Revista Colombiana de Matematicas
Volumen 53(2019)1, paginas 41-56

The Gauss decomposition of products
of spherical harmonics

Descomposicién de Gauss del producto de armodnicas esféricas
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ABsTrACT. The product of two homogeneous harmonic polynomials is ho-
mogeneous, but not harmonic, in general. We give formulas for the Gauss
decomposition of the product of two homogeneous harmonic polynomials.
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ResuMEN. El producto de dos polinomios arménicos y homogéneos es ho-
mogéneo pero no armoénico, en general. Damos férmulas para la descom-
posicién de Gauss del producto de dos polinomios arménicos y homogéneos

Palabras y frases clave. Polinomios arménicos, descomposiciéon de Gauss, pro-
ducto de armoénicas esféricas.

1. Introduction

Let us denote by H,, the space of homogeneous harmonic polynomials of degree
m in n variables. If the elements of #,, are considered as polynomial functions
in R™ they are called solid harmonics of degree m, while when considered as
functions on the unit sphere S they are called spherical harmonics of degree m.

Any homogeneous polynomial of degree m, p € P,,, can be written in a
unique way as
[m/2]
p(x)= D W95 (x) (1)
§=0
where W,,,_2; € Hyn—2; and where as usual 2 = |x\2 = Y% , x?. This is the
Gauss decomposition of p. If Yy, € Hy, and Y], € H,, then Y;Y! € P,y but
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in general it will not belong to H,,+r. The aim of this article is to give the
Gauss decomposition of this product. Indeed, we prove that

k
YiYi =Y ko, (2)

q=0

where the Z,, ;24 € Hm+k—24 are given as

k
k k— b . - o
D S e e A e NG

9) = \i—q

the B§fgif_j) being constants, defined in (48), and where Y (x*77V7), the
notation employed to denote certain differential operators with polynomial co-

efficients, is explained in Section 2.

Formulas for the Gauss decomposition of the product of spherical harmonics
have attracted the attention of researchers since long ago. In the classic book
of Hobson [13, Sects 52-53] we find the expression of the product of Legendre
polynomials as a sum of Legendre polynomials, which is exactly the Gauss de-
composition of the product of zonal harmonics, explained in Subsection 3.1,
in three variables'. The case n = 2 is even older, since the Gauss decomposi-
tion is nothing but the well known product to sum formulas from elementary
trigonometry,

1 1
cosk@cosm@zicos(k—&—m)G—i—icos(k—m)@, (4)
. 1. 1.
coskﬂsmm@zism(k'—i—m)ﬁ—l—ism(k—m)ﬂ, (5)
. . 1 1
smk@smm@z—§cos(k+m)9+§cos(k—m)9. (6)

Interestingly these elementary formulas are the starting point of the method for
solving integral equations on a circle as presented in [7] and a similar method
for solving equations over a sphere could be constructed from the formulas of
the present study.

The plan of the paper is as follows. In Section 2 we explain a rather useful
notation employed to manipulate symmetric tensors and particularly the ex-
pressions that appear in our analysis. The formulas for k = 1 and k& = 2 are
given in Section 3; they already find use in the description of zonal harmonics
presented in the Subsection 3.1. The general formula is stated in the Theorem
4.1 of Section 4, where several particular cases are considered. An interesting
identity, corollary of the general formula, is given in the next section, while the

Hobson gives credit for the formulas to F. E. Neumann, who gave them in his 1878 book
Beitrdge zur Theorie der Kugelfunctionen.
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proof of the theorem is presented in Section 6. Finally in Section 7 we apply
our analysis to obtain formulas involving the integrals of the product of three

spherical harmonics?.

Spherical harmonics have been studied in detail for centuries, as one can
see in the texts [3, 10, 16], but we would like to point out the recent interest in
harmonic polynomials in Mathematical Physics as they play a pivotal role in
Stora’s fine notion of divergent amplitudes [14, 18], as well as in several aspects
of the theory of multipoles [5, 15]. The formulas given in this article are of
general interest, but they will be particularly useful in these areas as well as
in Fourier analysis, as needed in Mathematical Physics [1, 2], and in integral
geometry [9)].

2. The symmetric algebra

If F is a vector space, we denote by \/ (E) = Y- 3_ Vy (E) the symmetric
algebra of E. The space \/, (E) is the subspace of @yF = E® --- ® E, N

times, consisting of all symmetric tensors.

