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Abstract

In fractured rock masses, discontinuities control the mechanical response of rock
slopes. They even define the geometry of a potential failure, known a kinematically
controlled failure. Hence, a proper characterization and description are needed to
assess their stability. Accordingly, in this work, a reliability assessment of rock
wedges' stability was performed by a Monte Carlo simulation. The orientation of
discontinuities was modeled as a random variable that follows the rotationally
symmetric Fisher distribution. We developed an algorithm to define the modes of
failure based on the orientation of planes, which was articulated within a

methodology to compute the factor of safety of rock wedges explicitly. The algorithm
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Rock Wedge Stability Analysis by a Level Ill Reliability Method

systematically defines a set-up of joint planes. Then it verifies the relative location of
the slope orientation on that set-up, which is related to the mode of failure of the rock
wedge. The proposed algorithm was validated by comparison against commercial
software; both yielded the same results. Besides, the probability of failure and the
factor of safety probability function of removable wedges were computed for different
concentration parameters. Reliability assessment showed the importance of
properly characterizing the variability of joint orientation since the concentration
highly influences the computed probability of failure. In addition, a proper definition
of removable wedges by kinematic analysis is required before computing the factor
of safety because many combinations of planes do not lead to unstable wedges,
which reduces the probability of failure. Otherwise, it is overestimated. Finally, we
recommend further work on rock wedge reliability assessment involving rotational
nonsymmetric distribution.

Keywords: Fisher distribution; kinetic analysis; kinematic analysis; Monte Carlo

simulation; reliability assessment; rock wedge.

Estabilidad de cufias de roca utilizando un método de simulacién nivel Il
Resumen
En los macizos rocosos, la presencia de discontinuidades controla la resistencia de
los taludes. Estas incluso controlan la geometria de una falla potencial, lo que se
conoce como falla con control cinematico. Por lo tanto, es necesario caracterizar su
variabilidad de forma apropiada con el fin evaluar la estabilidad de los taludes en
roca. En este trabajo se llevan a cabo analisis de confiabilidad de estabilidad de
taludes rocosos. La orientacion de las discontinuidades se model6 como una
variable aleatoria siguiendo la distribucion Fisher, que es rotacionalmente simétrica.
Ademas, se planted un algoritmo para identificar los mecanismos de falla, que fue
adaptado a una propuesta existente para calcular el factor de seguridad de cufias
de roca de forma explicita. El algoritmo define de forma sistematica un arreglo de
planos. Luego, verifica la posicion del talud dentro que ese arreglo que se asocia al
modo de falla. El algoritmo fue validado contra los resultados de un programa
comercial para calcular factores de seguridad en cufias de roca. En ambos casos
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se obtuvo el mismo resultado. Ademas, se calculd la probabilidad de falla y la
funcién de probabilidad del factor de seguridad para cuiias removibles. Los analisis
de confiabilidad mostraron la importancia de efectuar una caracterizacion adecuada
de la variabilidad en la orientacion de las discontinuidades, ya que el parametro de
concentracion tuvo una gran probabilidad de falla. Se requiere efectuar un analisis
cinematico para definir las cufias removibles antes de calcular el factor de
seguridad, ya que no todas las combinaciones de planos derivan en cufias
potencialmente inestables, lo que reduce la probabilidad de falla. De no efectuarse
el analisis, esta se sobreestima. Finalmente, sugerimos ampliar este trabajo
empleando distribuciones de probabilidad que no sean rotacionalmente simétricas.
Palabras clave: analisis cinético; analisis cinematico; analisis de confiabilidad; cuiia

de roca; distribuciéon Fisher; simulacion de Monte Carlo.

Estabilidade da cunha de rocha usando um método de simulagédo de nivel Ill
Resumo

Nos macigos rochosos, a presenca de descontinuidades controla a resisténcia dos
taludes. Eles até controlam a geometria de uma falha potencial, conhecida como
falha controlada cinematicamente. Portanto, € necessario caracterizar
adequadamente sua variabilidade para avaliar a estabilidade de taludes rochosos.
Neste trabalho sdo realizadas andlises de estabilidade e confiabilidade de taludes
rochosos. A orientacdo das descontinuidades foi modelada como uma variavel
aleatéria seguindo a distribuicdo de Fisher, que é rotacionalmente simétrica. Além
disso, foi proposto um algoritmo para identificar os mecanismos de falha, que foi
adaptado a uma proposta existente para calcular explicitamente o fator de
seguranca para cunhas de rocha. O algoritmo define sistematicamente uma matriz
de planos. Em seguida, verifique a posicao da inclinacado dentro desse arranjo que
estd associado ao modo de falha. O algoritmo foi validado contra os resultados de
um programa comercial para calcular fatores de seguranca em cunhas de rocha.
Em ambos os casos obteve-se 0 mesmo resultado. Além disso, foram calculadas a
probabilidade de falha e a funcédo de probabilidade do fator de seguranca para
cunhas removiveis. As analises de confiabilidade mostraram a importancia de se
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realizar uma caracterizacdo adequada da variabilidade na orientagdo das
descontinuidades, uma vez que 0 parametro concentracdo apresentou alta
probabilidade de falha. Uma analise cinematica € necessaria para definir cunhas
removiveis antes de calcular o fator de seguranca, pois nem todas as combinacdes
de planos resultam em cunhas potencialmente instaveis, o que reduz a
probabilidade de falha. Se a analise ndo for realizada, ela é superestimada.
Finalmente, sugerimos estender este trabalho usando distribuicbes de
probabilidade que ndo séo rotacionalmente simétricas.

