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On frames that are iterates of a
multiplication operator

Sobre marcos que son iteraciones de un operador de multiplicacién
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ABSTRACT. A result from the recent paper of the first named author on frame
properties of iterates of the multiplication operator T, f = ¢f implies in
particular that a system of the form {¢"}5Zo cannot be a frame in L2(a,b).
The classical exponential system shows that the situation changes drastically
when one considers systems of the form {¢"}5Z_ ., instead of {¢" }n2q. This
note is dedicated to the characterization of all frames of the form {p"}az_
coming from iterates of the multiplication operator T,. It is shown in this note
that this problem can be reduced to the following one:

Problem. Find (or describe a class of) all real-valued functions a for
which {0V s a frame in La(a,b).

In this note we give a partial answer to this problem.

To our knowledge, in the general statement, this problem remains unan-
swered not only for frame, but also for Schauder and Riesz basicity properties
and even for orthonormal basicity of systems of the form {e""*(")} e

n=—oo"
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REsUMEN. Un resultado reciente por parte del primer autor del articulo acer-
ca de marcos muestra que para las iteraciones del operador multiplicativo
Ts(f) = ¢f un sistema de la forma {¢"}52y no puede ser un marco para
Ly(a,b). La situacién cambia radicalmente cuando se consideran sistemas de
la forma {¢"}or_ .. en vez de {¢" }nZo. El objetivo de este articulo es carac-
terizar marcos de la forma {¢" }52 _ ., que son iteraciones del operador multi-
plicativo T4 (f). En esta nota probamos que el problema se reduce al siguiente:

Problema. Caracterice la clase de funciones « para las cuales
{emen=0 o5 un marco de La(a,b).
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En este articulo damos una respuesta parcial al problema. Hasta donde
sabemos, en el caso general el problema sigue abierto, no sélo para marcos,
sino también para determinar cudndo la familia {¢"}72 ., es una base de
Schauder y de Riesz e inclusive cudndo es una base ortonormal.

Palabras y frases clave. Muestreo dindmico, marcos, érbitas de operadores, bases
de Schauder, sistema de potencias, espacios de Lebesgue.

1. Introduction

Studying frame properties for families of elements obtained by iterates of op-
erators is one of the central problems in dynamical sampling, a relatively new
research topic in applied harmonic analysis. This new research field has at-
tracted considerable attention in recent years (see, for example, [1, 2, 3],[5],[14],
[7, 8,9, 13, 10] and the bibliography therein).

Understanding basicity properties (completeness, Schauder basicity, frame-
ness, etc.) of iterates of operators is problematic even in the case of well known
“standard” operators (see, for example, [11] and [4].)

It was recently shown in [19] that the iterates {1 f}72, of the multipli-
cation operator T, f = ¢f cannot be a frame in Ly(a,b) for any measurable
function ¢ and square summable function f. This fact shows in particular that
a system of the form {©™}2° , cannot be a frame in Ly(a,b) for any measurable
function . Concerning the basis, pseudo-basis and frame properties of systems
of the form {©"}52, (which differs from the system {©™}5 by indexing)
we refer to the papers [15, 16, 17, 18, 19].

As, for example, the classical exponential system shows, unlike the systems

of the form {p"}%2 , existence of frames of the form {¢"}22 ___ is evident.

— 00

This note is dedicated to the characterization of all frames of the form
{o"}2 _ . It is shown in this note that this problem can be reduced to the

n=—oo"

following one:

Problem. Find all real-valued functions o for which {0} s a
frame in La(a,b).

In this note we give a partial answer to this problem.

2. Auxiliary notions and propositions

We begin by recalling some notions.

Definition 2.1. ([20], [21]) A sequence {z,}52, in a Banach space {X,||||} is
said to be a Schauder basis for {X, |||} if to each vector x in the space there
corresponds a unique sequence of scalars {a, }52 , such that

N
J\}Enw |z — Z anty| = 0.
n=0
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Definition 2.2. ([20]) A sequence {z,}22, in a Banach space {X, |||} with
xn, # 0 is said to be a pseudo-basis (or a system of representation) for {X, |||}
if to each vector x in the space there corresponds a sequence of scalars {a;, 152
such that

N
oy = 3 ol =0
NgnOOHx anZnl =0
n=0

Definition 2.3. ([6], [21]) A sequence {x,,}22, in a Hilbert space H is a frame
for H if there exist constants A, B > 0 such that

Alle|® <Y |, @) * < Blla|)?

n=0

for all z € H.