Notice that there is an operator s : @y E — \/ 5 (E), the symmetrization,
given as

1
5(V1®"'®VN):EZvﬂ(l)®"'®va(N)7 (7)
: ogESN
that is, if A = {A;, ...y}, then

1
S(A)iyiy = 7 D Astin)olin) (8)
’ gESN

The symmetric product of the symmetric tensors T' € \/ , (E) and S € \/,, (E)
is given as
TVvS=sT®S). (9)

Example 2.1. If T = {t;} and S = {s;} are vectors (tensors of first order)
then T'V S is the symmetric matrix (tensor of second order)
1
(T\/S)ij = §(ti8]‘+t]‘8i). (10)

Example 2.2. If T = {t;;} while s = {s;} then

1
(T'VS),= 3 (tijsk + tjxsi + tirs;) - (11)

We denote as TV the symmetric product of T with itself N times.

2Tt is interesting to observe that, as reported in [13], formulas for the integrals of the
product of three Legendre polynomials have been considered for a long time, as they appear,
without proof, in the 1877 book Spherical Harmonics by Ferrera, a proof being given by J.
C. Adams in 1878.
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Example 2.3. If T = {t;;} while s = {3} then

1
(T \Y, S2V)ijkl =5 (tijSksi + tiwsjst + tusjsk + tipsisi + tjisisk + thisis;) -
(12)
Similarly,
1
(T2v)ij}cl =3 (tijtjn + ity + tutj) - (13)

Our next goal is to show how each homogeneous polynomial of degree N in
n real variables, p € Py (R™) gives rise to a function in \/ 5 (R™). Indeed, we
can write

p(xl,...,zn):Zn-ZAil”'iinl-~-xiN, (14)

i1=1 in=1

for some symmetric® tensor {A%ix} . We can then define p: \/y (R") — R
(or C) by putting

P({timin}) = 3 DAYy (15)
ii=1  in=1
That is, p € (Vy (R"))".
Example 2.4. A simple example will clarify the idea. If
p (1,20, 23, T4, T5) = 2Ty + T3T4T5 , (16)
and a = {aijk}ij,k=1 € V5 (R®) then
p(a) = ai12 + azas - (17)

It is important to observe that the polynomial p can be recovered from p
by the simple formula

p(z)=p(a™). (18)
From now on, we shall denote p simply as p since no confusion should arise.

This construction also allow us to construct from a given homogeneous
polynomial p € Py (R™) several polynomials in two variables x,y € R" as
follows. Indeed, if 0 < L < N then we can consider the polynomial ¢, (x,y) =
D (xLv vy W *L)V) , and in particular the differential operators

qr. (x,V)=p (XLv Vv V(N*L)V> . (19)

Notice that go (x,y) = p(x) for all y.

3Naturally there are other non-symmetric tensors that also work.
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Example 2.5. If p = 2229, then qo (x, V) = 2225,

(2331582V1 + x%VQ) s (20)

Q| =

@1 (x,V) =

and ¢o (x,V) = V3V,.

Example 2.6. If p = xlf_zxg then
k—2 2
p(xvvtiv) = ViV 4 Za, VT, (21)
and consequently, if ¢ = x’f_2r2 then
k—2 2
q (x Vv V(’H)v) = T VIT3A + %Dv’f—% (22)

where A is the Laplacian and where D is Euler’s operator Z;‘L:1 z;V;.

From now on we shall simplify the notation by writing
xbvy vW=By o as xEUN-L (23)

since no confusion should arise and the formulas can be written in a more
compact way. This is the notation employed in [8] when considering the distri-
butional derivatives of power potentials.

3. The first and second order formulas

Let us start by considering the Gauss decomposition of the product Y,Y/, of
two harmonic polynomials when k£ = 1. It is enough to consider the case when
Y = x; for some i. We have the ensuing very simple formula.

Proposition 3.1. IfY! € H,,, m > 1, then the Gauss decomposition of ;Y.
18

Y = Wyp1 + W, (24)
where
Werl = .Z‘,LY:n - ’I"Qﬁm(Y:n),i 3 Wmfl = ﬁm(Y;n),l ’ (25)
and
B = ; (26)
T n4+2m—2°

Proof. Indeed, if we start with the decomposition (24) with W,,,11 € Hupma1
and apply the Laplacian to both sides we immediately obtain (Y),)1 =
A (TQWm,l) = (n+2m — 2) W,,,_1, so that (25) follows.

Revista Colombiana de Mateméticas



46 RICARDO ESTRADA

Notice, for future reference, that 3,, can actually be considered as a mero-
morphic function of m.

