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Integrals of certain Dirichlet series

Integrales de ciertas series de Dirichlet
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AsTrACT. We compute in closed form the integrals of certain expressions
involving a class of Dirichlet series. This is a generalization of a formula of
Jonathan Borwein to a problem stated (and solved) by A. Ivié.
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ResuMeN. Calculamos en forma cerrada integrales de ciertas expresiones que
involucran una clase de series de Dirichlet. Esto es una generalizacién de una
férmula de Jonathan Borwein a un problema enunciado (y resuelto) por A.
Ivié.
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1. Evaluation of certain integrals

We write as usual s = o + it with o, ¢ real numbers and let {(s) = Y- | -=- be
the Riemann zeta function. A. Ivi¢ [3] proved the following remarkable integral

evaluation:

dt = wln 2.

> {3 —2v2cos(tIn2)} [¢(1/2 +it)|?
/0 t2+1/4

Inspired by this J. Borwein proved that the integrals of expressions involving
a certain class of Dirichlet series could be evaluated [1]. If one sets

o0

A(s) = Z%,

1

he proved the following result.
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Theorem 1.1. (J. Borwein) Assume that the above Dirichlet series is abso-
lutely convergent for fired o > 0 and A, are real numbers. Then

2 00 2 2
7T An — An—l
dt = o~ > e (1)

n=1

where Ay :=Y 1 Ak, Ao := 0.

The aim of this note is to extend (a bit) the last two results.

Theorem 1.2. Assume that the above Dirichlet series is absolutely convergent
for fired 0 > 0 and A\, are real. Then
s) 2

ia(o) 1/000 )\2

S

A2

_ %i {wAnAnlnn—An 3 Amlnm}. @

m=1

Proof. Set
N

=30

1

and recall that if a,b are real and positive numbers then ([2] Formula 3729 p.
410)

*  cosax
——_d 1+ ab)e .
|, T = oo

Then

dt

/ ‘/\N ZO<"L m<N A"Amnig+itmiaiit
o (c2+ t2 (02 +12)2

AnAm cos(tlnn/m)
=2 dt dt
Z (nm)cr /0 (0-2 + t2 + Z n2cr / 02 + t2

0<m<n<N

o AnAm (1 +alnn/m
T 208 Z (nm)e  (n/m)° 03 z} nQ"'
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Now, the first sum in the last expression is equal to

N
Z AnAW; (1 JEs/l:’ll;%a/rn) _ Z :‘20 {Z An(1+oInn/m) — }

O<m<n§N(nm) n=1 m=1

n

N
7)\”(/\"7)\”) +UZ% Am Inn/m

n20’

I
M=

n=1 n=1 m=1
N N N n
An(Ap — ) A, Inn An
=) T T o) X Amlum
n=1 n=1 n=1 m=1

Inserting the last expression into the above formula and observing that A, A, —
A? A

A2 )2 = L yields
i
o (0% +12)?
N N n N
™ Ay Inn ™ An s A2
TZ 2022 e 997 D e 2 Amlimt 5 Y
n=1 n=1 n=1 m=1 n=1
N N n
T A, Inn T An
rZ 2022 e " 597 D g D AmInm
n=1 n=1 m=1
The last expression tends to jx(o) as N — oo and yields the result. vf

As an example if one takes A(s) = ((s), that is A\, = 1,A,, = n, then (1 < o)

< 1¢(s) P T w1 [(2n—-1 n"
dt= 5 1 ()L
/0 202;712"{ 20 +n(n!)}

52
2. A remark

We note the following result which is the analogue of Ivi¢’s integral.

Lemma 2.1. Set

_ In{1/2}  In{1.3/24}  In{1.3.5/2.4.6}
5= 2.3 + 4.5 + 6.7 +

Then the following evaluation holds:

— [ ca/z+ai
I._/O {3—2\/§cos(tln2)}mdt—Qw(IHZ—l—S).
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Proof. We use (1—2'7%)¢(s) = >.7°(=1)""'n=% (0 < o). Now if 1/2 < o then

or - [T [0 5 g<—1>m+"<mn>-“ [ () ot

2
S —0o0

Y (1)~ *° cos(tlnm/n)dt
20 3C (20) +2Z Z 7 (mn) /—MW

m=1n<m

—00

m—1
= ZL {C (20)+2 Z e )*'n"?(1+olnm/n)e Ul“m/"}
n:l
:%7:3{@(20)—1—2 *2"27: 1+Jlnm/n)}
m=1 1=1
m—1
— 2% {§(2a)(1 — 21729y 1 25 Z (—)™m™2 Y (—1)”lnm/n}
m=1 n=1

The desired result follows letting o — 1/2 observing that lim,_,; /5 ((20)(1 —
21729) = In2 and

S = Z:(—l)mrrf1 i(—l)"lnm/n.
n=1

m=1

The last equality follows observing that the inner sum in the last equation with
m =1 is zero and

S (1)l S (1) In {1/2}
> (=)™m (=D)"nm/n = — 2=,

m=2 n=1
> S In{1.3/2.4}
(—=1)™m~? (=)™ lnm/n = ———L——
4.5
m=4 n=1
and so on. The proof is completed. o
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