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ABsTRrACT. The qualitative properties of a nonautonomous competitive Lotka-
Volterra system with infinite delays are studied.

By using a result of matrix theory and the fluctuation lemma, we estab-
lish a series of easily verifiable algebraic conditions on the coefficients and
the kernel, which are sufficient to ensure the survival and the extinction of
a determined number of species. The surviving part is stabilized around a
globally stable critical point of a subsystem of the system under study. These
conditions also guarantee the asymptotic behavior of the system.

Key words and phrases. Lotka-Volterra system, extinction, competition, stabil-
ity, delay, persistence.
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REsSUMEN. Se estudian las propiedades cualitativas de un sistema competitivo
no attonomo de Lotka-Volterra con retardo infinito.

Mediante el uso de un resultado de la teoria de matrices y del lema de fluc-
tuaciones, se establecen una serie de condiciones algebraicas, facilmente verifi-
cables, sobre los coeficientes y los nicleos, que son suficientes para garantizar la
extincion y la sobrevivencia de un determinado ntimero de especies. La parte
sobreviviente se estabiliza alrededor de un punto de equilibrio globalmente
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76 FRANCISCO MONTES DE OCA & LILIANA REBECA PEREZ

estable de un subsistema del sistema en estudio. Estas condiciones también
garantizan el comportamiento asintético del sistema.

Palabras y frases clave. Sistemas de Lotka-Volterra, extincién, sobrevivencia,
estabilidad, retardo, persistencia.

1. Introduction

This article deals with nonautonomous competitive systems of integro-differen-
tial equations with infinite delays,

2 (t) = zi(t) |bi — auwi(t) — Z aij/_ K;;(t —s)zj(s)ds| ,

j=1j#i

with the initial conditions
xi(t) = i(t), t<0, i=1,...,n, (2)
where

@i € BCT = {p € [(—0,0],[0,00)] : ¢(0) > 0 and ¢ is bounded }, i = 1,...,n.

r t
Z;(t) = l’z(t) bl — a”xi(t) — Z aij/ Kij (t — S)ZL’j (S)dS s
j=1j#i 7T
t>0,i=1,...,r, (3)

r being an integer such that 1 < r < n, the initial condition
zi(t) = pi(t), t<0, i=1,...,r, where p; € BCT, (4)

Here the initial functions ¢;(s), i = 1,...,n, are the histories of the sizes of the
populations in the past. The coefficients b;, a;;, for all 1 <14, j < n, are positive
real numbers and the delay kernels K;;: [0,+00) — [0,+00), 1 < 4,j < n,
are continuous functions such that fOJr *° K;;(t)dt = 1. Integrals represent the
hereditary or accumulated inhibitory effect in the past that the population size
of one species has had upon the other species.

The following hypotheses are also considered

H, : For every k = 2,...,n, there exists an integer i < k such that
b b;
L T e
Qkj Qi g
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EXTINCTION AND SURVIVAL IN LOTKA-VOLTERRA SYSTEMS. 7

T b
Hy : For every i = 1,...r, the inequality b, > > aj; (j> is hold.
i=Li#i  \jj

Hs . pij :/ sK;j(s)ds < oo, 1 <4,j <n.
0

H, : For every integer k = r+1,...,n, there exists an integer i, < k such that
b b;
B T e
Akj Qi

Observation 1.1. It is easy to see that there is a natural correspondence
between the solutions of the r-dimensional system (3) and those solutions of
(1) for which «;(¢t) =0 for all j =r +1,...,n. That is, col(z1(t),...,z.(t)) is
a solution of (3) if and only if col(x1(¢),...,z.(t),0,...,0) is solution of (1).

Observation 1.2. Ahmad and Lazer in [21] proved that if b; > 0, a;; > 0 and
if hypothesis Hj is satisfied; that is,

,

b; .

b; > Z Qjj (a]>, 1<i<r,
J=1,j#i 3

then there exists a unique solution col(uj,...,u}) of the system of linear equa-
tions

Zaijxj:bi, izl,...,T, (5)
j=1

with «f >0, 1 <4 <r, and the matrix r x r (a;;) is invertible or non-singular.

