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AsTrAaCcT. We define the concepts of stable sampling set, interpolation set,
uniqueness set and complete interpolation set for a quasinormed space of func-
tions and apply these concepts to Paley-Wiener spaces and Bernstein spaces.
We obtain a sufficient condition on a uniformly discrete set to be an interpo-
lation set based on a lemma of convergence of series in Paley-Wiener spaces.
We also obtain a result of transference, Kadec type, of the property of being a
stable sampling set, from a set with this property to other uniformly discrete
set, which we apply to Bernstein spaces.
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REsuMEN. Definimos los conceptos de conjunto de muestreo estable, conjunto
de interpolacién, conjunto de unicidad y conjunto de interpolacién completa
para los espacios quasinormados de funciones, y aplicamos estos conceptos a
los espacios de Paley-Wiener y a los espacios de Bernstein. También obten-
emos una condicién suficiente para saber cuando un conjunto uniformemente
discreto es un conjunto de interpolacién, estando basada esta condicién en un
lema de convergencia de series en espacios de Paley-Wiener. Ademads, obten-
emos un resultado de transferencia, tipo Kadec, sobre la propiedad de ser un
conjunto de muestreo estable, de un conjunto que tiene esta propiedad a otro
cunjunto que sea uniformemente discreto, y aplicamos este resultado a los
espacios de Bernstein.

Palabras y frases clave. Espacios quasinormados, conjunto de muestreo estable,
conjunto de interpolacién, espacios de Paley-Wiener, espacios de Bernstein.
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214 JOSE ALFONSO LOPEZ NICOLAS

1. Introduction

There is a large number of contributions in stable sampling and interpolation
theory in Paley-Wiener and Bernstein spaces, directly and as consequence of
the research in frame theory, and Riesz sequences and bases theory in L? spaces.
Since the celebrated work of Claude E. Shannon ([22]), considered the father
of Information Theory, research in sampling and interpolation theory (regular
and irregular) has been developed in an exponential way. The contributions by
A. Beurling ([4] and [5]), R. Paley and N. Wiener ([15]), M. Plancherel and G.
Pélya ([17]), and H. J. Landau ([9]) are classical. See [7] for more details.

More recently we have (i.a.) the spectacular works by R. H. Torres (see [23],
including sampling and interpolation in Besov spaces), Y. I. Lyubarskii and K.
Seip (see [11] on the characterization of the complete interpolating sequences for
Paley-Wiener spaces), B. Matei and Y. Meyer ([12], as an example), A. Olevskii
and A. Ulanovskii ([13], [14]), and K. Flornes (see [6] on interpolation and
sampling results in quasinormed Bernstein spaces, with quasinorm of parameter
0<p<l).

As said before, research in frame theory, and Riesz sequences and bases
theory in LP spaces has allowed to obtain advances in stable sampling and
interpolation theory. We have a particularly important example of this in 1964,
when M. 1. Kadec proved his celebrated theorem:

Theorem 1.1 (Kadec-1/4 Theorem). Let (\,;)
bers. Suppose that

nez be a sequence of real num-

1
|)\n—n|§L<1foreveryn€Z.

Then the set of exponential functions {ei An t}nez s a Riesz basis in the Hilbert
space L? ((—m, 7)).

This result says, in terms of sampling and interpolation theory, that Z is a
complete interpolation set (this is, both sampling and interpolation set) for the

Paley-Wiener space E(Q_7r ) and that every L-perturbation of Z also verifies

it whenever L < % (see Definition 2.2).

The bound 1/4 is sharp, and Theorem 1.1 improves a previous very impor-
tant result by R. Paley and N. Wiener, where the bound is 25 ([15], page 113).
In 1974 S. A. Avdonin obtained a generalization of Theorem 1.1 using a certain
type of mean of the values A,’s ([3]).

The study of sets of exponential functions is essential, and Kadec-1/4 Theo-

rem has been generalized in several ways to L spaces and to sequences (\,),,cy

of complex numbers, in order to prove that the familiy {ei Ant }n ez 18 complete

(see for example [10], [19], [24] and [20]). In addition, the Riesz basis problem in

the Paley-Wiener space E(Qfm - has been proposed for non-exponential basis.
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STABLE SAMPLING AND INTERPOLATION 215

In this sense several important results analogous to Kadec-1/4 Theorem have
been obtained for sets of sinc functions, involving the Lamb-Oseen constant
(see [1] and [2]).

The aim of this paper is to establish some results of transference in irregular
stable sampling and interpolation theory in Paley-Wiener spaces and Bernstein
spaces. We state and prove a lemma of convergence in Paley-Wiener spaces and
we obtain as consequence a sufficient condition on a uniformly discrete set to
be an interpolation set. We also establish a relationship, similar to Kadec 1/4-
Theorem, between the stable sampling sets of a given Bernstein space, even in a
more general context, obtaining explicit sampling bounds using the Bernstein-
Pesenson inequality and type Nikolskii (see [16] and [21], respectively).

We now fix some notation. We will denote by § (R™, C) (respectively, § (C", C))
the set of the complex functions defined in R™ (respectively, in C™), by H(C")
the set of holomorphic functions whose domain is C", by S (R") the set of
Schwartz functions, and by &’ (R™) the space of tempered distributions. We
will denote the adherence of a set A in a topological space by A. Given a
Lebesgue measurable set K C R™, we denote by m,,(K) its Lebesgue measure.
Given A C R"™, we denote the indicator function of A with respect to R™ by
xa- If || || is a quasinorm, we denote by 7 | its associated topology. A function
h: E — C defined on a vector space F is even if h(—x) = h(z) for all x € E.

For every function f € L*(R™) we define the Fourier transform of f by
F(f)#) := f(t):= [ f(x) e **dzx for each t € R",
]Rn

with the usual extension to tempered distributions f € S'(R™). If f is the
Fourier transform of a certain tempered distribution, then we will denote by
F~Y(f), or also by f, its inverse Fourier transform.

