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Orthogonal Decomposition in
Omega-Weighted Classes of Functions
Subharmonic in the Half-Plane

Descomposicién ortogonal de funciones subharmodnicas en el
semiplano por medio de clases omega-pesadas
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ABsTrACT. The paper gives a harmonic, w-weighted, half-plane analog of W.
Wirtinger’s projection theorem and its (1 — r)*-weighted extension by M.
Djrbashian and also an orthogonal decomposition for some classes of functions
subharmonic in the half-plane.
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ResuMEN. El articulo da un andlogo armdnico w-pesado en el semiplano del
teorema de proyeccién de W. Wirtinger y su extensién (1 —r)%-pesada estable-
cida por M. Djrbashian. También es hallada una descomposicién ortogonal
para algunas clases de funciones subarmdnicas en el semiplano.
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1. Introduction

The present paper gives a harmonic, w-weighted, half-plane analog of the
Wirtinger projection theorem [8] (see also [7], p. 150) and its (1 —r)*-weighted
extension by M. Djrbashian (see Theorem VII in [1]), which are for holomor-
phic in |z| < 1 functions with square integrable modules. These results are a
continuation of the results of [5] in the half-plane. Then, an orthogonal de-
composition is found for some classes of functions subharmonic in the upper
half-plane, which is similar to the result of [4] in the unit disc.
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34 ARMEN JERBASHIAN & DANIEL VARGAS

After a useful remark, we shall introduce the spaces of functions which we
consider.

Remark 1.1. It is well-known (see, eg. [6], Ch. VI) that the Hardy space h?
(1 < p < 400) of real, harmonic in the upper half-plane G* := {2z : Im z > 0}
functions, defined by the condition

“+o0 1/p
|w||ne := sup {/ lu(z + iy)pdx} < 400,
y>0 —oo

is a Banach space, becoming a Hilbert space for p = 2. Since |u|? is subharmonic
in GT for any function v harmonic in GT, the results of Ch. 7 in [2] on the
equivalent definition of the holomorphic Hardy spaces HP in GT have their
obvious analogs for h?. In particular, the space h? (1 < p < 400) coincides
with the set of all functions harmonic in G and such that

R
lulti = plim, i inf [ Jule +iy)Pde < oo

and, for sufficiently small values of p > 0,
.. 1 b 9\ | P . 71'(19 - B) %
gr_ri_}_rg = /B |u (Re )| (sm 71'—25> dy =0, (1)

where 8 = arcsin(p/R). Note that due to Holder’s inequality, if (1) is true for
some p > 1, then it is true also for p = 1.

Definition 1.2. Q, (-1 < a < +00) is the set of functions w which are
continuous, strictly increasing in [0, +00), continuously differentiable in (0, 400)
and such that w(0) =0 and w’'(x) < 2%, A < z < 400, for some A > 0.

Definition 1.3. For any w € Q, (—1 < a < 4+00), h?, (0 < p < +00) is the
set of the real, harmonic in the upper half-plane G* functions for which (1) is

true along with
1/p
lulh = { [ W)} <4, @)

where du,, (z + iy) = dedw(2y).
2. Some Properties of the Spaces h?,
First, we prove that the above introduced classes h? are Banach spaces.

Proposition 2.1. AP (1 <p < 400, w € S~2a, a > —1) is a Banach space with
the norm (2), which for p = 2 becomes a Hilbert space with the inner product

// 2)dpg,(2), u,v € h2.
G+
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Proof. Let LP (1 < p < 400) be the Banach space of real functions, defined
solely by (2). Then, it suffices to prove that hP is a closed subspace of LP for
any 1 < p < 400, ie. if a sequence {u,}5° C hP, converges to some u € LP, in
the norm of L?, then u € h?,. To this end, observe that

1/2 +o00
/ dw(2y)/ lun (x +iy) — u(x + iy)|Pde — 0 as n — oo.
0

— 00

Hence, by Fatou’s lemma we have fol g(t)dw(t) = 0 for

+oo
g(2y) := lim inf[ lun (2 + iy) — u(z + iy)|pdx. (3)

n—oo

As w € €, there exists a sequence n; | 0 such that w(nep1) < w(ne). In-
troducing the measure v(E) = \/pw (i.e. the variation of w on the set E),
we conclude that v([nky1,mk]) > 0 for any & > 1 and obviously ¢(t) = 0 in
[Mk+1, 7] almost everywhere with respect to the measure v. On the other hand,
u(x + it) € LP(—o0,+00) for almost every ¢ > 0 with respect to the measure
v. Thus, there is a sequence yg | 0 such that simultaneously g(2yx) = 0 and
u(x +iyg) € LP(—00,+00). Now, we choose a subsequence of {u,,}5°, for which
the limit (3) is attained for y = y;. From this subsequence, we choose another
one, for which (3) is attained for y = ya, etc. Then, by a diagonal operation
we choose a subsequence for which we keep the same notation {u,}7°, and by