Observation 1.3. It can be easily proved that the following points are equi-
librium points for the system (1) if and only if

n
z; =0, or Eaijx;:bi,izl,...,n.
Jj=1

The positive critical points are the positive solutions of the linear system of n
equations with n unknowns

n
E AT :bi, z=1,,n
Jj=1

It can be easily showed that the following points are equilibrium points for the

b b by,
system (1): col <1,0,...,0), col <0,2,0,...,0>, ..., col <0,...,0, >,

arl a2 Ann
x* = col(uf,...,ur,0,...,0) = col(u*,0) where 0 = col(0,...,0), u* =

col(uf,...,u¥), 2 <r <n,and u* is a solution of the linear system (5).
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78 FRANCISCO MONTES DE OCA & LILIANA REBECA PEREZ

Observation 1.4. The hypothesis H; implies that the only critical points with
b

non-negative components of the system (1) are col(0, .. ., 0), col (1, 0,... ,O) ,
a11

b bn
col <O’a2’0""’0> oo, col <O,...,O,>. For a proof see [27].
22 nn

This work is included within the area of mathematical biology, particu-
larly in population dynamics, for we study non-autonomous competitive Lotka-
Volterra systems of n-species with infinite delays. These models with delay are
also called hereditary models with memory. They are introduced in biology,
for example, in biokinetics, which study the theories of biological equilibrium
mathematically based on the struggle for existence between species competing
on the ground for the same resources. The evolution of these systems is influ-
enced significantly not only by the present but also by its most remote past.
There are delayed effects in these systems due to the memory functions, the
delay kernel. The use of these models with delay dates back to the time of the
Italian mathematician Vito Volterra (1860-1940) and the French mathemati-
cian Marcel Brelot (1903-1987), who studied the classical prey-predator model
with continuous infinite delay in their publications [25] and [4] respectively.
Over the last 50 years and especially the last 20 years, these systems have been
and continue to be investigated intensely, as can be seen in the references cited
in this work.

The system (1) describes the competition between n species, where x;(t)
denotes the population density of the i-th species at time ¢. It is well known,
by the fundamental theory of systems of functional differential equations [15],
that (1) has only one solution z(t) = col(x1(t),...,z,(t)) which satisfies the
initial conditions (2). It is easy to verify that the solutions of the system (1)
corresponding to the initial conditions (2) are defined on [0, +00) and remain
positive for all ¢ > 0.

There is a substantial amount of research dealing with the global asymptotic
stability of the Lotka-Volterra systems with infinite delay developed in [11],
[14], [16], [24] and in the references cited there. Other studies on competition
models have been done by several authors, see [1], [2], [3], [5], 8], [12], [13],
[18], [22] [26], [28], [29]. In [18], [22], [28], [29], the authors provide conditions
on the coefficients that imply permanence or extinction in the non-autonomous
Lotka-Volterra systems, but without delay.

It should be mentioned that, during the last decade, there were many works
on the competitive non-autonomous Lotka-Volterra systems with infinite delay
and feedback controls by various researchers (see, e.g., [6], [7], [19], [20] and
references cited there).

Montes de Oca and Pérez, by constructing Lyapunov-type functionals, es-
tablished in [9] and [10] a series of algebraic conditions on the coefficients and
kernel which guarantee the survival and extinction of a number of species. In
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EXTINCTION AND SURVIVAL IN LOTKA-VOLTERRA SYSTEMS. 79

this work the same results are proved without using the construction of Lya-
punov functionals. The following results are obtained:

(1) If Hy and Hs hold, then any solution x(t) = col (x1(t), z2(t), ..., xn(t)) of
the system (1), with initial condition (2), has the property that xz;(t) — 0

b b
exponentially for all 4, 2 < i < mnast— 4oo and z1(t) — —1, where —

a1y ayy
is an equilibrium point of the logistics equation a’(t) = x(¢)[b1 — a112(¢)].