We can iterate the result of the Proposition 3.1 to obtain the decomposition
of x;x;Y!, if m > 2. Indeed, if we use (24) then

m
SCZIZZ']Y;n = (Z?ij+1 + 7’2117ij_1
= (ijm-i-l — T26m+1(wm+1)7i) + T2Bm+l(wm+1),i
+ 7"2%' (Wmfl - T25m71(Wm71),i + TQﬁmfl(Wmfl),i) .
Employing (25) we therefore obtain the following decomposition.

Proposition 3.2. If Y/ € H,,, m > 2, then the Gauss decomposition of
iz Yy, is
I'ZCEJY;n = Zm+2 + T2Zm + 7"4Zm72 P (27)

where

Zm+2 = {EZJ?]Y,/m
— B 17?855y + (Y1) 5+ 25(Y0) ) + B 1 B (Y1) i (28)

Zy = Buns1 (05 Y0 + 2:(Y0) 5+ 25 (Y) i) = 2Bms1Bm-17(Y0)ijs (29)
and
Zm72 = ﬁmﬁmfl(Y;n),lj (30)

Consider now the decomposition of the product Y2Y/ . The elements of
Ho have the form Yo = Z?j:l ai;xiax? with 37" a;; = 0 and therefore the
Proposition 3.2 yields the general formula that follows.

Proposition 3.3. IfYs € Ha, Y., € Hy, m > 2, then the Gauss decomposition
of YoY!  is

YoYl, = Zyio + 122 + 17422, (31)
where
Zm+2 = (Yg (X2) — 2ﬂm+1T2Y2 (XV) + 6WL+1/BMT4Y2 (VQ)) Y;n s (32)
Zin = (2Bm41Y2 (XV) = 28,11 Bm-17"Y2 (V?)) Y1, (33)
and
Lo = Bm6m71Y2 (v2> Y;n . (34)

Observe that the formulas of this last proposition do not hold if we try to
decompose the product pY’!, with p € Py \ Ha. An extremely simple example is
provided by p = r2. A more instructive example is provided by taking p = x2

19

Volumen 53, Numero 1, Afio 2019



THE GAUSS DECOMPOSITION OF PRODUCTS OF SPHERICAL HARMONICS 47

whose decomposition is given in the Proposition 3.2, but which we now show
how to decompose in another way. Indeed, we can write

1 1
l‘? =Yy + 77“2, Yy = (a?? — 7“2> € Hs. (35)
n n

Hence 22Y},, = Y,Y}, — 2r2Y],, and the decomposition of Y;Y}, follows from

the Proposition 3.3 by observing that
Yo xV)Y! =2, ViY, — %Y;n, Yy (V2) = V2Y/, . (36)
Naturally we obtain (28)-(30) with ¢ = j (not summed).

3.1. Zonal Harmonics

Let ¢ € S be a fixed unit vector. There exists a unique monic polynomial of
degree m, u,,, such that

Uf, (@) = tm (0 ¢) € Hun (S). (37)

The US, and its multiples are the zonal harmonics of degree m, the spherical
harmonics that are constant on circles perpendicular to ¢. The multiples of the
polynomials u,, are called ultraspherical polynomials, and are actually multiples
of the Chebychev polynomials if n = 2, the Legendre polynomials if n = 3, and
in general of Gegenbauer polynomials for any m [3, 17, 16]. The corresponding
solid harmonics are given as

Ufn (x) = UgI (rw) =1 (W- ) = 1" up (x- (/7). (38)

Since the polynomials u,, do not depend on ¢, we may take ¢ = (1,0,...,0),
so that x - ( =1, and we will do so in the following, employing the simpler
notation U,,.

We have ug (z) = 1, uy () = x, while we encountered us in (35) since
Us = Yo, that is, us (x) = 22 — 1/n. We may use the Proposition 3.1 to find
a recursion relation for the w,, since U,,y; must be the part in the Gauss
decomposition of x1U,, that belongs to H,,+1. Therefore,

Um+1 (X) = -’171Um - T2BmV1(Um)a (39)

and consequently,
Um+1 (;L‘) = TUm — ﬂmLm (um) 5 (40)

where L., (u) (x1) is given as

v (e ()

=maziu(z) + (1 —23) o (21). (41)

r=1
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We should also have that V1(U,,,) must be a multiple of U,,,_1; actually a simple
computation gives

1

Uy, = Lm Um, ) 42
Bm—1m (n+m — 3) (ttm) (42)
so that
U1 () = TUm —m (N +m — 3) B Bm—1Um—1 - (43)
These recursion relations give the expression
Um (l‘) = xm - (T;L) 67n—1xm72 (44)

