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Abstract. A superdiagonal composition is one in which the i-th part or sum-
mand is of size greater than or equal to i. In this paper, we study the number
of palindromic superdiagonal compositions and colored superdiagonal compo-
sitions. In particular, we give generating functions and explicit combinatorial
formulas involving binomial coefficients and Stirling numbers of the first kind.
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Resumen. Una composición superdiagonal es aquella composición en la que
la i-ésima parte (o sumando) tiene un tamaño mayor o igual que i. En este
art́ıculo, estudiamos el número de composiciones superdiagonales palindrómi-
cas y composiciones superdiagonales coloreadas. En particular, damos fun-
ciones generatrices y fórmulas combinatorias expĺıcitas que involucran coefi-
cientes binomiales y números de Stirling de la primera clase.

Palabras y frases clave. Composiciones, composiciones paĺındromas, composi-
ciones coloreadas, funciones generatrices, identidades combinatorias.

1. Introduction and Notation

A composition of a positive integer n is a sequence of positive integers
σ = (σ1, σ2, . . . , σ`) such that σ1 + σ2 + · · · + σ` = n. The summands σi
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are called parts of the composition and n is referred to as the weight of σ. For
example, the compositions of 4 are

(4), (3, 1), (1, 3), (2, 2), (2, 1, 1), (1, 2, 1), (1, 1, 2), (1, 1, 1, 1).

A palindromic (or self-inverse) composition is one whose sequence of parts is
the same whether it is read from left to right or right to left. For example, the
palindromic compositions of 4 are

(4), (2, 2), (1, 2, 1), (1, 1, 1, 1).

Hoggatt and Bicknell [8] studied palindromic compositions having parts in a
subset of positive integers. In particular, they showed that the total number
of palindromic compositions of n is given by 2bn/2c. Moreover, the number of
palindromic compositions of n with parts 1 and 2 are the interleaved Fibonacci
sequence

1, 1, 2, 1, 3, 2, 5, 3, 8, 5, 13, 8, 21, . . .

The literature contains several generalizations and restrictions of the composi-
tions. Much of them are related to the kind of parts or summands, for example
compositions with even or odd parts [7, 8], with parts in arithmetical pro-
gressions [1, 9], compositions with colored parts [2, 4, 11], colored palindromic
compositions [3, 6, 10], superdiagonal compositions [5], among other restric-
tions. For further information on compositions, we refer the reader to the text
by Heubach and Mansour [7].

In this paper, we study palindromic superdiagonal compositions, that is a
palindromic composition (σ1, σ2, . . . , σ`) of n, with the additional condition
σi ≥ i, for i = 1, 2, . . . , `. For example, the palindromic superdiagonal compo-
sitions of 10 are

(10), (5, 5), (4, 2, 4), (3, 4, 3).

Deutsch et al. [5] proved that the total number of superdiagonal compositions
is given by the combinatorial sum:∑

k≥1

(
n−

(
k
2

)
− 1

k − 1

)
.

Agarwal [2] generalized the concept of a composition by allowing the parts to
come in various colors. By a colored composition of a positive integer n we mean
a composition σ = (σ1, σ2, . . . , σ`) such that the part of size i can come in one
of i different colors. The colors of the summand i are denoted by subscripts
i1, i2, . . . , ii for each i ≥ 1. For example, the colored compositions of 4 are given
by

(41), (42), (43), (44), (31, 11), (32, 11), (33, 11), (11, 31), (11, 32),

(11, 33), (21, 21), (21, 22), (22, 21), (22, 22), (21, 11, 11), (22, 11, 11),

(11, 21, 11), (11, 22, 11), (11, 11, 21), (11, 11, 22), (11, 11, 11, 11).

Volumen 56, Número 2, Año 2022



PALINDROMIC AND COLORED SUPERDIAGONAL COMPOSITIONS 135

A colored superdiagonal composition is a colored composition such that the i-th
part σi satisfies σi ≥ i, for each i ≥ 1. The colored superdiagonal compositions
of 4 are

(41), (42), (43), (44), (11, 31), (11, 32), (11, 33),

(21, 21), (21, 22), (22, 21), (22, 22).
(1)

The goal of this paper is to enumerate the palindromic superdiagonal com-
positions and colored superdiagonal compositions. These counting sequences
are encoded by (ordinary) generating functions. Next, we expand the generat-
ing functions as power series to obtain explicit combinatorial formulas for the
counting sequences.