b
Here the point (—1, 0,...,0) is a global attractor of the system (1).
ari

(2) If Hy, H3 and H,4 hold, then any solution z(t) =col (1 (t), z2(t), . . ., xn(t))
of the system (1), with initial condition (2) has the property that x;(t) —
0 exponentially for all i =r+1,... ,nast — oo and for all 7, 1 <i <,
x;(t) = uf ast — oo, where u* = col (uf, ..., u}) is a positive equilibrium

point of the system (3). The point col (uf,...,ur0,...,0) is a global
attractor of the system (1).

2. Preliminaries

The following two Lemmas are established in [11].

Lemma 2.1. Let  : R — R be a bounded non-negative continuous function,
and let K : [0, +00) — [0, +00) be a continuous kernel such that [ K(s)ds =
1. Then

z = liminf z(¢ <hm1nf/ K(t —s)x(s)ds

- t—+oo t—-+oo

< limsup/ K(t — s)x(s)ds < limsup z(t) = Z.

t—+o0 t——+oo

Lemma 2.2. Let z : R — R be a bounded non-negative continuous function,
and let K : [0,400) — [0, +00), be a continuous kernel such that [ K (s)ds =

: . t
1. If til?oox(t) = x9, then t£+moo S K(t—s)z(s)ds = xo.
The following lemma is fully proved in the papers [23], [11] and [17].

Lemma 2.3. (Fluctuation Lemma) Let z(t) be a derivable and bounded
function on (e, 00). Then there exist sequences 7,, — oo, 0, — 00 such that

i) /(o) = 0 and xz(o,) — T =limsupx(t), asn — co.
t—+o0

ii) 2/(7,) =0 and z(r,) »z = ltimjnfx(t), as n — oo.
—+oo
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80 FRANCISCO MONTES DE OCA & LILIANA REBECA PEREZ

Lemma 2.4. Let b = col(b1,bs,...,b,) and let A = (a;;) be the matrix with
ai; > 0,and a;,b; >0, 1<4,j <r. Suppose that hypothesis H» is satisfied.
Then the matrix 2D — A, where D = diag (a11,- . ., arr) is the diagonal matrix

of A, has inverse and is given by > (AD_1 -1 )i; moreover, it is non-negative.
i=1
Proof. See ([24], Lemma 4.1). o

Lemma 2.5. Suppose that hypotheses Hs and Hsz hold. If
x(t) = col (x1(t), x2(t), ..., x.(t)) is a solution of the system (3) with the initial
conditions (4), then for all 4, 1 < i <,

r b
bi — > ay <J)
b; ' j=1,j#i AN

limsupz;(t) < —, and liminfz;(t) >
t—>+<>op (0 < ai;’ t—=+00 it 2 ajieli 7

2b;
}, 1 < ¢ < r. This means

0%

-
where L; = > a;;M;p,;, and M; > max{go;‘,
j=1

that the system (3) is permanently coexistent.

Proof. See Lemmas 2.6 and 2.7 in [10]. vf

Proposition 2.6. Suppose that hypotheses H; and Hs hold. If z(t) =
col(z1(t), z2(t),...,zn(t)) is a solution of the system (1) with the initial con-
ditions (2), then z;(t) — 0 exponentially for all i, 2 < i < n, as t — +o0.
Moreover, there exists a positive number o = a(x) such that z1(t) > « for all
t>0.

Proof. The proof of the proposition is analogous to the proof of the proposi-
tion 2.1 in [9]. The proof method used in [9] is based on using mathematical
induction and proving first that x,, — 0 exponentially as t — +o0. of

Proposition 2.7. Suppose that hypotheses Ho, H3 and Hy hold. If z(t) =
col (x1(t), z2(t),...,x,(t)) is a solution of the system (1) with the initial con-
ditions (2), then z;(t) — 0 exponentially for all ¢ = r +1,...,n as t — oo.
Moreover, there exists a positive number @ = @(z) such that x;(t) > @ for all
i=1,...,rand t > 0.