+ (T) 3ﬁm,1ﬂm,2$m_4 - (Tg)?’ . 5ﬂm716m72ﬂm72$m_6 + -

A particularly important multiple of the zonal harmonic U, (w) is Z (¢,w),
the reproducing kernel of the finite dimensional Hilbert space H,, (S) with the

L? inner product [3, Thm. 5.38], and is given as Z (¢,w) = cu, (w- (), where
c=(m!BmBm-1--P1) "

[m/2]
1 gn(n+2)---(n+2m—2q—4 m—2q . 12q
260 =5 3 (D ( )Qqq!((m_zq)! e

(45)

4. The general formula

We shall now give the general formula for the Gauss decomposition of the
product YiY! . k < m, of two harmonic polynomials. We start by defining
several sets and constants that will appear in our formulas.

The sets EB%, 1 < ¢ < j+1, are subsets with j elementsof {g € Z : |q| < j—1}
defined as

Bl ={j—1,...,0}, B, =1{0,....— (-1}, (46)
whileif 1 <g < j+1,
B)={j—q+1,...,5-2¢+3}U{j—2¢+1,...,—q+1}. (47)

For example B2 = {1,0},83 = {1,-1}, and B2 = {0,—1} while B3 =
{2,1,0}, B3 = {2,0,-1}, B3 = {1,0,-2}, and B3 = {0,—1,-2}. It would
also be convenient to use the extreme cases B¢ = @, B} = B} = {0}.

The constants Bj(t; are the products

By = 11 B (48)

leB}
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THE GAUSS DECOMPOSITION OF PRODUCTS OF SPHERICAL HARMONICS 49

For instance Bét% = Biy10, Bét% = Bi11Pi—1, and Bét% = B¢Pi—1. We also

have Bét% = Biy2Bt410t, B;(gt% = Bi+2B8tPi-1, Bé’% = Bi+18tBi—2, and Béi); =
BiBi—1Bi—2. I j = 0 or 1 we obtain B'} =1, B} = BY| = 4,.

Theorem 4.1. If Yy € Hg, Y., € Hpm, m > k, then the Gauss decomposition
of YiY! is

k
YY = Z 297 s k—2g5 (49)
q=0

where the Zy+1—24 € Him+k—24 are given as

Lintk—2q (50)
k
_ k Z k— q B(m"l‘k_]) (71)]—11 ,,,2j72qY (kajvj) Yl
B q ] —q Jra+1 k m*
J=q

We shall give the proof of the theorem in Section 6. Presently we give
several special cases of the general formula. Indeed, if & = 3 we obtain the
Gauss decomposition of Y3Y! = Z,,.3 +12Zp1 + 121 +1%Z,,_3 as

Zimis = (Y3 (x°) = 3Bpm42r’Ys (x*V) (51)
+35m+25m+1r4Y3 (XVQ) - Bm+25m+15mr6Y3 (Vg)) Y;n )

Zint1 = (3Bm2Ys (x°V) (52)
—6Bm+2Bmr?Y3 (XV?) + 3Bms2B8mBm—17"Y3 (V) Y2, ,

Zm—1= (3Bm+1BmYs (xV?) (53)
=3Bm+1BmBm—2r*Ys (V) Y},

Zin—3 = BmBm—1Bm—2Y3 (V?) YL, (54)

As another interesting particular case, let us employ the general formula (50)

with Yy, replaced with the zonal harmonic U, of (38). We obtain that if m > k

and UgY! = ZI;:O r2q2m+k_2q then calling a; the coefficients in the expansion

(44),

Zin—k (x) = B}, Uk (V) Y7, (%) (55)
= By (VE+aaViPA + anVEPA +-0) V), ()
= Bl(c?lzz»lvlfY;n (X) = ﬁmﬁm—l o /Bm—k-i-lvllcY;n (X) .

Revista Colombiana de Matemaéticas
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Similarly,

m

Zni-2 (x) = k(BU" T DU (xv<k*1>) — B0, (W)Y, (%),

and employing the Example 2.6,

U (Xv(k—l)) Y (x) =2V (x) — %%D (VE72Y), (x))

2
=2 Vi1V, () = = (m = k+2) VIT2Y, (%),

so that

Zin-k—2 (x) = kB{" )0, VLY (x) (56)
—k(k—1)B{"T) (m — k +2) VET2Y, (x) — kB r2VEY, (x).