Definition 1.2 (Uniformly discrete set). Let A C C™ be infinite countable.
We say that A is uniformly discrete (briefly u.d.) if

S(A) : A= X| > 0.

= inf
A, NEA, AEN
The constant 6(A) is called the separation constant of A.

Definition 1.3 (Uniqueness set). Let K € {R, C}, and let F be a K-vector
subspace of § (R"™, C). Let A C R™ be uniformly discrete. We say that A is a
uniqueness set or complete set (briefly, US) for E if for every f € E we have
that

(VAEA F(A) =0)= f=0.

Definition 1.4 (Sequence space [P?(A)). Let A C R" be u.d.
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216 JOSE ALFONSO LOPEZ NICOLAS
(1) Let p € (0, +00). We define the set
P(A) = {(G’)\)AGA € CA| Z lax|? < oo}.
AEA

The mapping || |, : [P(A) — R given by

e, = (z w) p

AEA

is a quasinorm for [?(A), which is a norm if p € [1, 400) . With this
quasinorm [P(A) is a complete space.

I°(A) = {(aA)AeA € C* | suplay| < oo}.
AEA
The mapping || || : I*°(A) — R defined by
(@) ren | = sup lax|
AEA

is a norm for [*°(A) which make this space a Banach space.

Definition 1.5. Let (E, ||||) be a quasinormed space verifying E C § (R™, C).
Let p € (0, +o00] and A C R™ be u.d. Assume that

(f(N)rea € P(A) for all f € E.

e The linear mapping S : (E, || ||) = (P(A), || |l,) given by f — (f(A))aea
is called the p-sampling operator of (E, || ||) with respect to A.

e We say that A verifies the p-Plancherel-Polya condition (briefly p-P.P.C.)
for (E, | ||) if S is continuous, this is, if there exists a constant C' > 0
such that

I(fFM\)aeallp < C ||f| for each f € E.

e Let A C FE. A is said to be a p-interpolation set (in short, p-IS) for A if
the restriction S|4 is surjective. Given ¢ = (cx)ycp € (P (A) and f € A,
we say that f interpolates ¢ (over A) if f(A) = ¢y for all A € A.

e Let A C E. We say that A is a p-stable sampling set (briefly, p-SS) for A
if there exist constants ¢, C > 0, ¢ < C, such that

¢ [(FMDaeally < IFI< CNFA))aeallp for each f e A.

We call C (respectively, ¢) an upper bound (respectively, a lower bound)
of p-stable sampling for A with respect to A.
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STABLE SAMPLING AND INTERPOLATION 217

e We say that A is a p-complete interpolation set (briefly, p-CIS) for (E, ||||)
if S is a topological isomorphism.

Remark 1.6. In the context of Definition 1.5 we observe that:

(1) A is a uniqueness set for E if and only if S is injective.

(2) Ais a p-CIS for (E, || ||) if and only if A is both a p-IS and a p-SS for
&, 11D

If F is a vector subspace of LP(R™), then we will refer to the p-SS, p-IS and
p-CIS for (E, || ||,) simply as SS, IS, and CIS, respectively.

Definition 1.7. Let S C R™ be a bounded set and p € (0, +oo]. We define

BL = {f €8 (R") : supp(f) C S and | f]], < oo}

which is a closed vector subspace of (LP(R™), || ||,). We call (p, S)-Paley-
Wiener space to the complete space (E%, || [|,)-

Now we recall the definition of Bernstein space.

Definition 1.8.

e Let 0 > 0 and f € H(C™). We say that the entire function f is of
exponential type at most o if for every € > 0 there exists A, > 0 such
that |f(z)| < Ac e(@9I=lh for each » € C™.

e Let 0 >0. E, :={f € H(C™) : f is of exponential type at most o} is a
C-vector subspace of H(C™).

e Let 0 >0 and p € (0, +00]. We define the set
BP(R"):={f € Ey : flrr € LP(R™)},

which is a closed C-vector subspace of (LP(R™), || ||,). We call (o, p)-
Bernstein space to the space (BEZ(R™), || ||p), which is Banach if p €
[1, +o0] and is quasi-Banach if p € (0, 1).

e We call classical Bernstein spaces to the spaces (B (R"), || |lo), With
o > 0, which are Banach spaces.

For example, the entire functions defined by z — sin(oz), z — cos(oz) are
elements of B>°(R); the entire function defined by

sin(oz) if 0
2+ sinc(oz) = oz 7 1 27
1, ifz=0
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218 JOSE ALFONSO LOPEZ NICOLAS

belongs to B2(R) for all p € (1, +o0].

Observe that, given p € (0, 4o0], the Paley-Wiener subspaces and the
Bernstein subspaces of (LP(R™), || ||,) are invariant and isometric by transla-
tions. A very important result shows a closed relationship between both types
of spaces. This result is the celebrated Paley-Wiener theorem.

Theorem 1.9 (Paley-Wiener (see [15])). Leto > 0 and p € [1, +oc]. Consider
S = [—a, o]", n-dimensional closed interval. Then

EL = BIR").

Therefore Bernstein spaces are particular cases of Paley-Wiener spaces.

Now we wonder when the sampling operator is continuous, that is, when A
verifies the p-P.P.C. for a given Paley-Wiener space (in particular, for a given
Bernstein space), and the answer is: provided that A is uniformly discrete. This
is what the following result says.

Theorem 1.10 (Plancherel-Polya inequality (see [17])). Let S C R™ be a
bounded set and p € (0, +00]. Let A C R™ be u.d. Then A verifies the p-P.P.C.
for (E%, || |lp), this is, there exists a constant C' = C(A, S, p) > 0 such that

I(fM)aeally < C Il fllp for each f € Eg.
Besides the constant C' only depends on p, S and 6(A) ( §(A) is defined in
Definition 1.2).
The main results of this paper are the following ones.