2. Enumeration of the Palindromic Superdiagonal Compositions

Let SPal denote the set of palindromic superdiagonal compositions. The com-
position (σ1, σ2, . . . , σ`) of n can be represented as a bargraph of ` columns,
such that the i-th column contains σi cells for 1 ≤ i ≤ `. For example, in Fig-
ure 1 we show the superdiagonal compositions of n = 10 with their bargraph
representations.

(10) (5, 5) (4, 2, 4) (3, 4, 3)
Figure 1. Palindromic compositions of n = 10.

Let σ be a composition and let us denote the weight of σ by |σ| and the num-
ber of parts of σ by ρ(σ). Using these parameters, we introduce this bivariate
generating function

S(x, y) :=
∑
σ∈SPal

x|σ|yρ(σ).

In Theorem 2.1 we give an expression for the generating function S(x, y).
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Theorem 2.1. The bivariate generating function S(x, y) is given by

S(x, y) =
∑
σ∈SPal

x|σ|yρ(σ) =
∑
m≥0

(
x3m2+m

(1− x2)m
y2m +

x3m2+4m+1

(1− x)(1− x2)m
y2m+1

)
.

Proof. Let σ = (σ1, σ2, . . . , σ2m) be a palindromic superdiagonal composition
of n with 2m parts. From the definition we have the condition σi = σ2m+1−i ≥
2m+ 1− i, for i = 1, . . . ,m, see Figure 2 for a graphical representation of this
case.

σ1 σ2m

2m

Figure 2. Decomposition of a palindromic superdiagonal composition.

The columns i-th and (2m+ 1− i)-th contribute to the generating function
the term

x2(2m+1−i)y2+x2(2m+2−i)y2+x2(2m+3−i)y2+· · · = x2(2m+1−i)y2

1− x2
, i = 1, 2, . . . ,m.

Therefore the composition σ contributes to the generating function the term

x4my2

1− x2

x4m−2y2

1− x2
· · · x

2m+2y2

1− x2
=
x3m2+my2m

(1− x2)m
.

If the number of parts is odd, that is σ = (σ1, σ2, . . . , σ2m−1), then from a
similar argument the contribution to the generating function is given by

x3m2+4m+1

(1− x)(1− x2)m
y2m+1.

Summing in the above two cases over m we obtain the desired result. �X

Volumen 56, Número 2, Año 2022



PALINDROMIC AND COLORED SUPERDIAGONAL COMPOSITIONS 137

As a series expansion, the generating function S(x, y) begins with

S(x, y) = 1 + xy + x2y + x3y + x4
(
y2 + y

)
+ x5y + x6

(
y2 + y

)
+ x7y + x8

(
y3 + y2 + y

)
+ x9

(
y3 + y

)
+ x10

(
2y3 + y2 + y

)
+ x11

(
2y3 + y

)
+ x12

(
3y3 + y2 + y

)
+ · · ·

Notice that Figure 1 shows the palindromic superdiagonal compositions cor-
responding to the bold coefficient in the above series. Let s(n) and s(n,m)
denote the number of palindromic superdiagonal compositions of n and the
number of palindromic superdiagonal compositions of n with exactly m parts,
respectively. Note that s(n) =

∑
m≥1 s(n,m). In Table 1 we show the first few

values of the sequence s(n,m).

m\n 1 2 3 4 5 6 7 8 9 10 11 12 13

1 1 1 1 1 1 1 1 1 1 1 1 1 1

2 0 0 0 1 0 1 0 1 0 1 0 1 0

3 0 0 0 0 0 0 0 1 1 2 2 3 3

4 0 0 0 0 0 0 0 0 0 0 0 0 0

5 0 0 0 0 0 0 0 0 0 0 0 0 0

m\n 14 15 16 17 18 19 20 21 22 23 24 25 26

1 1 1 1 1 1 1 1 1 1 1 1 1 1

2 1 0 1 0 1 0 1 0 1 0 1 0 1

3 4 4 5 5 6 6 7 7 8 8 9 9 10

4 1 0 2 0 3 0 4 0 5 0 6 0 7

5 0 0 0 0 0 0 0 1 1 3 3 6 6

Table 1. Values of s(n,m), for 1 ≤ n ≤ 26 and 1 ≤ m ≤ 5.

Setting y = 1 in Theorem 2.1 implies that the generating function for the
total number of palindromic superdiagonal compositions is the following

S(x, 1) =
∑
n≥0

s(n)xn =
∑
m≥0

x3m2+m(1− x+ x3m+1)

(1− x)(1− x2)m
.

