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RESUMEN. Se establecen algunas nuevas desigualdades de Ostrowski para asig-
naciones n-diferenciables que son ¢-convexas.

Palabras y frases clave. Desigualdad de Ostrowski, desigualdad de Hoélder, de-
sigualdad media de poder, funciones ¢-convexas.

1. Introduction

In 1938, A.M. Ostrowski proved an interesting integral inequality, estimating
the absolute value of the derivative of a differentiable function by its integral
mean as follows

Theorem 1.1. [2] Let f : I — R, where I C R is an interval, be a mapping
in the interior I° of I, and a,b € I°, with a < b.

If | f'| < M for all € [a,b], then

b
f@) - [F ] < M-

This is well-known as Ostrowski’s inequality. In recent years, a number of au-
thors have written about generalizations, extensions and variants of inequality

1.

In [1], Cerone et al. proved the following identity
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Lemma 1.2. [1] Let f : [a,b] — R be a differentiable mapping such that f=1)
is absolutely continuous on [a,b]. Then for all x € [a,b] we havethe identity

b k=n o L1 ()
[rwa=Y [(b S @

b
+(=1)" /Kn (z,t) f)(t)dt,

where the kernel K, : [a, b]2 — R is given by

(t;:,l)n ift € [a,x]

L) 5 S ,b
N iy e gy T

K, (z,t) = {

and n is natural number, n > 1.

We also recall some definitions

Definition 1.3. [3] a function f : I C R — R is said to be convex, if the
following inequality

fltz+ (1 =t)y) <tf(x)+(1—1)f(y)
holds for all z,y € I and ¢ € [0, 1].

Definition 1.4. [2] A function f: I — R is said to be is said to be y-convex,
if the following inequality

fltz+ (1 =t)y) < fly)+te(fy), f(2)) (2)

holds for all z,y € I and ¢ € [0, 1], where I is an interval of Rand p : R x R —» R
is a bifunction.

Remark 1.5. Obviously if we choose ¢ (f(y), f (z)) = f(x) — f (y), Definition
1.4 recaptures Definition 1.3.

In this paper we establish some new Ostrwoski’s inequalities for n-times
differentiable mappings which are ¢-convex.

2. Main results

In what follows, we assume that n € N, and I C R be an interval, where
[a,b] C I, and ¢ : R x R — R be a bifunction
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Theorem 2.1. Let f : I — R be n-times differentiable on [a,b] such that
f™ e L([a,b). If |f(”)| is p-conver, then the following inequality

a k=
(Jf — a)n—l—l n n n
= n! <n+1‘f() ’ n+2 (‘f() ’ ‘f() D)
(b— )" () 1 (n) (n)
* n! <n+1 ’f ’ (n+1)(n+2)¢(’f @] (b)D)
3)
holds for all x € [a, b].
Proof. From Lemma 1.2, and properties of modulus, we have
b k=n [ kL, Nk k4
[0 l(b z) Tk& 11>) =) ] 5 (2)
i k=0
T b
é/ S [ESEErew]a
n+1 1
/t" l—t)a—l-tx)’d
0
n+1 1
/ N O tb)‘ dt. (4)
0
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Since | f("){ is p-convex, (4) gives

k=n — ) () (g — )R
[sw- l(b ) mll))!( ) ] £ (2)

a

k
g(’f‘“)w/t” (|1 @]+t (|rm @], | 1 @) ) at

n+1 L
PO Ly ([row)] e (0] [0 @)

0
e (m ’ﬂn)( )\ +%+2<p(\f(”)(a)’v’f(”) (”3)‘))
+ 05 (e [ @| + e (10 @)1 @)

which is the desired result. The proof is completed. of

Corollary 2.2. Let f : I — R be n-times differentiable on [a,b] such that
f™ e L([a,b). If |f(”)| is convex, we have the following estimate

b
(=0 4 (1) )
I*a (n (bi‘r)n-‘rl n
( (n+2)! )(a)‘—i- (n+2)! ’f( )(b)D
T A U LAY
* ("“)( w12l | (nr2) )‘f { ‘
Proof. Taking ¢ (u,v) =v — u in Theorem 2.1. ™

Theorem 2.3. Let f : I — R be n-times differentiable on [a,b] such that
f™ e L([a,b)), and let ¢ > 1 with % + % =1.If |f(”)|qis p-conver, then the
following inequality

= [ VP (L) (2 — @)F !
fron- E[e=" gt

2(@:1;“, @[ +o (@[ |1 @)
%( @ e (o] e wf) o
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holds for all x € [a,].

Proof. From Lemma 1.2, properties of modulus, and Holder’s inequality, we
have

]

(k+1)!