5. An identity for the 5,,

The fact that (32)-(34) is the Gauss decomposition of Y2Y/, implies that we
should have

ﬂm—&-lﬂm - 25m+15m—1 + 6mﬂm—1 =0. (57)

Similarly, (51)-(54) gives
_ﬁm+2ﬁm+1ﬁm + 3Bm+25m5m71 - 3ﬂm+15m5m72 + ﬁmﬁmflﬁm72 =0. (58)
Both identities are easy to verify directly. Notice also that they will actually

hold for all m € C, since they hold for all large enough integers and the left
side is a rational function of m.

If we employ the general formula given in the Theorem 4.1 we therefore
obtain the ensuing identity.

Proposition 5.1. For all m € C,

3 (’;) (—1)FT B =0, (59)
q=0

The case k = 4, that follows, should help to clarify the notation:

ﬂm+3ﬂm+2ﬂm+1ﬂm - 4/B'rn+3/8m+1ﬁmﬁm—l + Gﬁm—&-Qﬁm—&-lﬁm—le—Q
- 4ﬁm+1ﬁm5m716m73 + Bmﬁmflﬁm726m73 =0.
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6. Proof of the Theorem

In this section we give a proof of the Theorem 4.1. We shall proceed by induction
on k. The case k = 1 has already being given in the Proposition 3.1. On
the other hand, it is enough to show that if we assume the formula (50) for
all Yy € Hj then the same formula holds for just one harmonic polynomial
Yii1 € Hpp1. Indeed, we may invoke the Funk-Hecke formula? as presented in
[6], since it is clear that if YiY/, = Z];:o 7297 14 k—24 then

k
Zonik-2g =Y 172 0 (XFIVVI) Y, (60)
Jj=q
for some polynomials py, j,q = Pk, j,q (Yr) and the operators Py ; 4 are invariant

under the group SO (n). Hence

Phjia = Mejig Yk s (61)

for some constants, the same for all Y, € Hji. What this means is that if we
are able to establish the formula for one Yj41 € Hy41 then it will hold for all
homogeneous harmonic polynomials of degree k + 1.

We shall take Yj11 (x) = 1Yy (X) where X = (0, 22, ..., %,), that is, where
Y, does not depend on z;. This is possible as long as n > 3; the proof when
n = 2 is simpler and will not be presented here. Let m > k+ 1 and Y/, € H,,.
The induction hypothesis tells us that the Gauss decomposition of Y;Y/ is
given in (49)-(50). Let us write

k+1

Yk+1Y;n = Z r2qu+k+1,2q . (62)
q=0

We need to show that the W,, 2, are given by the formula corresponding to
(50) applied to Yj41 instead of Yi. Employing the Proposition 3.1 and (49) we
obtain

Wm—i—k—i—l - zlzm+k - 6m+kr2vlzm+k 5 Wm—k—l = Bm—kvlzm—k ) (63)

while for 1 < g <k, Wy 4k41-24 equals
T1Zmtk—2q — Brtk—2q""V1Zmtk—2q + Bmtk—2q+2V1Zmtk—2g+2 - (64)
We immediately obtain the required formula for W,,,_j;_1, namely:
B V1B i (V) Yi) = B yoYaer (V) Y2, (65)

4This celebrated formula was first given for integral transforms in three variables in [11,
12], and for any number of variables in [4].
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The expression for W,,, 1,11 is obtained as follows, where we use (49) and the
fact that V1Y, =0:

k
R\ pomikd) . i 2 i
Win i1 = 21 3 <j>B§,1+k (1) 12 (xFIv) Y,
§j=0

k

k m —J 1 . : : :

— Bugr? (j)Bj(-’lJrk 7 (—1)’ (2]3317“23_2Yk (Xk_JVJ)
i=0

J
+r2Yy (xFIVI) VL) Y,

so that W,y k41 = Zf;ré r?7p; (x, V) Y!,. Notice that
Po = Bét”fllJrk)lek (Xk—jvj) _ Bévjlz+k:+1)yk+1 (vk—H) ’ (66)
since Bég =1 for all ¢. Also p+1 is given as
Bk BUT (1P Y (V) V1= BUY ()M Y (VEFY L (67)
When 1 < 5 < k we obtain
p; (x, V) = Aja1 Yy (x¥IVI) + B)Y,, (xF1IvIT) vy, (68)
where
K\ pomak—i) _vi _ (F)os (mAk—3) (_1\d
Aj = j B (=1)" = j 2jPm+kBj 1 (1)
k m+k+1—j j
(3>B§,1 J) (71)J Y
since 1 — 25 B4k = Bm+k/Bm+k—j, and where

k m+k—j+1 j k m+k+1—j j
b= _<j - 1)6’"%35'—171 ey = (j - 1) B 1y

But we observe that

Ykﬂ (Xk+1—jvj) — %xlyk (kajvj) 4 k-]|- 1Yk (Xk+17jvj71) \
(69)
so that,
k+1 m i . .
p; (x,V) = ( ; )BJ(_71+(I€+1) ) (=1 Yii1 (Xk+1 JVJ) ] (70)

Therefore W,,, 41 has the required form.