Proof. The proof is analogous to the proof of the Proposition 2.3 and 2.4 in
[10]. vf
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EXTINCTION AND SURVIVAL IN LOTKA-VOLTERRA SYSTEMS. 81

3. Main theorems

Theorem 3.1. Suppose that hypotheses H; and Hs hold. If z(t) =
col (x1(t), z2(t),...,xn,(t)) is a solution of the system (1) with the initial con-
ditions (2), then x;(t) — 0 exponentially for all 4, 2 < i < n ast — +oo

b by . e . . .
and 21(t) — —, where — is an equilibrium point of the logistics equation
a1l arl

2'(t) = x(t)[br — a112(t)]; in other words, the point col ( b

70,...,0) is a
aii
global attractor of the system (1).

Proof. By Proposition 2.6, there exists a positive number o = a(z) such that
x1(t) > a for all ¢ > 0 and x;(t) — 0 exponentially for i, 2 < i < n, ast — +o0.
From this fact and by virtue of the lemma 2.2, it follows that

t

tiigloo - K;;(t —s)zj(s)ds =0, Jj=2,...,n. (6)
On the other hand, by Lemma 2.3 (Fluctuation Lemma), there exists a sequence
T} —>+ooasn—>+oosuchthatx1( 1)y — 0 and 21(7}) = 2, as n — +o0,
where z; = ltlm J:nf x1(t). Combining the above with the equation (6) we obtain
— 400

lim Kij(ty —s)zj(s)ds=0for i =2,...,n

n—+oo | _

Replacing ¢t by 7} in the first equation of the system (1), it follows that

2 (1) = z1(7y) [br — anz (7, ZalJ/ Kqj(t, —s)xj(s)ds| . (7)

Letting n — oo we get 0 = z,[b; — a112,]. Since ; > 0, we have that
. b1
T, = 1t1§+1£10f z1(t) = o (8)
On the other hand, z (t) < z1(¢) [b1 — a1121(t)], from the Comparison Theorem
it follows that 0 < 21(¢t) < v1(¢) for all ¢ > 0, where vy(¢) is the solution of
the logistic equation z}(t) = 2z1(¢) [b1 — a1121(t)], with v1(0) = 21(0) = ¢1(0).
Thus we conclude that

b1
limsupzi(t) <limsupovi(t) = lim v1(t) = —. 9
imsupas (1) < limsupo (1) = T o(0) = ~- (9)
From (8) and (9) we obtain
. . bl . b1
liminf x1(t) = — <limsupz; (t) < —
t—=+00 a11 t—+oc0 air’
b
Hence lim z4(t) = —L  This completes the proof of the theorem. o
t—+o0 a1
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82 FRANCISCO MONTES DE OCA & LILIANA REBECA PEREZ

Theorem 3.2. Suppose that hypotheses Hs, Hs and Hy hold. If z(t) =
col (z1(t), z2(t),...,x,(t)) is a solution of the system (3) with the initial con-
ditions (4), then z;(t) — uf for all 4, 1 < ¢ < r ast — oo , where u* =
col (u3,...,ur) is a point of equilibrium of the system (3).

Proof. By Proposition 2.7, there exists a positive number @ = @(x) such that
z;(t) >a > 0foralli, 1 <i<r t>0.0n the other hand, by Lemma 2.5, z;(t)
is bounded above for all i, 1 < i < r, and ¢t > 0. Therefore, the components

x;(t) for 1 < i < r, are bounded above and below by positive constants. By
Lemma 2.3 (Fluctuation Lemma) there are sequences 77, — oo and o}, — o0 as
n — oo, such that for all 4, 1 <i <,

zi(ol) -0 and (o)) — T; = limsupz;(t), asn — oo,
t—+oo

2i(ri) =0 and (7)) — —hgﬁnfx(), as n — 0o.