The values of the sequence s(n), for 0 ≤ n ≤ 26, are

1, 1, 1, 1, 2, 1, 2, 1, 3, 2, 4, 3, 5, 4, 7, 5, 9, 6, 11, 7, 13, 9, 16, 12, 20, 16, 25, . . .

In Theorem 2.2 we give a combinatorial expression for the sequence s(n,m).
We set the convention,

(
n
k

)
= 0 whenever k < 0 or k > n.

Theorem 2.2. The number of palindromic superdiagonal compositions
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(1) of 2n with 2k parts equals

s(2n, 2k) =

(
n−

(
k+1

2

)
− 2
(
k
2

)
− 1

k − 1

)
,

(2) of either 2n or 2n− 1 with 2k − 1 parts equals

s(n, 2k − 1) =

(
bn−3k2

2 c+ 2k − 1

k − 1

)
.

Proof. From the proof of Theorem 2.1 we have

s(2n, 2k) = [x2n]
x3k2+k

(1− x2)k

= [x2n−3k2−k]
∑
`≥0

(
k + `− 1

k − 1

)
x2`

=

(
k + 2n−3k2−k

2 − 1

k − 1

)
=

(
n−

(
k+1

2

)
− 2
(
k
2

)
− 1

k − 1

)
.

The combinatorial formula for s(n, 2k−1) is obtained in a similar manner. �X

For example, s(15, 3) = s(15, 2 · 2 − 1) =
(b 15−3·22

2 c+2·2−1
2−1

)
= 4, the palin-

dromic superdiagonal compositions being

(3, 9, 3), (4, 7, 4), (6, 3, 6), (5, 5, 5).

3. Colored Superdiagonal Compositions

In this section we give the generating function for the total number of colored
superdiagonal compositions. Remember that a composition σ = (σ1, . . . , σ`)
of n is a colored superdiagonal composition if σi ≥ i for all 1 ≤ i ≤ `, with
the additional condition that if a part is of size i then it can come in one
of i different colors. For example, (32, 21, 53, 52, 66) is a colored superdiagonal
composition of 21.

Let c(n) denote the number of colored superdiagonal compositions of n. In
Theorem 3.3 below we give the generating function for this sequence. We need
some definitions and one lemma.

Given integers n, k ≥ 0, let
[
n
k

]
denote the (unsigned) Stirling numbers of the

first kind, which are defined as connection constants in the polynomial identity

x(x+ 1) · · · (x+ (n− 1)) =

n∑
k=0

[
n

k

]
xk. (2)

Volumen 56, Número 2, Año 2022



PALINDROMIC AND COLORED SUPERDIAGONAL COMPOSITIONS 139

The Stirling numbers of the first kind give the number of permutations on n el-
ements with k cycles. It is also known that this sequence satisfies the recurrence
relation [

n

k

]
= (n− 1)

[
n− 1

k

]
+

[
n− 1

k − 1

]
, for n ≥ 1 and k ≥ 1, (3)

with the initial conditions
[
0
0

]
= 1 and

[
n
0

]
=
[

0
n

]
= 0 for n ≥ 1.

Let n be a non-negative integer. We introduce the polynomials defined by

Qn(x) :=

n∏
`=1

(`− (`− 1)x), n ≥ 1, (4)

with the initial value Q0(x) = 1. The first six polynomials are

Q0(x) = 1, Q1(x) = 1, Q2(x) = −x+ 2, Q3(x) = 2x2 − 7x+ 6,

Q4(x) = −6x3 + 29x2 − 46x+ 24,

Q5(x) = 24x4 − 146x3 + 329x2 − 326x+ 120,

Q6(x) = −120x5 + 874x4 − 2521x3 + 3604x2 − 2556x+ 720.

Notice that Qn(x) is a polynomial of degree n− 1. Moreover, from (4) we have

Qn(x) = nQn−1(x)− (n− 1)xQn−1(x), n ≥ 1.

Lemma 3.1. The polynomials Qn(x) can be expressed as

Qn(x) =

n∑
k=0

(−1)kT (n, k)xk,

where

T (n, k) =

n−k∑
i=0

(
n− i
k

)[
n

i

]
.

Proof. From (2), we have the equality

n−1∏
k=0

(x− k) =

n∑
k=0

[
n

k

]
(−1)n−kxk.