Theorem 1.11. Let p € [1, +00), and K C R™ be a bounded and Lebesgue
measurable set such that its indicator function xx is a Fourier multiplier for
FLY(R™). Let A CR™ be u.d. and let h € EX be real valued or even, or both.
For every A € A we define the translation function hy = T\h : R"* — C by
hx(z) := h(x — X) for each x € R™. Suppose that

hy (@) = h(pw—X) = 0xy for each A, pp € A,

where § is the Kronecker delta.
Then:

(1) A is an IS for (E%, || ||p). In fact, for each ¢ = (cx)ren € 1P (A) we have
that ge 1= > yca Cx - ha € EY. interpolates c, that is, gc(p) = ¢, for every
weA.

(2) We define the following vector subspace of E%-:

W .= {Z ex-hale=(ca)ren € (A)} C EF..

AEA
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STABLE SAMPLING AND INTERPOLATION 219

The mapping
P (P(A), ) = (W5 L)

defined by: ¢ = (cx)aea — ¥(c) = ge 1= D \ca Cx - ha, is a topological
isomorphism. Hence W is closed in EY..

(8) A is a CIS for W. Furthermore, the sampling operator for W is Sy =
(o

(4) B :={ha}\cp is a Schauder basis for W.

We need the next definition for the following result.

For every p € (0, +00] we define

-1 .
d(p) = max{l, 2%—1} — {2” , ifpe(0,1)

1, if pe[l, +oo]

The following theorem is a property of transference for stable sampling sets
of certain vector subspaces of L? (R™) similar to Kadec 1/4-Theorem (see [§],
and also [25] for this and similar results).

Theorem 1.12. Letp € (0,+00], m € Z, m > 0. Let T, A C R™ be u.d., which
we may express as A = {An},cpm s T ={m}pezm- Let ECCH(R™)NLP (R™)
be a closed vector subspace of (L (R™), || ||p). Suppose that the following sam-
pling operators are continuous: Sga : (E, || lp) = (P(A), || l,) given by

= (f(M)xea, and Spr: (B, | [lp) = (P(L), || l) given by f — (f(7))qer-
Let h: R™ — R, h > 0, be a continuous function and let C; > 0 be. We define

11l
h(y)

f(h,cl>:={feE|\§j<y>]gol- Vi€ (L) y €R").
J

Let A C F(h,C1) C E. Suppose that
(1) There exists a function g : T — R, g > 0, such that
Y = Al < g () for alln € Z™,
where | | denotes the Fuclidean norm in R™.
(2)

h(vn) = minh|[)\m%] =
min{h(z)| (3t €0, 1] : x=tA, + (1 —t)y,)} >0,

for each n € Z™.

g('Yn) P 1/p ;
(8) S < 400, where S := (Z"EZ"L (h(%)) ) » fpe(0, +OO).
SUP ez $, if p=+o0

Revista Colombiana de Matemaéticas



220 JOSE ALFONSO LOPEZ NICOLAS

We define Co := /m - Cy -d(p) > 0. Then we have:

(1) IfT is a SS for A with upper constant of sampling C > 0, and S < %Cy

C-d(p)

then A is a SS for A with upper constant of sampling C' := 1-6C.5"

(2) If A is a SS for A with upper constant of sampling D > 0, and S < ﬁ,

D-d(p)

then T is a SS for A with upper constant of sampling C' := DG, 5

The paper is structured as follows. Section 1 contains definitions and the
list of the main results. In section 2 we study the stability of SS and IS with
respect to perturbations, in Bernstein spaces. Section 3 is devoted to Lemma
3.2 (the main convergence lemma) and we prove Theorem 1.11 and obtain
several consequences. Section 4 contains the lemmas of continuity of immersion
of Bernstein spaces in classical Bernstein spaces. In section 5 we study the
transference of the property of being SS from a u.d. set to another one, and
we prove Theorem 1.12 and a consequence for Bernstein spaces. In section 6
we obtain transference results of uniqueness sets between different Bernstein
spaces.

2. Stability in sampling and interpolation in Banach spaces

Recall the next well known Banach theorem:

Theorem 2.1 (Stability of surjective bounded operators). Let A : (X, || ||x) —
(Y|l lly) be a linear, bounded and surjective operator between Banach spaces.
Then there exists v = y(A) > 0 such that for every linear and bounded operator
B: (X,]l llx) = (Y| lly) verifying || B|| < =, the operator A+ B : (X, ] ||x) —
(Y, || lly) is surjective.

Definition 2.2 (e-perturbation of a set (see [14])). Let A, A’ C R" be u.d. and
let € > 0 be. A’ is said to be an e-perturbation of A if A’ admits a representation

N={A+er: NeA}
where |ex| < e for all X € A.

We will need the Bernstein inequality in several dimensions, obtained by I.
Pesenson.

Theorem 2.3 (Bernstein inequality (see [16])). Assume p € [1, +o0], 0 > 0,
f € B2(R™). Then:

Of _ npipn of ,
— < .
oz, € B2(R"), and Haﬁj <o| fllp for all j € {1,...,n}

p

The following result give sense to the word stable in stable sampling and
interpolation theory.
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STABLE SAMPLING AND INTERPOLATION 221

Theorem 2.4 (Principle of stability with respect to perturbations). Let A C
R™ be uniformly discrete and p € [1, +00]. Let o > 0. If A is a SS (respectively,
IS, CIS) for BE(R™), there exists € > 0 such that every e-perturbation of A is
a SS (respectively, 1S, CIS) for B2(R™).

Proof. Our proof is similar to that by A. Olevskii and A. Ulanovskii for the
case p=2,n =1 (see [14]).
Let € € (0, %) and A’ be an e-perturbation of A. So A’ admits a repre-

sentation A’ = {A+ €y : A € A} where sup,cp |€x] < €. Let us consider the
sampling operators corresponding to A, A’, respectively:

Sa: (BER™), ([ lp) = (P(A), [ [Ip),

Sar+ (BER™), [ lp) = (P(A) I lp)-
S and Sy are continuous by Theorem 1.10.