On the other hand, since fioo K;j(t —s)xj(s)ds for i,j,1<4,j<randt>0
is bounded, without loss of generality we assume that for all 7,7, 1 <4,5 <,

fio Kij (1} — s)x;(s) and fio K (th — s)x;(s)ds both converge.
Replacing 7& and o, in the system (3), we obtain for all i, 1 <i <7,

Pty = () b — ) = Y ay / Kij(ri — s)z;(s)ds|

J=1,j#i

£(08) = 21(0%) b — (o) — 3 ay / Kij(0h — )z (s)ds
Jj=1,j#i

As n — +oo we get

0=uxz; |b; — ayz; — Z a;j ngr—il-loo K;j(r, —s)xj(s)ds| , (10)
I =15 oo J

0=1; — ;T — ;¢ a;j nll}rfoo N KZ]( —s)z;j(s)ds| . (11)
L J=1.57 1

By Lemma 2.1 and the definition of upper and lower limit respectively, we have

lim Kw( —s)z;(s)ds < lim sup/ K;;(t —s)zj(s)ds <,
n—+oo J_ t— 400
< < ;
z; IISILI]J:EE/ K;;(t zj(s)ds < ngrfoo K”( — s)z;(s)ds.
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EXTINCTION AND SURVIVAL IN LOTKA-VOLTERRA SYSTEMS. 83

Substituting these inequalities in (10) and (11) we obtain

0>z, [b; —auz; — Z ;T fori=1,...,r.
L J=Lj#i
Oéfz bi—au‘fi— Z am fOI‘iZI,...,T’.
L Jj=Lj#i
Since 7; > x; > a > 0, we get
b; < |ajiz; + Z 0i;T; parai=1,...,r, (12)
J=15#i
b, > |auT; + Z a;;x; parai=1,...,7. (13)
J=1,j7#i
Writing these systems in terms of matrices and vectors as
b<|[(A—D)Z+ Dz,
b= [(A-D)z+ Dz],
air a2 - Qi a0 e 0
a1 agz2 -+ A2 0
where A = . . . ,T , D= 422 ,
: : : : : 0
Ar1  Qr2 Qpry 0 e 0 Arrr
b=col(b,...,b.), T=col(T1,...,T) and z = col (z1,...,x,).

Subtracting the first inequality from the second yields
0< (2D A)(z—7).

By Lemma 2.4, 2D — A is invertible and its inverse is nonnegative, so (z — T) >
0, this implies that £ > 7 and consequently z = Z. From (12) and (13) we have
T
bi = Y aiT;, 1 <1 < r. Because of u* = col (u], ..., u}) is the unique solution
j=1

of the system of linear equations (5), we have g, = 7; = 2] = , ligl x;(t) for
)

alli=1,...,r. Hence a* = col(z7,...,z}) is a positive equilibrium point that
attracts all solutions of the system (3) with initial condition (4). This completes
the proof of the theorem.
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Theorem 3.3. Suppose that hypotheses Hs, Hs and Hy hold. If z(t) =

col (x1(t), z2(t),...,x,(t)) is a solution (1), with initial condition of the system
(2), then for all i =r +1,...,n, 2;(t) — 0 exponentially as t — oo and for all
i, 1 <i<r zt) > uf ast — oo, where u* = col (u},...,u}) is the only

equilibrium point of the system

r t
zi(t) = wi(t) |bi — agxi(t) — Z ai_j/ Kij(t — s)zi(s)ds| ,
jelgpi Um0
£>0,i=1,....r,

which is guaranteed by the hypothesis Hs, (see observation 1.2). The point
col (u3,...,uk,0,...,0) is a global attractor of the system (1).

Proof. By Proposition 2.7, there exists a positive number @ = @(x) such that
zi(t) >a >0foralli, 1 <i<r t>0and z;(t) — 0 exponentially for
i=7r4+1,...,n,as t = 4+oo. From this fact and the Lemma 2.2, it follows that

¢
lim K;j(t—9)zi(s)ds=0, j=r+1,...,n (14)

t—+o0 oo

On the other hand, by lemma 2.5, z;(t) is bounded above for all 7, 1 < i < r,
and t > 0. Therefore, the components z;(t) for 1 < i < r, are bounded above
and below by positive constants.