The proof of the formula for W,,, 444124 for 1 < ¢ < k is very similar and
consequently will be omitted.
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7. The integral of the product of three spherical harmonics

In this section we shall apply the formulas for the product of harmonic poly-
nomials to obtain identities for integrals of the type

/S Y (@) Y (@) Y (@) do (@) | (71)

involving the product of three spherical harmonics Yy, € Hg, Y, € Hum, Y] €
‘H;. Henceforth we will assume that m > k and m > [; naturally the formula
(49) shows that with this restriction we must have | = m + k — 2¢ for some
q that satisfies k > ¢ > k/2 if the integral is not zero, and in that case the

integral [ Y (W)Y}, (W)Y 4 o, (W) do(w) equals

[ 2k ) Vi @) do ). (72)

Let us start with the case ¢ = k = m, Y;;L+k72q = 1, the case of the product of

two spherical harmonics of the same order. We obtain

[ Yo @) Yi @) do @) = [ Zonssoay (@) do (@) (73)

S S
= OB Yo (V) Y], (%)

= B B {Ym Vin

where the inner product {Ym,V;n} is the constant function Y,, (V)Y!, (x)
[10] and C is the area of S, recovering [5, Prop. 3.3].

We can now give a general identity for the integral (71).
Proposition 7.1. Let Y, € Hi, Y, € Hpm, Y] € Hi, m >k, m > 1. The
integral vanishes unless | =m +k —2q, k > q¢ > k/2, and then

/S Vi (@) Vi (@) Yy () dor () = (’;) Blrntk=) /S Xon g () do (),
(74)
where

Xin—q (@) = Yi (VEVET) (Y1 () Vi kg () [y, - (75)

Proof. Indeed, the integral in the left of (74) equals (72), so that (50) gives it
as

k m+k— _
<q) B((J,q::-_l “ /S Yk (Xk qvq) Y:n (X)|x:w Y;;L-',-k—Qq (w) do (w)a (76)

and employing (73), we obtain

MY (x57IV) Y, (%), Y akzg ()} (77)
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m-+k— m+k—2
where M = (];)C’Bé,qil q)BT(n+4,;_2q?T)n+k_2q+1~ But [10] {z;p(x),q(x)} =

{p(x),Viq(x)}, so that the integral becomes

MYk (TEVE) (Vi () Yooy )]y} (78)

and thus using (73) again we arrive at (74), since

(m+k—q) p(m+k—2q)
M _ Bq,q+1 Bm+k—2q,m+k—2q+1 _ B(m+k—q) (79)
CB(m—Q) B B(m—Q) T TRk ’
m—q,m—q+1 m—q,m—q+1

]

We now consider several illustrations of these formulas. If £k = 2 and Yy =
%5, © # j, we obtain for ¢ = 1,

/Swiij;nY'/ril do = ﬂm+1ﬂ7n /S(sz;nij;:L + VJY;anY:;L) dCT, (80)
and for g = 2,
/wiij;anhQ do = BmfBm-1 /(ViVjY;n)Yxk2 do. (81)
S S

On the other hand, the integral [;w?Y}, Y/, do can be handled if we use (35);
the result is

1 — 1
Bm+1Bm /S (VYo Vi¥i — — > VYLV + ~YLYn)do, o (82)
=1

which does not follow if we put ¢ = j in (80). Curiously the result of putting
¢ =7 in (81) yields the correct result

/ WYL Y! o do = BuBm_1 / (VZY/ )Y 5 do. (83)

S S

When k=3 and Yo=x;x;2;, i # j #l#1, we obtain that fg wiw;w Y. Yr _ do

equals

Brt1Pon 1 /S CAAR AN X AV AVANNE AR AR S
(84)

while

/wiijlY;anl% do = B Bm—1Bm—2 /(VZ-V]‘V;Y;%)Y;;% do. (85)
s s
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