First we take p € [1, 4+00). We claim that there exists a constant D, =
D (p,0,6(A)) > 0 such that

| (Sa —Sa) (NIE <n-eP- Do - | £ for all f € BE(R™).

Indeed, let f € BP(R™). Using the Bernstein inequality (Theorem 2.3), the
mean value theorem and Theorem 1.10, we have:

1(Sa = Sar) (DB =D 1f(A+ex) = FVP <2 > [DF(EN]P

A€A AEA

<e Y V@I < -Co Y IVAEIE

AEA AEA

n P n
A ODMECYEEREI DY
AEA j=1 L j=1 XEA

of P
%(&)

J

p
<n-e-Dp-o- |fI,
p

= 8$j
where £, belongs to the segment with extreme points A\, A + €y, for all A € A.
In the penultimate inequality we have applied Theorem 1.10 to each partial
derivative 52 € BR(R"), with j € {1,...,n}.

Observe that the set I'y := {£{\ : A € A} is a uniformly discrete set (in fact
it is an e-perturbation of A), and therefore we can apply Theorem 1.10.

Indeed, let A\, A € A with A # X. Then

[A=&ll<ex<e, [N =& <en<e.
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222 JOSE ALFONSO LOPEZ NICOLAS

Then as A is uniformly discrete, we have:

0<d(A)= IAr = Azll < A= X

inf
A1, A2EA, A1 #Ng
=A=&+& =&+ =N <A=&+ 1Ex =&l + 1 = X
<2e+ |6 —&x]l-

Hence 6(A) < 2e+||§x — &x|l, and so [|§x — Ex|| > 0(A) — 2e.

As we are assuming that ¢ < %, then we obtain that

lr —&xl > 22

Notice that, in particular, our claim shows that
Sy — Sa/|| <nv -e-0- D,

(1) Suppose that A is an IS for B2(R™). This is, Sp is surjective. Let v =
v(SA) > 0 given by stability theorem for bounded surjective operators.
Taking e sufficiently small we have ||Sy — Sa/|| < 7. So Sys is surjective
by stability theorem; this is, A’ is an IS for B?(R").

(2) Suppose that A is a SS for B2(R™). Then by Theorem 1.10 there exists
a constant C = C (p, 0,6 (A)) > 0 such that

[1SA(Hllp < C NI £lp for all f € BE(R™).
Let f € B2(R™). Then:
[Sa (P)llp < 1 (Sar = Sa) (Nl + 158 (Nl

<nb e Dy-olflp+Cliflly = (n# e Dy +C) Il

On the other hand, as A is a SS for BP(R"), then we have:

£y < RISA(Hp = R (Sa — Sar) (f) + Sar (D)l
<R (Sa —Sa) (Dllp + R ISx (Dl
<R-nv e Dy-o-||fly+ RISx ()l

So that

Iflp < R-nv e Dy [|fllp+ RIS ()l

Hence

(1=R-n3 -2 Dy-0) Il < RISx (£l
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1
Taking € > 0 enough small we have that 1 — R-n? -¢- D, -0 > 0, and then

R

1—R~n%-5-Dp-a

1fllp <

1S (H)lp-

Therefore A’ is a SS for B2(R™).

For the case p = +00 we have that there exists a constant D = D (o, 6(A)) >
0 such that

[ (Sa =5a) (lloc Sn-e-D-o-[|fllo forall f e BF(R"),
and the proof is completely analogous. o

3. Lemma of Convergence.

In this section we prove a result of convergence of series in Paley-Wiener spaces
which allows to make sure the convergence of series under certain conditions.
First we need the following auxiliary and well known result:

Lemma 3.1. Letr € (0, +o0] and S CR". Let g € E% be even. Then:

(1) The real and imaginary parts of g and their Fourier transform, Re(g),

Re(g), Img, I/WTQ, are even.

(2) m(t) €R and Im/\g(t) € R for each t € R".
(8) Re(g), Img € E}.

Lemma 3.2 (Lemma of Convergence). Let p € [1, +00), and K C R™ be a
bounded and Lebesgue measurable set such that its indicator function xx is a
Fourier multiplier for FLY(R™). Let A C R™ be a uniformly discrete set and
let h € E3 be real valued. For every A € A we define the function hy = Ty\h :
R™ — R by hy(x) := (tah) (z) = h(x — A) for all x € R™. Then there ezists a
constant D > 0 such that

ZC,\'h)\

AEA

<D ||, for each c = (cx)yep € IP(A).

P
In particular, for each ¢ = (cx)ycp € IP(A) we have that g. :=3 \cp, ¢ ha €
L? (R™), and thus g. € EY,.

In addition, the constant D only depends on p, |||, ,6(A) and on K.
Remark 3.3. Observe that Lemma 3.2 is also true for even functions h €
Ej.. This is an immediate consequence of applying the lemma to the real and

imaginary parts of h, by Lemma 3.1. In addition, note that hy € E}, C E%. for
all A € A.
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224 JOSE ALFONSO LOPEZ NICOLAS

Proof. If h = 0, the result is obvious. Suppose that h is not the function
identically zero.

Let ¢ = (ca)yep € IP(A). We define g, := > ycpen-ha € S (R™). We will
prove that there exists a constant D > 0 independent of ¢ such that

< gesp > < D-|lell, - [¢ll, for each ¢ € S(R™).
Let ¢ € S (R™).

< gerp > =< G, @ > = <D ex-e ™h(t), ¢ >

A€EA
=< > ex e Pht)  xk(t), o> =D e < e h(t) - xk (), @ >
AEA AEA

<3 el ‘< e ML) Xk (1), @ >‘ =3 el ‘< 6, e R(t) - xxe (£) >‘ .
AEA AeA

Observe that

h(t) = h(z) - e #2dy = h(z) - e dx

R Rn

/ h(z) - e**dx = h(—t) for each t € R".