Therefore, for all positive integer n we have

Qn(x) =

n∏
`=1

(`− (`− 1)x) =

n∏
`=1

(1− (`− 1)(x− 1))

= (x− 1)n
n∏
`=1

(
1

1− x
− `+ 1

)
= (x− 1)n

n−1∏
`=0

(
1

1− x
− `
)

=

n∑
k=0

[
n

k

]
(−1)n−k(x− 1)n−k.
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Hence

[xk]Qn(x) =

n∑
i=0

[
n

i

]
(−1)n−i[xk](x− 1)n−i = (−1)k

n∑
i=0

(
n− i
k

)[
n

i

]

and T (n, k) =
∑n−k
i=0

(
n−i
k

)[
n
i

]
. �X

The first few values of the sequence T (n, k) are

[T (n, k)]n,k≥0 =



1 0 0 0 0 0 0

1 0 0 0 0 0 0

2 1 0 0 0 0 0

6 7 2 0 0 0 0

24 46 29 6 0 0 0

120 326 329 146 24 0 0

720 2556 3604 2521 874 120 0

5040 22212 40564 39271 21244 6084 720


This array corresponds with the sequence A059364 in [12]. In Theorem 3.2 be-
low we give a combinatorial interpretation for the sequence T (n, k). We will
assume that permutations are expressed in standard cycle form, i.e., minimal
elements first within each cycle, with cycles arranged left-to-right in ascend-
ing order of minimal elements. For example, the permutation 146285937 has
the standard cycle form (1)(24)(3658)(79). Notice that we also write the fixed
points (cycles of size 1). The symbol i in a permutation is called an overline
element.

Theorem 3.2. The sequence T (n, k) counts the number of permutations on n
elements such that in the standard cycle form there are k non-minimal overline
elements.

Proof. Let π be a permutation on n elements with i cycles (0 ≤ i ≤ n). Notice
that there are

[
n
i

]
of these permutations. The permutation π has i minimal

elements. From the remaining n− i elements, we have to choose the k overline
elements in

(
n−i
k

)
ways. Summing over i the count is now

n∑
i=0

[
n

i

](
n− i
k

)
= T (n, k).

�X
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For example, T (4, 2) = 29, where the permutations are

(1)(2 3 4), (1)(2 4 3), (1 2)(3 4), (1 2 3)(4), (1 2 3 4), (1 2 3 4), (1 2 3 4),

(1 2 4 3), (1 2 4 3), (1 2 4 3), (1 2 4)(3), (1 3 2)(4), (1 3 4 2), (1 3 4 2),

(1 3 4 2), (1 3 4)(2), (1 3)(2 4), (1 3 2 4), (1 3 2 4), (1 3 2 4), (1 4 3 2),

(1 4 3 2), (1 4 3 2) (1 4 2)(3), (1 4 3)(2), (1 4 2 3), (1 4 2 3), (1 4 2 3),

(1 4)(2 3).

Theorem 3.3. The generating function for the number of colored superdiago-
nal compositions is

C(x) =
∑
m≥0

x(m+1
2 )

(1− x)2m
Qm(x).

Proof. Let σ = (σ1, . . . , σm) be a non-empty colored superdiagonal compo-
sition of n with m parts. If σi = ` with ` ≥ i, then σi contributes to the
generating function the term `x`, for ` ≥ i and 1 ≤ i ≤ m. Let Cm(x) be the
generating function of the colored superdiagonal compositions with m parts.
Then we have the following expression

Cm(x) =

∑
i≥1

ixi

∑
i≥2

ixi

 · · ·
∑
i≥m

ixi


=

x

(1− x)2

(2− x)x2

(1− x)2
· · · (m− (m− 1)x)xm

(1− x)2

=
x(m+1

2 )

(1− x)2m

m∏
`=1

(`− (`− 1)x)

=
x(m+1

2 )

(1− x)2m
Qm(x).

Finally, summing the last expression over m ≥ 0, we get the desired result. �X

From Theorem 3.3 and Lemma 3.1 we obtain the following corollary.

Corollary 3.4. The number of colored superdiagonal compositions of n is given
by

c(n) =
∑
m,`≥0

(
2m+ `− 1

`

)
T

(
m,n−

(
m+ 1

2

)
− `
)
.

The first few values of the sequence c(n) are

1, 1, 2, 5, 11, 21, 42, 86, 171, 322, 596, . . .
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Notice that Equation (1) shows the colored superdiagonal compositions corre-
sponding to the bold term in the above sequence. The sequence c(n) does not
appear in [12].
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