By Lemma 2.3 (Fluctuation Lemma) there exist sequences 7. — oo and
o, — oo such that for all 7, 1 <i <r,

zi(ol) -0 and wx;(0)) — T; =limsupz;(t), asn — oo, and
t—+oo

2i(1i) =0 and (7)) — x; = liminf z;(t), as n — oc.

t—+oo
By (14),
nllgloo N Kij(o;, —s)xzj(s)ds =0, j=r+1,...,n, (15)
and )
ll)IJ{l ! Kij(t} —s)zj(s)ds =0, j=r+1,...,n. (16)

On the other hand, ffoo K;;(t — s)xj(s)ds for 4,5, 1 <4,j <randt >0 are
bounded, without loss of generality we may assume that for all 4,7, 1 < 1,5 <,

f_TiQ Ki;(ti — s)x;(s) and fj;o K;;(ti — s)x;(s)ds both converge.
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EXTINCTION AND SURVIVAL IN LOTKA-VOLTERRA SYSTEMS. 85

Substituting the sequences 7¢ and o

each i, 1 <1¢ <,

into the system (1), we obtain for

2 = ) [b— e = Y a / Koy (7} = )a(s)ds | |
L J=Lj#i
Pot) =il b — o) - Y a / Koy(0h — ) (s)ds
L Jj=1,j#i
When n — +o0o
Ozgi bi—aiz@i— Z aijngrfoo Kij( S)ZEj(S)dS s
i J=1,j#i |
_ = _ : K — S\
0=1z; — T 1ZH£ a;j ngr—ir-loc . K;j(o, — s)xj(s)ds
J=1,j#i

As in the proof of the theorem 3.2, the desired conclusion is reached. This
completes the proof of the theorem.

4. Examples

ul

In this section we shall give two examples to illustrate the conclusions of The-
orems 3.1 and 3.2. In the first one the conclusions of Theorem 3.1 will be
illustrated and in the second one, those of Theorem 3.2.

Example 4.1. Consider the system

+oo
Z a”/ kij(s)a(t —s)ds |, i=1,2,3

2(t) = i (t) | by — agwi(
where
b =9/2,
a1 =2,
a1 = 9/27
azy = 647

—Buat
K1z = Brae P21,
_ —Bast
Koz = Boge™ P31,

Jj=1,j#i
by = 5/2,
a2 = 2,
ag9 = 9/27
agz = 64,
Ki3(t) = Bize” Pt
K31 (t) = Bare Pt

(17)
—7/2,
a13 = 3a
azs =3/7,
azz = 32,
Ko (t) = Bare P21t
K3a(t) = Bage™ P22t

Revista Colombiana de Mateméticas



86 FRANCISCO MONTES DE OCA & LILIANA REBECA PEREZ

and fi;, 1 < 4,5 < 3, i # j are positive numbers.Thus for k& = 2 there exists

15 = 1 such that
) 9/9 61
baai; —braz = 3 (2) — B <2) =~ <0.

And for k = 3 there exists i3 = 2 such that

7(9 5 577
”3“”‘*)2“31:2(2)‘(2)64:—4<0’
9 5 577
— — _ 4:_7
(3) - (5)es=-"T <o
3 5 157
—_ _ — 2:_7 .
(7)-(3)»=-% <

1
Hence hypothesis H; is fulfilled. It is clear that p;; = 6— for 1 <i4,5 <3

7
bsazy — baaze = 5
7
2

bsags — baass =

i
and ¢ # j. This shows that assumption Hj3 holds. Therefore, all conditions in
Theorem 3.1 are satisfied. It is to be noted that, by the remark 1.3, we know

b
that the equilibrium points for the system (17) are given by col (1, 0,0 ) =
a1l

col (Z,0,0), col (O, C?222,0) = col (O, g,O), col (0,07 ;;) = col (0,0, 674>

and col (0,0,0); it is also known, by the remark 1.3, that the positive critical
points are the positive solutions of the linear system of 3 equations with 3
unknowns, solving the system