T n b n
< /(“%a) ’f(n)(u)‘dw/% ‘fm)(u)‘du

a x
1
/t
0
1

_ n+1
?) / (1-1t)"

0

n+1 1 % 1 .
< % (/t”%t) (/‘f(”)((l—t)a—i—tx)‘ dt)
0 0
o) (] )P dt) p (/’f(") x—i—tb)‘ dt) q

0

:M (/‘ﬂ") l—t)a—i-tx)‘ dt)

+(:;_+1”; (/’f") 1—t)x+tb)‘ dt)

Since ‘ f |q is -convex, we deduce

b B=n [ b ()R (g g)F
/f(”dt_kzol(b ) ?k<+11>)!< ) ]f(m(x)

n+1

1
St Dinl np+1 % ! (/ f(n) +w(’f(n)(a)‘q"f(n) (x)‘q))dt)

b B=n [ Vb L (CyF (g ) B
/f(t)dt— l(b 4 (-1 (2 —a) ]fm(x)

1—t)a+tm)’d

(")((1—t)x+tb)‘dt

q

‘1

q

1
q

0
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e [ :
TR L) an T { @[+t ([ro@|" 1o 6)))
(r— )"

")

e CFO@ e (@l @

b— )" a a N
+ =D (o] @) e (|01 0)]'))
2¢ (np+1)7 n
Thus the proof is completed. o

Corollary 2.4. Let f : I — R be n-times differentiable on [a,b] such that
f € L(la,b]), and let ¢ > 1 with % + % =1.1If ‘f(")‘qz's convez, then the
following inequality holds

b k=n k+1 k k+1
- +(-1)"(z—a
/ t)dt — ;_: [ : (k(+ 1))! = ] 1 (@)

z—a)" ! q N
<2((np+)1)m (jrm@|"+ ] @)|")

b_xn+1 . . q %
et ol ALl I AL D )
2(1(np—|—1 r !
Proof. Taking ¢ (u,v) =v —u in Theorem 2.3. o

Corollary 2.5. Under the same assumptions of Corollary 2.4, we have

b

k=n ) LV (g — g)F Y
/f(t)dt;)l(b ) ?k<+11)>!< ) ]f@)(x)

)TL+1

a
(x—a

S23(np+1)3w(‘f a‘ ‘fn) D

o (el o).

Proof. Taking ¢ (u,v) = v — u in Theorem 2.3, we obtain (6). Then using
the following algebraic inequality for all a,b > 0, and 0 < a < 1 we have
(a+b)" < a® + b*, we get the desired result. of
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Theorem 2.6. Let f : I — R be n-times differentiable on [a,b] such that f(™ €
L ([a,b]) and let ¢ > 1. If |f(”)|q is p-conver, then the following inequality

(k+1)!

(n+1)i(z—a)"" [ 1
= (n+2)! <n+1
(n+1)7(b—2)" [ 1
+ (n+2) (n+1

holds for all x € [a,].

@]+

b F=n o B+ L (L )E (g — )k
/f(t)dt—z [(b ) D ) ]f(k)(x)

1

e (@l ) )

(n+1)(n+2)

(W) " e <b>\q))

Proof. From Lemma 1.2, properties of modulus, and power mean inequality,

we have

_ (L’)k+1 + (_1)lc (l’ _ a)k+1

b ken (
Zﬂﬂﬁ—g;{b
<l

1
7(1’ — a)n+1 "
n n!

oo™ / (1—1t)"

L (417 (- @Ml<

f<")(u)’ du + 7 C

(k+1)!

x

0

n!

FARI(C

Fm (- t)a+ta:)‘ dt

(1 —t)a+tx))th>

) (I

t n

fo

(1 —t)a+m)]th>

F( - t)m—l—tb)’th)

]ﬂ“u)
—u)" <">(u)‘ du
—t)a:+tb)‘dt

q

1

F 1=tz + tb)’q dt)

q
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. q .
Since | f (”)| is p-convex, we deduce

b

o [

k=

a

e+ >< et
+

(‘f(n) ‘q t"dt—l—go(’f”) ‘7’f<n)(x)‘q>]t”“dt)q
0

(nJrl) (b — )+t
(n+ 1)'

Q=

1 1
IR ‘q/l—t’Ldt+w(‘f(")( )( ‘f(”) /t t)"dt
0

0

n B x—a)*t! q @
- ( Jr1()7151—2)! ) - < +1 ‘f(n ’ n—|—2 (’f n) f(")(:c) )>
IR . e (IF@ O m )
= H()nibz)!) (n—s—l’f( * ( (n+1)(n+2) )) :
The proof is completed. vf

Corollary 2.7. Let f : I — R be n-times differentiable on [a,b] such that
f e L([a,b)) and let g > 1. If ‘f(")|q is convez, then the following inequality
holds

k=0

b k=n k;+1 k k+1
(b—x) 1) (x—a
/f(t > l Tk<+ 1))! o ] I (@)

a
1

n % T n+1 q 7
- ((:j)@f( +)2) (<n+1> ol + | )
0t 1) (b— o) N
ey el e )

Corollary 2.8. Let f : I — R be n-times differentiable on [a,b] such that
f e L([a,b)) and let g > 1. If ‘f(") |q is convez, then the following inequality
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holds

b k=n o LV (g — )Y
/f(t)dt—Z[(b M e ]fm(m)

. (n+1)3§x—a)n+1 (( 1 f(")(a)‘—l—’f(")(x)‘)

n 1 N
(n+2)3(n+2)! (’ ( )<$)‘+(n+1)‘11 £ )(b)D.