We define f;, := ho (—1gn) € L' (R"), and we have that ||fu||, = ||2]|,, and
fu(t) = h(—t) for all t € R™.

Let A € A.
<G ) i) 5= [ pORD  xcle s
= [ 80T e = F (5 Fixic) )
=F! ((so/*ﬁ) : XK> ).
Then:

1< ger > < 3 leal |F7 (% ) - xac) ] < el - lall,
AEA

where a) := F ! ((@) 'XK) (M) for each A € A, and a := (ax)ycp-
Since x is a Fourier multiplier for FL? (R™), then
|77 (57 x| < Callos sull, < Cyliel, - 1l

= Callelly - Ihlly = Conlielly
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where C; ;, := Cg-||h[|; > 0. In addition, using the Plancherel-Polya inequality,
Theorem 1.10, we have:

o, = [aseall, = | (77 (57 ) 00)

AEA q

<Oy |77 () x|, < Colae- Con-lielly = Dl

So that [< g¢, o >| < D-||c[|,-|l¢ll, and this is true for each ¢ € S (R"). Hence
lgell, < D llell,- f

Now we prove Theorem 1.11.
3.1. Proof of Theorem 1.11

Proof. (1) We know by Lemma 3.2 of convergence that the series
> aea Cx - ha converges in (EY, || [|,). Let go € E% be its limit. Since
the inclusion i : (E%, || ||l,) < (B, || |ls) is continuous, then the series
also converges in (E%, || |lco) to ge. That is, converges uniformly in R™
to g, and thus also converges pointwise. So that

(i) =Y en-ha(i) = D exdau = cu,

AeA AEA
for each p € A. Hence g. interpolates ¢ and ge = >y 9e(A) ha.

(2) Obviously v is surjective, by definition of W. Let ¢ = (¢x)aea € P (A),
and define h := 7, cx ha. Then we have:

Y(e) =ge =D exha.

AEA

In addition, by Lemma 3.2 of convergence there exists a constant Dy > 0
independent of ¢ such that

I Z ex - hallp < D2 lef], for each ¢ = (cx)ren € 17 (A).
AEA
Then,
[ (e)ll, = llgell, = 1> ex - hally < Dz |le]l,

A€A

for all ¢ = (ca)rea € P (A). Thus ¢ is continuous. We will prove that
is an isomorphism showing that there exists a constant D; > 0 such that

lell, < Dr- M1l -
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Let ¢ = (ca)aea € P (A). ge =D sepr-ha € EY.. We shew in the proof
of the first item that

ge() = ex - ha(p) = ¢, for every p € A,
AeA

and therefore go = 37, o5 gc(A) - ha € Ef,. Then:

llell, = litex)reall, = llge(Maeall, < Dillgell, = D1 llv(ll, ,
where we have used the Plancherel-Polya inequality (Theorem 1.10).

(3) Let g € W C E¥.. By definition of W we have that there exists ¢ =
(ex)rea € 1P (A) such that g = > 7y, ex - ha. Since ¢ is injective, then c
is unique, and besides we have

g(p) = Z e - ha(p) = ¢, for each p € A.
AEA

So that ¢, = g(p) for all 4 € A and hence

9= 9(\) D

AEA
Conclusion: B = {hy},c, is a Schauder basis for (W, || [[,).

(4) Tt has been proved in the previous item.

3.2. Consequences of Theorem 1.11

Lemma 3.4. Letp € (1, 4+00), v > 0. Let A C R™ be a uniformly discrete set.
Define T' := A — A = {A\ — Ao | A1, A2 € A}. Assume that there exists a real
valued or even (or both) function h € BL (R™) such that

(1) h(0) =1.
(2) h(y) =0 for every v € T\ {0}.
Then A is an IS for (BE, || ||p). In fact, for each ¢ = (cx)rea € P (A) we have

that ge := Y yca Cx - ha € BE (R™) interpolates ¢, that is, g.(u) = ¢, for every
p e N, and thus g. = Y\ cp 9e(A) - ha, where hy := Tah for every X € A.

Proof. By Paley-Wiener Theorem 1.9 we have that E, = BP(R"™), and

the indicator function of [—v, v]|" is a Fourier multiplier for L4 (R™), where ¢
is the conjugate exponent of p. Then by Theorem 1.11 we obtain the result.

[—v, v]™
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An immediate consequence of Lemma 3.4 is the following result.

Corollary 3.5 (Interpolation for Bernstein spaces). Let p € (1, +00), v > 0.
Let A CR"™ be a uniformly discrete set. Define

F::A—A:{)\l—/\g‘)\l, Ao EA}
Suppose that there exists f € Bl (R™) such that
(1) F(0)=1.
(2) f(v) =0 for every v € T'\ {0}.

Then A is an IS for (BE (R™), || ||p). Moreover, define h : C* — C by
1
h(z) == 3 (f(z) + f(==)) forall z € C".

Then h € BL (R") is an even function and verifies that h(0) =1 and h(y) =0
for every v € I'\ {0}. Thus for each ¢ = (cx)rea € P (A) we have that g. :=
Y xea - ha € BY(R™) dnterpolates c, where hy := T\h for every A € A.

4. Lemmas of continuity of immersion in Bernstein spaces

In this section we will study several results which prove that, given o, p > 0,
we have the inclusion of Bernstein spaces

BZ(R") € B (R™)
and this inclusion is continuous. We will need these results for the next section.

Lemma 4.1. Letn € N, n > 2. Letr € {1,...,n—1}, and a = (a1, ...,a,) € R".
Then:

(1) The function
Ya s (BE(R™), || floo) = (B (R™™"), || [loo)

defined by
f=fo:C "= C

given by: z = (Zp41, .., 2n) = fo(2) := f(a, 2), is well defined.