We will rely on the following propositions, first of which is an immediate
consequence of the definition of a frame.

Lemma 2.4. If {x,}nen is a frame of a Hilbert space H, then it is bounded.

Proof. 1t follows directly from the definition that |(z,x,)|? < B||z|* for any
n = 0,1,2,.... Now taking x = x,, in the latter inequality we arrive at the
inequalities ||z, ||* < B which proves the lemma. o

Lemma 2.5. Let ® be a measurable function on (a,b). Then {®"}5, is
La(a,b) - bounded sequence if and only if |®(-)] <1 a.e. on (a,b).

Proof. The “if” part of the proposition is evident.

Now, suppose that {®"}>° ; is Ls(a,b) - bounded sequence.

Let E = {x : |®(x)| > 1}. Then E = {J,—, Ex, where Ej, = {z : |P(z)| >
ar} and ap =1+ %

Assume, in order to get a contradiction, that mes £ > 0. Then there is

a number ko such that mes E, > 0. This, along with the boundedness of

{®"}52,, implies the existence of a constant number C' such that

b
¢ [ [ e@Prds > [ aide = afmes B
a Ek'(] Ek'[)

this is a contradiction since limn_mo(ai: mes Ey,) = 00. So, mes E = 0 and the
lemma is proved. o

Remark 2.6. This proof of Lemma 2.5 was provided by the reviewer; the
authors thank him/her for this proof which is shorter and simpler than the
authors’ initial proof.
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We will make use of the following observation.
Lemma 2.7. Let [p, q] C [0,27]. Then the classical exponential system {e?™t}>
is a 1-tight frame in La(p,q) space.

Proof. Take an arbitrary function f € Lo(p,q). Extend the definition of the
function f to [0,27] \ [p,q] by defining it to be equal to zero on it. Denote the
obtained function by ®.

It is evident that
q ) 27 )
/ f(x)e™ de = / D(x)e""dx.
P 0

Therefore,

0o q ) o0 27 )
31 [ tereiat = 3 1 [ otere = 100 cme

n=—oo n=—oo

last equality being valid because the classical exponential system is complete

orthonormal system in Ly(0,27). Since ||f|lz,(p.q) = [®ll1,(0,27), We obtain
from here that
oo q -
S 1 [ f@en ol = 1f12 -
n=—oo P

Since f is assumed to be arbitrary function from Ly(p,q), the last equality
proves the lemma.

Let £ be an absolutely continuous strictly increasing function on [p, g] such
that £(p) = a and £(q) = b. The following proposition, which is a substitution
rule for Lebesgue integral, is valid (see, for example, [12, p.244]).

Proposition 2.8. Let f be Lebesgue integrable function on [a,b] and & be a
function satisfying above mentioned conditions. Then

b q
/ f(x)dz = / FE@)E @yt

3. Main results
One of the main results of this note is the following theorem.
Theorem 3.1. Let ¢ be a measurable function on (a,b). If {Q"}°  is a
frame in La(a,b), then |p(-)| =1 a.e. in (a,b), i.e. the function ¢ is an expo-
nential function of the form ¢(-) = 1), where « is a real-valued function.
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Proof. Since {¢"}>° _ is assumed to be a frame in Ly(a,b), we find by
Lemma 2.4 that it is bounded. We consider {¢"}0___ and {¢"}/2) halves

of the initial sequence separately. Both these parts are bounded as well
Consider the first half, {¢"}%__ . Take ® = é = ¢! in Lemma 2.5. Since
{p"}0__ . is bounded, we find by Lemma 2.5 that |¢(-)| > 1 a.e. on (a, b).

Now consider the second half: {¢"}7°¢. By taking ® = ¢ in Lemma 2.5 we
find that |p(-)] <1 a.e. on (a,b) since {go”}nzo is bounded.

By combining last two arguments we obtain that |p(-)] = 1 a.e. on (a, b).

The remaining part is a direct consequence of the latter fact. The theorem
is proved. o

This proposition shows that the characterization of frames of the form

{p"}F>°  in Ly(a,b) space is equivalent to the determination of the class

ina(-) +OO

of all real-valued functions o for which the system {e 27 oo 15 a frame in

L2 (a b)
Following this idea, we arrive at the following problem:

Problem. Find all real valued functions o for which {e™*} 120 is a

frame in La(a,b).
In this note we give a partial answer to this problem by providing a sufficient

condition on the function  under which the system {e*()}¥>° s a frame
in Ly(a,b).