which
+oo

9(2yx) = lim |un (z + iyr) — u(z + iyk)|pdx =0 (4)

n—oo J_

for all £ > 1. Then, in virtue of Remark 1.1, for any n > 1 and p > 0 the
function w, (z + ip) belongs to hP. Note that in particular this is so for p = y
(k =1,2,...). By (4), for any fixed k > 1 the sequence {u,(z + iyr)}>, is
fundamental in P, and consequently wuy, (2 +iyx) — U(z+iyr) € h? asn — oo
in the norm of AP over GT. Hence, u, uniformly tends to U inside GT, and
U € h? in any half-plane Gf. Thus, by the results of Ch. 7 in [2] we conclude
that (1) is true for U and, in addition, for any number A > 0

[ s 10—t < 2{// U@ —w A ()

1 1
F<u<a d<y<a

+ /\w\<A |u(z)un(z)|pdﬂw(z)}%0 as n — oo.

L<y<a
The passage A — +oo gives |[U —ufz  =0. vf

Now, let us prove a theorem on an explicit form of the orthogonal projection
of the space L2 to its harmonic subspace h2. Assuming that w € Q,, a > —1,
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36 ARMEN JERBASHIAN & DANIEL VARGAS

we shall deal with the Cauchy-type kernel

oo itz dt L oo —tx
C,(z) ::/0 e o I,(t) .7/0 e "dw(x),

which is a holomorphic function in G* [3]. Note that by Lemma 3.1 of [3] for any
w € Qo with a > —1 and any numbers p > 0 and a noninteger € ([a] — 1, )
there exists a constant M, g > 0 such that

zeGf:={z:Im z> p}. (5)

Under the same assumption, we use the Green type potentials constructed by
means of the elementary Blaschke type factor

2Im ¢
bw(2,¢) = exp{/o Cw(z—(—i-it)w(t)dt}, Imz>Im¢>0

(see formula (23) in [5]), which is a holomorphic function in G*, where it has
a unique, simple zero at z = (.

Theorem 2.2. Ifw € O, (=1 < a < 400), then the orthogonal projection of
L? to h% can be written in the form

w)Re{Cy,(z — W) }duy(w), z€GT. (6)
G+

Proof. Let u € L2. Then, applying the estimate (5), where 8 = a — e with a
small € > 0, and Holder’s inequality, one can be convinced that the integral of
(6) is absolutely and uniformly convergent inside GT, and hence it represents a
harmonic function there. Besides, using the estimate (5) and Holder’s inequality
one can prove that for any fixed p > 0 and € > 0 small enough there exists

. Z 2
a constant M[')6 > 0 depending only on p and ¢, such that |P u(Re 19)| <

M, R~ (3+2a—2e) (arcsm £ <9 <7 —arcsin &) for R > 0. Hence, P,u satisfies
(1 ) Thus it remains to show that P, is a bounded operator which maps L2
to h2 and is identical on h2.

If u € L2, then for a fixed z =z +iy € Gt and ( = £ +in

Pou(2) :Re{jr /0 - (Rlﬁm / ¢)de / " gtz (tt)) dw(Qn)}
= Re {i /OJFOO (RETOO /;OO eitzz,_;;dt /_1; e_”’tU(C)dE) dw(277)}
= Re {\/1% /Om dw(2n) /;C>o ei”%fn(t)dt} , (7)
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where the limit @, (¢) = lim.g4e0 ff’R e~y (€ 4+ in)d€ in the L?(—o00, +00)-
norm is the Fourier transform of u(¢ + in) € L?(—o0,+00) for almost every
1 > 0. Note that the equalities in (7) are true, since by Plancherel’s theorem

L

< [C3(2in)]

e Cu(Q)de — wy(t)| dt

R
% / Q) — )

as R — +o0, where the function @ is the Volterra square of w (see Lemma 4
in [5]). From (7) we conclude that

277

12 —0

L2(~00,+0c0)

+oo
P,u(z) = {\F/ )dt} z€GT, (8)
where
1 T e
D(t) := T(t) ; e M, (t)dw(2n). 9)

The change of the integration order transforming (7) to (8) is valid, since by
(5) for a fixed y > 0 and a small € > 0 there is a constant M > 0 such that

1 / " den) / e
— w(2n —|uy(t)|dt
ﬁ 0 0 Iw(t) !

