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1. Introduction

Definition 1.1. [2] The real Clifford algebra Am is a real vector space with 2m basis
elements e0, e1, . . . , e2m−1, defined by

e0 ≡ e0 = 1, e1 = e1, . . . , em = em,

e12 = e1e2, e13 = e1e3, . . . , em−1,m = em−1em, . . . , e12...m = e1e2 . . . em,

and let {e0, e1, . . . , e12, e13, . . . , em−1,m, e12...m} be a basis of Rm. The multiplication in
Am is given by the rule

eαeβ + eβeα = −2δαβe0, α, β = 1, 2, . . . ,m. (1)

Definition 1.2. [3] Every element a =
∑
α
aαeα (aα ∈ R) is called a Clifford number. A

product of two Clifford numbers a =
∑
α
aαeα, b =

∑
β

bβeβ is defined by the formula

ab =
∑
α

∑
β

aαbβeαeβ , (2)

and their conjugate complex a =
∑
α
aαeα, b =

∑
β

bβeβ .

In a standar way, we can define a Clifford algebra valued function f : Rm+1 −→ Am by
the formula (see [2] for more details)

f(x) =
∑
α

fα(x)eα, (3)

with fα : Ω −→ R, where Ω ⊂ R is a open set, and we denote by Cn(Ω,A) the space
of all Clifford algebra valued functions (3) which are n times differentiable in some open
connected set Ω ⊆ Rm+1 [2]. The conjugate of f(x) to be the function f(x) given by the
formula

f(x) =

m∑
k=0

(−1)k
∑
α=k

fα(x)eα. (4)

On other hand, the generalization of Cauchy-Riemann operator is given by

D =

m∑
β=0

eβ
∂

∂xβ
=

∂

∂x0
+

m∑
β=1

eβ
∂

∂xβ
, (5)

the second term correspond to Dirac Operator [1] , [4], which we will denote by D.
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An approach to derivatives for non-monogenic functions 13

Definition 1.3. [4] The Clifford algebra valued function f(x) ∈ C1(Ω,Am) is called
monogenic (Left monogenic function) in Ω if and only if Df = 0, that is to say

Df =

m∑
β,α=1

eβeα
∂fα
∂xβ

= 0, (6)

and while g is called right monogenic function

gD =

m∑
β,α=1

eαeβ
∂gα
∂xβ

= 0. (7)

Remark 1.4. The expressions (6) and (7) are defined on the Dirac operator.

This paper are organized as follows: in section 2, we present the motivation. In section
3, we present the derivative for non-monogenic functions on the Dirac operator. In the
section 4, we present a new type of difference operator for non-monogenic function. In
the section 5, we introduce the derivative for non-monogenic function and in the final
section, we presents some suggestions for further studies are presented.

2. Motivation

The topic of this article are derivatives for non-monogenic functions and the motivation
comes from the study of the monogenic function in the Dirac operator (see the references
[1], [2]). In accordance with the above, our interest here is to define the derivatives for
non-monogenic functions in the Dirac operator Df ̸= 0 (fD ̸= 0), and introduce a new
type of difference operator similary to Dirac operator such that satisfies the property
D2 = −∇2 subject to some commutation relations different to Clifford relation (1) and
consequently study their respective derivatives.

3. Derivative for non-monogenic functions on the Dirac operator

Remark 3.1. Let be given a open Ω ⊂ Rm+1. A function f ∈ C1(Ω,Am) is said to be
left (right) non-monogenic in Ω if and only if Df ̸= 0 (fD ̸= 0) in Ω, more exactly

Df =

m∑
β,α=1

eβeα
∂fα
∂xβ

̸= 0, (8)

Df =

m∑
β,α=1

eβeα
∂fα
∂xβ

̸= 0, (9)

Definition 3.2. Let f ∈ C1(Ω,Am) be a non-monogenic function in Ω. The derivative is
defined by

∂fα
∂xβ

(eσ) =
fα(eαeσxβ)− fα(xβ)

eαeσxβ − xβ
, (10)
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14 J. C. Jaramillo-Quiceno

and its conjugate complex

∂fα
∂xβ

(eσ) =
fα(eαeσxβ)− fα(xβ)

eαeσxβ − xβ
. (11)

for all σ = 1, 2, . . . ,m.