Theorem 3.2. Let o be an invertible function defined on the interval [a, b
whose inverse € : [p, q] — [a,b] satisfies

o0

1) & is absolutely continuous, strictly increasing function on [p, ql;

2) £(p) = a and £(q) =
3) there are constants A, B > 0 such that A < ¢&'(t) < B for all t € [p,q];

4) [p,q] < [0, 2n];
Then the system {e™*)YF> s q frame in Ly(a,b).

n=—oo

Note that first two conditions of this theorem enables the use of substitution
rule (Proposition 2.8). As for the third and fourth conditions, after the proof
of the theorem we provide examples which show their importance.

Proof. Take arbitrary function f € La(a,b). By Proposition 2.8, we can write

/ f zna(m)da7 _ / f zntdt

| / f@)ema@aaft = 3 | / FEDE Demta?. (1)

n=—oo n=—oo

Therefore,

Revista Colombiana de Matemaéticas



144 AYDIN SHUKUROV & AFET JABRAILOVA

It follows from Proposition 2.8 and condition 3) that f(£(-))¢'(-) € La(p, q).
Then, taking the condition 4) into account, we find by Lemma 2.7 that

> I/pq FEDE D™t = | FEE O )

n=—oo

Thus, (1) can be written as follows:

) b
S 1 [ e @dnf = £ OIR 0 =

n=—oo

Since

1FECDE O, p.q) = /q |F(E@))IPE ()€ (¢,

we find from the condition 3) posed on the function £ that

A [ 1) Pe W < 1HEDE O < B [ rE@NPE O

Taking into account Proposition 2.8, these inequalities can be rewritten as
follows

b b
A [ @) < IFEDE O < B [ 1)

Al sany S WFEE O ag) < BIS L an)-
Hence, by the relation (2)

Sl b
Al o € 3 | [ @ Odof < B, 00

n=—oo
The theorem is proved. o

Remark 3.3. Notice that the function a of Theorem 3.2 is continuous, be-
ing the inverse of a continuous and strictly monotonic function defined on an
interval of R, and as a consequence, is measurable.

Example 1. Let a = 0,b = 27 and «(z) = /& + 1. Then, one can verify
easily that all conditions posed on the function a(x) are fulfilled. Therefore,
the system {e!"VZ+111° is a frame in Ly(0,27).

The following example shows the importance of the condition 3) in Theorem
3.2.

Example 2. The system {e"V#}>°__ for which the condition 3) fails, is not
a frame in Lo (0, 27).
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Proof. In this case, a = 0,b = 27 and «a(x) = /z. Therefore £(t) = 2 and
p = 0,¢g = /2m. Conditions 1) and 2) are fulfilled and hence, we can use the
substitution formula for Lebesgue integration in this example.

Take an arbitrary natural number m. Denote

1, ifze(0, L)
fm(x){o, if v € (L, 2m).

The equality (2) shows that

oo 21
S 1 S @l = DO 0,2y
and hence
o0 27 ) \/ﬂ
> 1 mmww%sz (€0 2E (DE ()t

According to the definition of function f,,(x) we find from here that

o0

o T eina(x) 1,2 _ \/% 21 /
DN AAE d|(£ (€D (DE (1)t

n=—o0
Since &'(t) = 2t, last equality implies that

(oo}

27
Zlomwww%—jfm>mo

n=—oo

Again, using the definition of f,,(x), this inequality can be written as follows

— o ina(:v)d 2 < 2 vam t 2 " dt 3
S [ dlee ﬂfvﬁé €)Mt (3)

n=—oo

Using substitution rule for Lebesgue integration we arrive at

m 27
/ umwm%ma:/|muWM=wammmm.
0 0

From here, using (3), we find that

o0

2m
fm(x ina(x) de |fm . i
> ; Je " < f' I, 0.2m)

n=—oo

for arbitrary natural number m. These inequalities show that the system {e""‘/g}‘ioOO
is not a frame in Ly (0, 27).
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The next example shows the importance of the condition 4) in the theorem.

Example 3. The system {e"(?*+1)}> for which the condition 4) fails, is
not complete and hence is not a frame in Lo (0, 27).
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