(2) 1, is continuous. In fact we have:
[falloo = 1Ya(f)llec < [Ifllec for every f € B (R™).
This lemma is clear; let us see the version for p € (0, 4+00).
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Lemma 4.2. Letp € (0, +00).
(1) Let Q C C be a connected and open set. Then |f|P is subharmonic for
every f € H(Q).
(2) The inclusion
¢ (BR(R), || lp) = (B (R), || floc)
is continuous. That is: there exists Cr , > 0 such that

[flloe < Cr, p - | fllp for all f € BE(R).

pm?

1/
We may take Cr = ( 2 (er™ — 1)) ’ (see [21], Chapter 6).

(8) Let n € N, n > 1. Let r € {1,...,n — 1}, and let a = (ay,...,a,) € R".
Then:

(a) The function b : (BR(R™), | ) — (BR(R™™), | |,) defined by
f—= fo:C" " = C, given by z2 = (2rq1, -y 2n) = fa(2) = f(a,2),
s well defined.

(b) 1, is continuous. In fact, we have:
[ fallp = 1¥a(Pllp < (Cr,p)" - | fllp for every f € BR(R").

Proof. Two first items are well known (for the first item see [18], page 336,
Theorem 17.3, and for the second one see [21], Chapter 6). In the third item
the only non obvious thing is the continuity of .

First, we shall prove it for » = 1 (step from n to n — 1).
C :=Cq, p, a € R. 9, has the form:

Yt (BER™), || llp) = (BRR™™), || ],)
given by f — f, : C"~1 — C defined by: z — f.(2) := f(a, 2).

Let f € BP(R"). For each z € R""! consider the function h, : C — C
defined by: w +— hy(w) := f(z,w). Observe that h, € BP(R) and h,(a) = f.(z),
for every x € R"~!. Then:

loaAI = 15l = [

R™

f@Pde= [ If(aa)rds

Rn—1
— [ h@raos [ mlnde<cr [ ([ hupdyds
Rn—1 Rn—1 rRn-1 JR
= CP - [I£115,
where we have used the one-dimensional inequality ||hz oo < C||hz]|p. So that

[$a(H)llp < C - fllp-

The step from n to n — r is obtained by reiteration. o
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Corollary 4.3. Let p, o € (0, +00).
(1) The inclusion
o : (BZ(R), || [lp) = (B5(R), [ floo)
is continuous. That is: There exists Cy , > 0 such that

Hf”oo <Cop- ||pr for each f € Bg(R)-

1/
We may take Co, p := Cx p - (%)1/;7 = (1%(6”” - 1)) p,

statement of Lemma 4.2.

as said in the

(2) Let n € N, n > 2. Let r € {1,....,n — 1}, and let a = (aq,...,a,) € R".
Then:

(a) The function o = (BEE™, || 1) — (BRR™="), | |,) defined by
[ = fa:C"" = C, given by z = (2741, .., 2n) > fa(2) := f(a,2),

is well defined.

(b) g is continuous. In fact, we have

[ fally = 1©a(Nllp < (Co,p)" - | fllp for each f € B(R™).

(c) Let n € Z, n > 0. The inclusion
@ (BER"), || llp) = (B (R"), || [lo)

is continuous. In fact

”fHoo < C;L,p : Hf”p for each f € Bg(Rn)~

Proof. (1) This is a consequence of the second item of Lemma 4.2 using a
change of variable. By the previous lemma we know that the inclusion

pr : (BE(R), || [lp) = (BZ"(R), | lloc)

is continuous. That is,

[flloo < Cx, p - Ifllp for each f € BE(R),

1/
where Cr , = (p%(ep“ - 1)) ! (see [21], Chapter 6).
Let us consider the linear operators
Py (BER), | [lp) = (BR(R), | [Ip),
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defined by f — Pi(f) : C — C given by z — Pi(f)(z) :=f (gz), and

Py (BE(R), | floo) = (B (R), | lloc),

s

defined by f — Pa(f) : C — C given by z — Py(f)(2) := f (%z) Both

operators are continuous since

g

1/p
1P = (2) 1y for every f € BLR),

and
[P2(f)lloo = Ifl[oc for every f € BX(R).

Since ¢, = Py 0 ¢, o P, then ¢, is continuous, and in fact we have

”fHOO = ”‘pff(f)”oo = ||P2 (‘pfr(Pl(f))) Hoo = ||907T(P1(f))||oo <

a

1/p
< CaplIPL Dl = Crop (Z) 1S llp = Cop Il

™

for all f € B2(R).
(2) The proof is analogous to the one of the third item of Lemma 4.2.

(3) This is a consequence of the previous item using induction over the di-
mension n. For n = 1 the result is true by the first item. Assume that
the result is true for n = k € Z, k > 0. We will show that the result is
true for n =k + 1.

Let f € B2(R**1). For every w € C we define
fu:CF > C,

given by (z1, ..., 2zx) = fu(z1,...,2x) := f (21, ..., 2k, w), which verifies f,, €
BP(RF). Then:

Il = sup 1) =sup (st 1£, @)]) =sup £ <

rERk+1 a€R \zZeR
< CE y-sup | fallp < Cg. - 5up (Co, pl fll) = C515 111,
a€R a€R

where the first inequality follows from the hypothesis of induction and
the second one follows the previous item with r = 1.
Conclusion: the result is true for every n € Z, n > 0.

v
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5. Transference of SS

In this section, for every r € (0, +o00] we define
2r 1 if 1
d(r) := max{l, 2%_1} = ’ 1 re 1) :
1, if 7 € [1, +o0]
We recall the following two well known results.

Lemma 5.1. Let p € (0, +o00], m € Z, m > 0. Let A CR"™ be u.d. Then
la+bll, < d(p) <Ha||p + ||b||p) for each a, b € I (A).

Lemma 5.2. Let p € (0, 4+o0], m € Z, m > 0. Let Q CR™, Q # &, and
A CQbeu.d. Let (X, | ) be a quasinormed space verifying X C §(Q, C). Let
A C X, and suppose that the sampling mapping S : (X, || ||) = (P (A), ] 1Ip),
giwen by [ — (f(N))rea, s continuous. Then the following statements are
equivalent:

(1) A is a SS for A.