Theorem 2.9. Suppose that all the assumptions of Theorem 2.6 are satisfied,
then the following inequality

b k=n [ VL VR ()R
/f(t)dt— ’;J [(b ) —(Fk(+11))!( ) ] FO) ()

a

ooy (yfwaw+w<|f<“><a>wq7|f<n> <x>|q>)q

n! qgn+1 qn + 2

ooyt (L@ e (F@I 1 o)\
T 1l T (gt D) (gnt2)

holds for all x € [a, b].

Proof. From Lemma 1.2, properties of modulus, and power mean inequality,
we have

b n
RSl f(")(u)‘ du + /% ‘f(")(u)) du

a xT

1
“+1
— (.Z‘ _Tj)n /tn
' 0

™1 —t)a+ tx)’ dt
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(b*fﬂ)n_‘—l 1 N
+=2  [a-v
[

m ™ —t)x—l—tb)’dt

e () (o
0
i —:;!)"Jrl (] dt) - (] (1— 1)
0
= 7 a)""” (] ™1 —t)a+ tx)‘q dt) E

0

q

(1 =t)a+ tx)’q dt)

q

™ (1 —t)x+tb)‘th>

n+1 1 q
(/ f(")((l—t)m—&—tb)‘th) .

0

Since ‘ i |q is -convex, we deduce

=n 2V 4 (“1)F (2 — o)t
/f D= Z{ sz(+1))!( : ]f(m(m)

(] i (s o of) fene )

0

0
(b n' o) (‘f(n) ‘ / qn+@ ’f(m q) f“”(b)'q) /t(1—t)q"dt)q

o (Il sl e
- n! +

gn +1 qn + 2

(b—a) n+1 ’f(n) | (p(|f(n)(x)|q,|f(n)(b)|q) q
A m+l | (1) (qn+2) ’

which is the desired result. o

Corollary 2.10. Let f : I — R be n-times differentiable on [a,b] such that
f e L([a,b)) and let g > 1. If ‘f(") |q is convez, then the following inequality
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holds
b

k=n _wk+1 . k:x_ak:Jrl
/f(t)dt;l(b M e ]fm(x)

(=)

a

@™ (0@ @)
= n! ((qn—l—l)(qn+2)+ qn +2

n! qn +2 (gn+1) (gn+2)

n+1 ) (|2 n) (]2 a
L= <|f< @, o) ) |

Corollary 2.11. Let f : I — R be n-times differentiable on [a,b] such that
f e L([a,b)) and let g > 1. If ‘f(")|q is convez, then the following inequality

holds
[rwa - 3 l(b LIS MR ayﬂ 7 (2)

(k+1)!

z—a)" ! ") (a
L (@—a) ((If <>L+‘f<n>(x)‘>

nl (qn+2)%

L o) ( 59 + (|f<n) (b)|;>-

1
n!(gn+2)9
3. Applications for some particular mappings

In this section, we give some applications for the special case where the function
e (f(y), f(x) = f(x)—f(y)
a) Consider g : (0,00) = R, g(t) = t", n € N with n > 2. Then g™ (t) = n!
and g (t) = (n’j!k)!t"_k for k<n

Using Corollary 2.2, we get

pntl _ gntl - %L (b . $)k+1 + (_1)k (z — a)k+1 | ek
n+1 P (k+1)! (n—k)!
1 n+1 n+1
< T\ - - .
= (n+1) ((I o+ (b )
Moreover, if we choose x = a;b, we obtain
pntl — gl _(b—a)(a—&—b)n% 1+ (=D /b=a\* n
n+1 2n+1 — (k+1)! a+b/) (n—k)

= (nin <b2a)nﬂ'
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Particulary, if we choose a = 0, we obtain

n+1 2”+1Z

) 1

(n+1)2»

n!
(n—k)!

k+1

b) Consider g : R — R, g(t) = ! with n € N. Then g(™(¢) = €

Corollary 2.2, we have

€b —e% — lil [(b — x)k+1 + (_l)k (l‘ — a)k+1‘| er

(&+1)!
n+1 (b_x)nJrl

= ( n+2 o) eb>

Jr

(n+1) <(m - a)n+1 . (b— x)n+1) -

(n+2)! (n+2)!

Choosing a = 0 and b = 1, we have for all z € [0, 1]

k=n k-+1 k k41
(-2 + (=)=
“kz_o[ (41 ]

gl (1— x)"+1 gl (1— x)"+1 .
= ((n+2)!+ (n12) e)* (7”1)((n+2)!+ (n12) )e'

Moreover, if we choose z = %7 we get

k=n

e—l—z

k=0

1+ (—1)*
2k+1 (K + 1)!

(14 /) +2ny/e
‘/E‘ S T oni(arol
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