p,q) In RE T, (60)

IN

1 1/2 1
5 [Pz ()] " In (W)

1 1
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