Lemma 3.3. For the Dirac operator we have

Df =

m∑
β,α=1

eβeα

[
fα(eαeσxβ)− fα(xβ)

eαeσxβ − xβ

]
, (12)

and its conjugate complex

Df =

m∑
β,α=1

eβeα

[
fα(eαeσxβ)− fα(xβ)

eαeσxβ − xβ

]
. (13)

Proof. It is sufficient to replace (10) into (8), and (11) into (9). □✓✓✓

Theorem 3.4. Assume that fα ∈ C1(Ω,Am) and gα ∈ C1(Ω,Am) are a non-monogenic
functions in Ω for all α = 1, 2, . . . ,m and are differentiable in xβ ∈ Ω then

i The product fαgα ∈ C1(Ω,Am) is differentiable at xβ and

∂

∂xβ
(fαgα)(eσ) = fα(eαeσxβ)

∂gα
∂xβ

+ gα(xβ)
∂fα
∂xβ

.

ii fα/gα is differentiable at xβ and

∂

∂xβ
(fα/gα)(eσ) =

gα(xβ)
∂fα
∂xβ

− fα(xβ)
∂gα
∂xβ

gα(eαeσxβ)gα(xβ)
, gα(eαeσxβ)gα(xβ) ̸= 0

iii
∂

∂xβ
[(xβ)

n] =

n∑
k=1

(eαeσxβ)
n−k(xβ)

k−1,

and similar arguments apply to conjugate complex.

Proof. i

∂

∂xβ

(fαgα)(eσ) =
fα(eαeσxβ)gα(eαeσxβ) − fα(xβ)gα(xβ)

eαeσxβ − xβ

=
fα(eαeσxβ)gα(eαeσxβ) + fα(eαeσxβ)gα(xβ) − fα(eαeσxβ)gα(xβ) − fα(xβ)gα(xβ)

eαeσxβ − xβ

= fα(eαeσxβ)

[
gα(eαeσxβ) − gα(xβ)

eαeσxβ − xβ

]
+ gα(xβ)

[
fα(eαeσxβ) − fα(xβ)

eαeσxβ − xβ

]
,

= fα(eαeσxβ)
∂gα

∂xβ

+ gα(xβ)
∂fα

∂xβ
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∂

∂xβ

(fα/gα)(eσ) =

fα(eαeσxβ)

gα(eαeσxβ)
−

fα(xβ)

gα(xβ)

eαeσxβ − xβ

=
fα(eαeσxβ)gα(xβ) − gα(eαeσxβ)fα(xβ)

(eαeσxβ − xβ)[gα(eαeσxβ)gα(xβ)]

=
fα(eαeσxβ)gα(xβ) − fα(xβ)gα(xβ) + fα(xβ)gα(xβ) − gα(eαeσxβ)fα(xβ)

(eαeσxβ − xβ)[gα(eαeσxβ)gα(xβ)]

=
gα(xβ)

[
fα(eαeσxβ)−fα(xβ)

eαeσxβ−xβ

]
− fα(xβ)

[
gα(eαeσxβ)−gα(xβ)

eαeσxβ−xβ

]
gα(eαeσxβ)gα(xβ)

=
gα(xβ)

∂fα
∂xβ

− fα(xβ)
∂gα
∂xβ

gα(eαeσxβ)gα(xβ)
.

∂

∂xβ
[(xβ)

n] =
(eαeσxβ)

n − xn
β

eαeσxβ − xβ

= (eαeσxβ)
n−1 + (eαeσxβ)

n−2xβ + · · ·+ xn−1
β

=

n∑
k=1

(eαeσxβ)
n−kxn−k

β .

□✓✓✓

Example 3.5. 1. For xβ ̸= 0, ∂
∂xβ

(1/xβ) = − 1
eαeσx2

β
.

2. If f ∈ C1(Ω,Am) defined by fα(xβ) = (xβ)
2 + xβ, then

∂fα
∂xβ

= eαeσxβ + xβ + 1.

Now, we introduce a new type of difference operator for non monogenic functions as
follows.

4. A new type of difference operator for non-monogenic function

Definition 4.1. Let us consider the real algebra Bp is a real vector space with 2p basis
elements e1, . . . , e2p−1, and let {e1, e2, e3, . . . , ep} be a basis of Rp. The multiplication in
Bp are given by the rules

enem + qnmemen = δmn (14)
enem + emen = 2(1 + qmn) m,n = 1, 2, . . . , p, (15)

being qnm

qnm =

{
−1 m ̸= n,

0 m = n
. (16)

Lemma 4.2. For m = n we have e2n = 1 and em = 1, and for m ̸= n also we have
enem − emen = 0.
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As a direct consequence we obtain the following definition.