3
Zaija;j = bi, 1= 1,2,3.

j=1

It can be easily verified that the only critical points with non-negative com-
ponents are those generated by the remark 1.4. By Theorem 3.1 we conclude
that for any solution x(t) = col(x1(t), z2(t), z3(t)) of the system (17), with
initial conditions (2), it has the property that x5(t) and x3(t) are extinct and

t—+oo

the system (17). 0O

lm z(t) = Z, that is, the point col (Z,0,0) is the only global attractor of

Example 4.2. Consider the system

4 +00
l’;(t) = .’Ez(t) bl — a”xz(t) - Z aij/ Kij(s)xj(t - S)dS 5 1= ]., 2, 3,47
j=tj#i 70
(18)
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where

by = 16, by = 16, by = 2,
1
by =2, aip =9, a2 = -,
2
1
a3 =1, ais =1, 21 = 3,
agz = 9, azz =1, azs =1,
asy =95, azz =1, azz =1,
azs =1 asg1 = 4, asge =1,

ass =1, agy =1,

1z = 200, Ki3(t) = rge™ 719", Ky4(t) = Brae™ M,
Ko (t) = 200e 200 Kos(t
Ks1(t) = Bare” Pt Kso( K
Ky1(t) = Bye Pt Kyo(t) = Bage P2t K,

and B, 1 <14,j <4, 1 # j are positive numbers. Thus for £ = 3, there exists
i3 = 1 such that

bsai1 — biasi = (2) (5) — (16) (5) = =70 <0,

1
bsaiz — biagz =2 (2) —(16) (1) = =15 < 0,
bsaiz — bragz = 2(1) — (16) (1) = —14 < 0,
And for £ = 4 there exists 74 = 1 such that

baars — bras = 2(5) — (16) (4) = =54 <0,

1
byarz — biasy =2 <2) —(16) (1) = —15 < 0,

byaiz — biasg = bgarg — braga =2 (1) — (16) (1) = —14 < 0.
Hence hypothesis H; is satisfied. On the other hand, for i = 1,2,

bo 1 16 8
by =1 —“)=(2)([=)==
momea(G2)=(2) (5) =5

b1 1 16 8
b:]. E— = - _— = —,
= () = (2) () =5
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1
So the hypothesis Hp is fulfilled. Clearly p;; = —— < oo for 1 <i,j < 4

]
and i # j. This shows that assumption Hj3 holds. Therefore all conditions of
Theorem 3.3 are satisfied. By observation 1.3, it is known that the equilibrium

b 1
points for the system (18) are given by col (1,0,0,0> = col <56,0,0,0>,
a1
b 16 b
col (0,2,00> = col (0,,070), col (070,3,()) = ¢0l(0,0,2,0),
a9 5 as3

b
col (0, 0,0, 4) = ¢0l (0,0,0,2) and col (0,0,0). In addition the positive crit-
G44

ical points are the positive solutions of the linear system of 4 equations with 4
unknowns, solving the system

4
Zaijxj = bi, 1= 1,2,3,4.

J=1

It can be easily verified that the only critical point with non-negative com-
32 32

ponents is col (11, e 0,0 |. Therefore, we conclude by Theorem 3.3 that for

any solution z(t) = col (z1(t), x2(t), x3(t), x4(t)) of the system (18), with initial

conditions (2), it has the property that species x3(t) and x4(t) are extinct and

32 32
x1(t) = a7, z2(t) — x5 as t — +00, where z* = col (z7, x3) = col (11, 11) is
the solution

24 (t) = z1(t) |16 — 5z (t) — %f;oo 200e= 2909 (t — s)ds| ,

/
1
25(t) = xa(t) |16 — bxa(t) — %fgm 200e=29%5 2 (t — s)ds]| .

32 32

hat is, th i P
that is, the point col (11, 1

(18).

0, O> is the only global attractor of the system
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