“+o0
<VE [ [Ca2ily+ )] T o0,y do(20)
0

oo (2 12
< MV3lullz (/ (“(’7)) < 400,
0

y + 77)3+2a—s

where @ is the Volterra square of w (see Lemma 4 in [5]). By an application of
Holder’s inequality and Plancherel’s theorem, from (9) we get [|®||12(0,400) <
V2|ul| 2, while by the Paley-Wiener theorem (see eg. [6], pp. 130-131) from
(9) we obtain

1 “+oo “+oo ‘(I)(t)|2
Poul?. < — dw(2 —2t dt = 2||®|2 .
I UHL& > 7_‘_/0 w( y)/o € I(1) I HL2(07+00)

Thus, P, is a bounded operator which maps L2 to h2.

Now, let u € h2. Then obviously u(z + in) € h? for any n > 0. Hence,
for any fixed n > 0 the function u(z + in) is the real part of some function
f(z +in) from the holomorphic Hardy space H? in G*. Consequently, by the
Paley-Wiener Theorem

' 1 +o0o PN
f(z—i—m):\/?/o e fa(t)dt, ze€GT,
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38 ARMEN JERBASHIAN & DANIEL VARGAS

where the limit by norm

fu(t) = Li L R n)d 10
Fi) = Jim, —= [ e p(einae (10)

is the Fourier transform of f on the level in, and
1FE+im 2 (—oo o0y = 1F 2+ i Ez = [ FallF2(0,400)-

Note that one can prove the independence of the function etnfn(t) of n > 0.
Further, for any n > 0 and { = £ +in

1 +o0 . 1 +o00 (eim)t dt
— w(€+1 sz—d:—/ e FTt L (t
o) (€ +in)Cu(z = Q)de = —— i n( )tfw(t)
| RS = dt
— i(z+in)t
= e t) + t .
=/ 70+ 7,0 7
From (10) and the Paley-Wiener theorem, it follows that for ¢ > 0,
— 1 R e —
= — = 1 . - ] - .
0= Tyt = bim —= [ T = 7,0
Consequently, for any z € G;;‘
1 [t _ 1 too dt
_ in)C —Od¢ = — i(z+in)t ¢
[ e -0ae = o= [ e

and hence,

P,u(z) =Re {\/12? /0+°<> eiZttIZl% /OJFOO 6_2tn{€tnﬁ;(t)}dw(2n)}

1 too PRV
—Re{ i [7T e i) = Re () = ),
i.e. the operator P, is an identity on h2. o]

3. Orthogonal Decomposition

In virtue of Remark 2 and Theorem 2 in [5], if w € Q4 (o > —1) and v is the
associated Riesz measure of a subharmonic in G* function U € L}, satisfying
(1) with p = 2, then

//GJr </O2Im Cw(t)dt> dv(¢) < +oo and //G; Im ¢ dv(¢) < 400
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for any p > 0, conditions which provide the convergence of the potential

2= [[ o8l 0l

in G*, and U is representable in the form

// oz 2. Oldvl€) + - [ Ulw){Re €z =)o)

(2) + uu(2), z€GT. (11)

The next theorem gives an orthogonal decomposition for some w-weighted
classes of functions subharmonic in G7.

Theorem 3.1. Ifw € Qo with —1 < a < +o00, then:

(1) Both summands G, and u, in the right-hand side of the representation
(11) of any function U € L2 N L} satisfying (1) with p =2 are of L.

(2) The operator P,, is an identity on h2 and it maps all Green type potentials
G, € L} satisfying (1) with p = 2 to identical zero.

(3) Any harmonic function u € h2 is orthogonal in L? to any Green type
potential G, € LY, N L? satisfying (1) with p = 2.

Proof. Let U € LLNL2 be a function which is subharmonic in GT and satisfies
(1) with p = 2. Then, U is representable in the form (11), where u € h2 by
Theorem 2.2. Hence, also G, € L2 and satisfies (1) with p = 2. Further, if
G, € L} and satisfies (1) with p = 2, then applying the operator P, to both
sides of the equality (11) written for G, we get P,G,(z) =0, z € G*. Since
P,, is the orthogonal projection of L? to its harmonic subspace h2, we conclude
that

(Pu.)Ua Gw)w = (Pwu, Gw)w == (P‘ju,Gw)w - (U;PwGw)w - 0

At last, if u is a function of h2 and a Green type potential G, € L' N L? and
satisfies (1) with p = 2, then by Theorem 2.2

(u,Gw)w = (Pwu,Gw)w = (P‘ju,Gw)w = (u7PwGw)w =0.
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