Definition 4.3. Let e1, e2, e3, . . . , ep, be elements that satisfy (14),

Thus the difference operator D is defined as

D =

[
en

∂

∂xm
+ em

∂

∂xn

]
, (17)

which is subject to

en
∂

∂xm
em

∂

∂xn
+ em

∂

∂xn
en

∂

∂xm
=

− en
∂

∂xm

[(
en

∂

∂xm

)
δmn

]
− em

∂

∂xn

[(
em

∂

∂xn

)
δmn

]
− (1− qmn)

(
∂2

∂x2
m

+
∂2

∂x2
n

)
,

(18)

and its conjugate

D =

[
en

∂

∂xm
+ em

∂

∂xn

]
. (19)

Theorem 4.4. Let us consider the differential operator

∇2 =
∂2

∂x2
m

+
∂2

∂x2
n

(20)

on Rp. If we try to find a square root of this operator of the form (17), the D2 = −∇2

leads to equations e2n = 1, e2m = 1, (14), (15) and (18).

Proof. For m = n we have

D2 =

(
en

∂

∂xm
+ em

∂

∂xn

)(
en

∂

∂xm
+ em

∂

∂xn

)
,

= e2n
∂2

∂x2
m

+ en
∂

∂xm
em

∂

∂xn
+ em

∂

∂xn
en

∂

∂xm
+ e2m

∂2

∂x2
n

,

using (18) we get

D2 =
∂2

∂x2
m

+
∂2

∂x2
n

− em
∂

∂xn

[
eαδmα

∂

∂xβ
δβn

]
− en

∂

∂xm

[
eβδnβ

∂

∂xα
δmα

]
− (1− 0)

(
∂2

∂x2
n

+
∂2

∂x2
m

)
,

and from Lemma 4.2 and (15), finally we obtain
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D2 = − ∂2

∂x2
m

− ∂2

∂x2
n

.

For m ̸= n we have

D2 =
∂2

∂x2
n

+
∂2

∂x2
m

− en
∂

∂xm

(
em

∂

∂xn

)
−

em
∂

∂xn

(
en

∂

∂xm

)
− 2

(
∂2

∂x2
m

+
∂2

∂x2
n

)
,

D2 =
∂2

∂x2
n

+
∂2

∂x2
m

−

(enem + emen)
∂2

∂xm∂xn
− 2

(
∂2

∂x2
m

+
∂2

∂x2
n

)
,

and from (15) finally we obtain

D2 = − ∂2

∂x2
m

− ∂2

∂x2
n

.

□✓✓✓

The next definition gives us an analogous formula of functions according to expressions
(14) and (15) to the Clifford algebra valued function.

Definition 4.5. Let Cp(Ψ,Bp) be a space of all algebra valued functions following the
structure of the relation (14). According to the above , we can stablish the valued
functions of the following form

f(x) =
∑
α,β

[fγ(x)eσ + fσ(x)eγ ] , (21)

for all σ, γ ∈ N. Where Ψ denotes the open such that Ψ ⊂ Rp+2.

One can see their respective conjugate in the following remark.

Remark 4.6. The conjugate of f is given by

f(x) =
∑
σ,γ

[fγ(x)eσ + fσ(x)eγ ] . (22)

and therefore we can propose the derivative for non-monogenic function in the following
section.
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5. A new type of derivative for non-monogenic function

In this section, for simplicity we will denote the functions (21) and (22 ) as

f(x) = fγ(x)eσ + fσ(x)eγ , (23)
f(x) = fγ(x)eσ + fσ(x)eγ . (24)

and now let us consider the following theorem.
Theorem 5.1. Let us consider a function f : Ψ −→ Rp. The left non-monogenic differ-
ential operator Df is given by

Df = eneσ
∂fγ
∂xm

+ eneγ
∂fσ
∂xm

+ emeσ
∂fγ
∂xn

+ emeγ
∂fσ
∂xn

, (25)

and its conjugate

Df = eneσ
∂fγ
∂xm

+ eneγ
∂fσ
∂xm

+ emeσ
∂fγ
∂xn

+ emeγ
∂fσ
∂xn

. (26)

Proof. It is sufficient to apply (17) and (19) into (23) and (24). □✓✓✓

Remark 5.2. The right non-monogenic operator can be written as

fD = eσen
∂fγ
∂xm

+ eγen
∂fσ
∂xm

+ eσem
∂fγ
∂xn

+ eγem
∂fσ
∂xn

, (27)

and its respective conjugate

fD = eσen
∂fγ
∂xm

+ eγen
∂fσ
∂xm

+ eσem
∂fγ
∂xn

+ eγem
∂fσ
∂xn

. (28)

Consequently, we can state the derivatives ∂fγ
∂xm

, ∂fσ
∂xm

,
∂fγ
∂xn

and ∂fσ
∂xn

in the following defi-
nition.
Definition 5.3. For a function f : Ψ −→ Rp, the derivatives for non - monogenic func-
tions ∂fγ