(2) There exists a constant C > 0 such that || f]| < C ||(f(A))reallp for each
feA

(8) There exists a constant C > 0 such that || f|| < C [|(f(A))reallp for each
feA.

(4) A is a SS for A.

Remark 5.3. In Lemma 5.2 the constants C' > 0 of the items 2 and 3 are the
same.

Proof. As the sampling mapping S : (X, || ||) — (P(A),]l ||p) is continuous,
then there exists a constant D > 0 such that

I MDrealls = 15 (DI, < D[] for every f e X.

Defining ¢ := % > 0 we have that

cI(fF W) aeallp < |If]] for every f e X.

Hence the first item is equivalent to the second one. By the same motive the
third and fourth items are equivalent between themselves.

On the other hand the third item obviously implies the second one as A C A.
Finally we only have to prove that the second item implies the third one. Indeed,
assume that there exists a constant C' > 0 such that

Il < CN(fFA)renllp for all f € A
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We will show that

I < CII(FN))xeallp for every f € A.

Let f € A. There exists a sequence (9n)nez+ in A which converges to f in
X. As S is continuous, then (S(gn)),cz+ converges to S(f) in IP(A), and
consequently

im |[(gn M)reall, =, tim 115 (ga)ll, = 1S (D, = 1(F(V)really-

n—-+oo

Let n € Z*. Since g,, € A, then our assumption gives us
”gn” <C || (gn ()‘))AGA ||p~
Taking limits in this inequality when n — +oco we finally obtain

1< T reallps

what concludes the proof. o

Let us prove now Theorem 1.12.
5.1. Proof of Theorem 1.12
Proof. Take F € AC E CC!(R™). Let n € Z™. Then

sup [|[DF(@)]| = max |[DF(@)] = [DF(za)l

T€[An, n] @€[An, Yn]

for some z,, € [\, Yn], where [A,, v,] denotes the segment in R™ with extreme
points A,, and 7,. Hence |F(v,) — F(\n)| < ||[DF(zn)|| - |70 — Al

Let us estimate | DF(z)|| for each x € R™. Let x € R™.

IDF(x)| = max {[DF(z)(a)|} =

a€R™ |a|=1

" OF
= max o \T) g 0 =
a:(ah...,am)eRm |a|:1 Z 83,;] ( ) J

7j=1
— max {[<VF(@),a>}< max {|VF(@)|-|al} = |[VF(x) =
a€R™ |a|=1 a€R™ |a|=1
9 1/2 9 1/2
| OF o IF, 11,
= —_— < =
j=1 Jj=1

where the first inequality is consequence of the Cauchy-Schwarz inequality.
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Therefore for each n € Z™ we have:

121, £,
ha) =V G,

IDF (2|l < v Cy

by hypothesis (2), since z,, € [A\n, Vnl-
Thus

111,

[F(m) = F(A)| < vim C o)

[vn — An| for alln € Z™, F € A.

We claim that

||(F ('Yn) —F ()‘n))nezm

pﬁ\/%Cl'S‘HFHp for all F' € A.
Let F' € A. We may distinguish two cases:

(1) CaseI: p € (0, +00). Then we have:

1/p

nezm™

AN
s(Z (vm)" 7 IIFII”()> <

nezm™

1/p
g\/ﬁclnan( g ) —/m Cy- S|P,

nGZm

(2) Case II: p = +o0. Then we have:

|(F () ~ F (An»nezmum = sup |F () = F ()] <

< mc I sup < \/70 I Sllp =
1|| Hp nEZ h(? ) ' ” || h(Vn)

=vmCy-S-||F|

So that we have proved our claim. Now we are in conditions to prove the items
of the theorem.

(1) Assume that I' is a SS for A with upper constant of sampling C' > 0,
and S < %@ We will prove that A is a SS for A with upper constant of
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sampling C’ = %. Let F € A.

I1Fll, < C - [|(F () nezm |,
:c.||<F(%>—F<An>>nezm (F AaDnezr , <

<0 (| (F (0n) = F 0Dz, +|» ADncznll,) <
<C-d(p) [\FCH S- 117, +|| nezmH]
=C-Cy-S-|Fll, +C-dp || )neZme-

Hence [|F[|, = C-Co- S |[F|, < C-d(p H Nnezm || - We define
C3:=1—-C-C5-8S, which is independent of F'. C3 > O because S < %CZ
C = %ﬁ,m > 0, which is also independent of F. Then:

11, < €7 [|(F n))nezm -

Conclusion: A is a SS for A with upper constant of sampling C’ :=

%. Therefore, by Lemma 5.2, A is a SS for A with upper con-
C-d(p)

stant of Sampling C/ = 1-C-C55"

(2) Assume that A is a SS for A with upper constant of sampling D > 0,
and S < 5. We will prove that I' is a SS for A with upper constant of

sampling C" = %. Let F € A.

||F||p S D - H(F ()‘n))nGZm D
_D. ||(F(/\n) — F (y))pegm + (F (%))nezme <

< D-dp) (|(F () = F (Dneznl, + [F O neznll,) <
< D-d(p) [\Fol S 17, +|| (3n) neZmH]
=D-Co- S ||F|l,+D-dp) - [|(F (a)neznll,-
Hence
|Fll, =D Ca-S-||Fll, < D-d(p) - || (F ())nen -

We define C3 :=1—D-C5- S, which is independent of F'. C3 > 0 because
S < ﬁ. Define C' := %3(1:) > 0, which is also independent of F'. Then:

11, < " | (F () e, -
Conclusion: T" is a SS for A with upper constant of sampling

D - d(p)

r_
¢ 1-D-Cy-S’
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and, by Lemma 5.2, it is also a SS for A with the same upper constant
of sampling.