∂xm
, ∂fσ
∂xm

,
∂fγ
∂xn

and ∂fσ
∂xn

are defined as

∂fγ
∂xm

=
fγ(eγeσxm)− fγ(xm)

eγeσxm − xm
,

∂fσ
∂xm

=
fσ(eσeγxm)− fσ(xm)

eσeγxm − xm
, (29)

∂fγ
∂xn

=
fγ(eγeσxn)− fγ(xn)

eγeσxn − xn
,

∂fσ
∂xn

=
fσ(eσeγxn)− fσ(xn)

eσeγxn − xn
, (30)

and their respective conjugates

∂fγ
∂xm

=
fγ(eγeσxm)− fγ(xm)

eγeσxm − xm
,

∂fσ
∂xm

=
fσ(eσeγxm)− fσ(xm)

eσeγxm − xm
, (31)

∂fγ
∂xn

=
fγ(eγeσxn)− fγ(xn)

eγeσxn − xn
,

∂fσ
∂xn

=
fσ(eσeγxn)− fσ(xn)

eσeγxn − xn
. (32)
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Theorem 5.4. Assume that fγ : Ψ −→ Rp and gγ : Ψ −→ Rp are non-monogenic
differential functions at xm. Then

1. the sum fγ + gγ : Ψ −→ Rp is differentiable at xm and

∂

∂xm
(fγ + gγ) =

∂fγ
∂xm

+
∂gγ
∂xm

,

2. the product fγgγ : Ψ −→ Rp is differentiable at xm and

∂(fγgγ)

∂xm
= fγ(eγeσxm)

∂gγ
∂xm

+ gγ(xm)
∂fγ
∂xm

.

3. (xm)n : Ψ −→ Rp is differentiable at xm and

∂

∂xm
(xm)n =

n∑
k=1

(eγeσxm)n−k(xm)k−1.

Proof. 1.

∂

∂xm
(fγ + gγ) =

fγ(eγeσxm) + gγ(eγeσxm)− fγ(xm)− gγ(xm)

eγeσxm − xm
,

=
fγ(eγeσxm)− fγ(xm)

eγeσxm − xm
+

gγ(eγeσxm)− gγ(xm)

eγeσxm − xm

=
∂fγ
∂xm

+
∂gγ
∂xm

.

2.

∂

∂xm

(fγgγ) =
fγ(eγeσxm)gγ(eγeσxm) − fγ(xm)gγ(xm)

emeσxm − xm

=
fγ(eγeσxm)gγ(eγeσxm) + fγ(eγeσxm)gγ(xm) − fγ(eγeσxm)gγ(xm) − fγ(xm)gγ(xm)

emeσxm − xm

= fγ(eγeσxm)

[
gγ(eγeσxm) − gγ(xm)

eγeσxm − xm

]
+ gγ(xm)

[
fγ(eγeσxm) − fγ(xm)

eγeσxm − xm

]
= fγ(eγeσxm)

∂gγ

∂xm

+ gγ(xm)
∂fγ

∂xm

.

3.

∂

∂xm
(xm)n =

(eγeσxm)n − xn

eγeσxm − xm

= (eγeσxm)n−1 + (eγeσxm)n−2xm + (eγeσxm)n−3x2
m + . . .+ xn−1

m

=

n∑
k=1

(eγeσxm)n−kxk−1
m .

□✓✓✓

Remark 5.5. The proof for conjugates is similar.
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Now, let us consider the following example:

Example 5.6. For fγ(xm) = 3(xm)3

∂

∂xm
(3(xm)3) = 3

3∑
k=1

(eγeσxm)3−k(xm)k−1,

thus the left non-monogenic operator Df

D(3(xm)3) = 3eneσ

3∑
k=1

(eγeσxm)3−k(xm)k−1.

Now, for the right non-monogenic operator

(3(xm)3)D = 3eσen

3∑
k=1

(eσeγxm)3−k(xm)k−1.

and its conjugate we have

D(3x3
m) = 3eneσ

3∑
k=1

(eγeσxm)3−k(xm)k−1.

6. Suggestions for further works

The main point of this paper has been to show of the definition the derivatives for non-
monogenic functions. There are two further topics arising from this paper which are worth
investigation. First, one might consider the q− quadratic derivatives for non-monogenic
functions based in (see [5] for more details)

∂qf

∂qxm
=

f [(xm + q2emxn)xn]− f(xmxn)

qxn
,

∂qf

∂qxn
=

f [(xn + q2enxm)xm]− f(xnxm)

qxm
,

assuming that xnxm are not commutative, and considering the deformed version analo-
gous to (17)

Dqf = en
∂qf

∂qxm
+ em

∂qf

∂qxm
.

and secondly there is the problem of describing the solution of the differential equations
of the form

Df = en
∂f

∂xm
+ em

∂f

∂xn
= g, (33)

for g : Ψ −→ Rp.
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