]

Now we obtain two consequences of Theorem 1.12. The first one is the
particular case I' = Z™ and the second one is the application of Theorem 1.12
to Bernstein spaces.

Corollary 5.4. Let p € (0, +oo], m € Z, m > 0. Let A C R™ be u.d., which
we may express as A = {An}, cpm. Let E C CH (R™)NLP (R™) be a closed vector
subspace of (LP (R™), || ||,)- Suppose that the following sampling operators are
continuous:

Sea: (B, [p) = P(A), |[lp) defined by f — (f(A))rea,
and
Spzm (B, |[1lp) = (P(Z™), I lp) given by f — (f(n))nezm-
Let h : R™ — R, h > 0, be a continuous function and let C; > 0 be. We define

£
h(y)

fmxh%{feEngwﬂgcy WG{meLyERm}

Let AC F(h,Cy) C E. Assume that
(1) There exists a function g : Z™ — R, g > 0, such that
[n—An| < g(n) forallneZ™,

where | | denotes the Fuclidean norm in R™.

(2)
min {h(z)| (Ft €[0,1] : z=t\, + (1 —t)n)} = h(n),

foralln e Z™.

, ifpe (0, +o0)

g(n) "
(3) S < +oo, where S := (Z”EZ’" (h(n)) )
Sup,ezm g (n) /h(n)

We define Cy :=+/m - Cq -d(p) > 0. Then we have:

1/p
)

if p=+o0

(1) If 2™ is a SS for A with upper constant of sampling C > 0, and S < %@’

then A is a SS for A with upper constant of sampling C' = %.

(2) If A is a SS for A with upper constant of sampling D > 0, and S < %@’

D-d(p)

then Z'™ is a SS for A with upper constant of sampling C' = T 5.C.5
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We may apply Theorem 1.12 to Bernstein spaces because of Theorem 2.3
and Corollary 4.3 of immersion of Bernstein spaces in classical Bernstein spaces.

Corollary 5.5. Let p € [1, +o0], m € Z, m >0, and 0 > 0. Let ', A CR™
be u.d., which we may express as A = {An},cpm» T' = {n}tnegm- Let C1 >0
be a constant verifying

a . m
L] < €11l for cach £ € BR™). G € (1) y BT
J

/
We may take C; = o (;%(ep’r — 1))m ! if p€[l, +00) (see [21], Chapter 6);

and Cy = o if p =400 (see Theorem 2.3).
Suppose that

(1) There ezists a function g : T — R, g > 0, such that
[ — An| < g (vn) for allmn € Z™,

where | | denotes the Fuclidean norm in R™.

(2) § < +o0, where § = 4 (Lnezn 9 (W)")7if p € (0, +00)
SUppezm g (7”) ’ ifp = 400

Define Cy := /m - Cy -d(p) > 0. Then

(1) If T is a SS for B2(R™) with upper constant of sampling C > 0, and
S < %@7 then A is a SS for B2(R™) with upper constant of sampling
C = C-d(p)
1-C-C2-5°
(2) If A is a SS for BE(R™) with upper constant of sampling D > 0, and
S < D%Cz, then T' is a SS for BE(R™) with upper constant of sampling

r _ _D-d(p)
¢ = 1-D-Cy-S

Proof. Let f € BE(R™), j € {1,...,m}, y € R™. By Theorem 2.3 and Corol-
lary 4.3 of immersion of Bernstein spaces in classical Bernstein spaces, we have:

‘W of

20 m/p
< <g- < = (ePT _
o)< || <o i <o (e -n) i,

oo

where the second inequality is consequence of Theorem 2.3, and the last in-
equality is for p € [1, +00).
Theorem 1.12 concludes the proof. o
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6. Uniqueness sets

In this section we will state and prove two results which give a relationship of
transference between the uniqueness sets of a Bernstein space respect to other
one. First we need an auxiliary result.

Lemma 6.1. Let 0 > 0, p € (0, +o0]. Let zg € C™.

(1) There exists g € B2 (R™) such that g(zo) # 0.

(2) There exists h € B (R™) \ {0} such that h(zp) = 0.

Proof. (1) Let f € B2 (R"™), f # 0 (that is, f is not identically zero). There
exists z; € C™ such that f(z1) # 0. We take the translation g := 7, ., f,
defined by 7,,—., f(2) := f(z— (20 —21)) = f(z — 20 + 21) for every
z € C™. Then g € B? (R™) and g(zg) # 0.

(2) It is analogous to the previous item. Let f € B2 (R™), f # 0, verifying
that there exists z; € C™ such that f(z;) = 0. We take the translation
g := Tu—z [, defined as in the previous item. Then g € B2 (R™) \ {0}
and g(zo9) = 0.

]

Proposition 6.2. Leto,e > 0, p € [1, +00]. Let A C R™ be uniformly discrete.
Suppose that A is not a US for B2 (R™). Then A is not a US for BL, . (R").

Proof. Let us take f € B? (R™)\ {0} such that f(A\) =0 for each A € A. There
exists zy € C™ verifying that f(z5) # 0. Let ¢ be the conjugate exponent of
p. We take g € BZ (R") such that g (zy) # 0. Now we consider h := f-g €
By, (R") (in fact, [|h[l; < [|f[l,- llgll,)- Then h # 0 and h(X) = f(A)-g(A) =0
for every A € A. Hence A is not a US for B}, (R"). vf

Proposition 6.3. Let o, € > 0 and p € (0, +00]. Let A C R™ be uniformly
discrete. Suppose that A is not a US for B (R™). Then A is not a US for
B§+e (Rn)

Proof. Let us take f € BS° (R™) \ {0} such that f(A) = 0 for every A € A.
There exists zy € C™ verifying that f (z¢) # 0. We take g € B? (R™) such that
g(z¢) # 0. Now we consider h := f-g € BY  (R"). Then h # 0 and h(\) =
J(A) - g(X) = 0 for each X € A. Therefore A is not a US for BY  _ (R"). v
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