Palavras-chave: analise cinética; analise cinematica; analise de reabilitacdo; cunha

de rocha; distribuicdo de Fisher; simulacédo de Monte Carlo.
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|. INTRODUCTION
Rock slope stability is a significant concern in mining and infrastructure projects.
However, predicting the mechanical response of a fracture rock mass when
subjected to a loading process is a complex task since the response is highly
controlled by the interactions among blocks, which geometry is defined by the
presence of discontinuities.
The conventional practice deals with complexity by grouping the complex and
uncertain geometry of rock blocks within the rock mass into well-defined failure
mechanics with an explicit pre-defined geometry. Accordingly, the well-known
planar, wedge, and toppling failure kinematic controlled mechanisms of failure are
analyzed by limit equilibrium. Such an assessment is reduced to deterministic
models based on mean planes and slope orientation. This approach disregards both
the aleatory and epistemic uncertainty; the former is associated with the natural
variability of joints orientation, and the latter to the limitations of the measuring
technique to understand the rock mass discontinuities geometry comprehensively.
Despite the simplifications linked to the kinematically controlled mechanisms, the
wedge failures model considers the tetrahedron formed by two discontinuity planes,
an upper slope, and the main slope. This tridimensional representation of the rock
blocks allows to consider the variability of the orientation of two joint sets within an
explicit limit equilibrium formulation in terms of the factor of safety (FS). The stability
assessment of wedges implies the formulation of equilibrium of forces in a three-
dimensional space. This problem has been solved by stereographic projections
[11[2].
However, when a reliability assessment is performed, an explicit solution is more
suitable because several realizations of the model must be computed. Low [3]
developed a closed-form equation without graphical assistance based on a
geometric interpretation of the wedge. Subsequently, [4], [5] extended the equation
to an inclined upper slope. This solution has been applied to perform wedge failure
reliability assessment [4], [6], [7]. Moreover, Low’s model has also been used to
estimate system’s probability of rock wedges by conditional probability-based
methods [8]. The latter work takes advantage of the wedge model flexibility to
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implement its methodology in a spreadsheet. Other solutions have been applied to
perform a probabilistic analysis of wedges [9][10]-[12] including directional statistics.
A general approach using three-dimensional vector algebra was developed by [13],
which is a widely used solution implemented in the Swedge commercial software
(available at www.rocscience.com). Former implementations of this approach were
developed by [14] and [15]; the deterministic model was extended to perform a
probabilistic analysis of those wedges. This solution has been implemented along
with the Barton-Bandis failure criterion to perform reliability back analysis of rock
wedges [16] and system reliability seismic pseudo-static with the same failure
criterion [17].

Another limit equilibrium approach implemented along with a nonlinear strength
criterion has been proposed by [18]. This criterion involves the assumption of the
shear forces on both sides of the slip surface, which is not considered by the Mohr-
Coulomb and the Barton-Bandis failure criteria. However, this approach has not
been extended to the probabilistic analysis yet.

Within this framework, we conducted a probabilistic analysis of rock wedges and
performed a level Il probabilistic analysis by a Monte Carlo simulation. This analysis
resorts to Low’s model but introduces an algorithm to identify the modes of failure
systematically. Besides, information on rock slopes is taken using a close-range
stereoscopy technique, which gathers more robust data sets on joint orientations.
Finally, the proposed algorithms were implemented into a program coded in Python.

Il. MATERIALS AND METHODS

A. Deterministic Wedge Stability Model
Figure 1 shows the geometry of a potentially unstable wedge. The model can
analyze four modes of failure in this sort of wedges: failure along the intersection of

both joint planes, failure along either joint plane 1 or plane 2, and lifting failure.
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Fig. 1. Tetrahedral wedge model [5] adapted from [19].

The wedge’s factor of safety is computed according to Equation 1, when the failure
occurs along the intersection line.

b1Gy1

FS = (al — )tanq)l + (az - bszWZ) tanq)z + 3b1 ;_;l + 3b2 ;_2 (1)

Sy Y

where, &, and &, are the friction angles of planes 1 and 2, respectively. c¢; and c,
correspond to the cohesion of planes 1 and 2. Gw is the water pressure coefficient
of a pyramidal distribution. h is the slope height, and H is the total height, including
the upper slope. a4, a,, b;, and b, are geometric coefficients which are a function of
the following angles:

¢, is the horizontal angle between the strike line of plane 1 and the line of intersection
between the upper ground surface and the slope face. Idem for ¢, in plane 2. In this
model the modes of failure are related to these angles (Figure 2). §; and &, are the

dip angle of planes 1 and 2, respectively.

Slope strike '

Fig. 2. Horizontal angles defined by Low's wedge model.
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Equation 1 may be straightforwardly programmable. However, it resorts to horizontal
angles ¢;, ¢, §; and &,, which cannot be computed explicitly from the wedge
geometry. Low [5] presents a graphical approach to compute these angles, based
on the strikes of joint and slope planes, and applies the model to a wedge that fails
along the intersection line. However, there is no reference to a systematic way to
compute those horizontal angles, which is crucial since they define the mode of
failure.

Moreover, even though relative joint slope orientations lead to a given mode of
failure, e.g., along plane 2, when the variability of joints orientation is considered in
the probabilistic analysis, it is likely to have orientation combinations that yield other
failure mode.

Accordingly, this work evaluates a broad range of possible combinations of joint and
slope planes considering the planes as a Fisher-distributed random variable. Hence,
different failure modes are expected (along intersection lines, plane 1, plane 2, or

lost on contact). Moreover, thousands of realizations of the model are carried out.

B. Algorithm to Define the Mode of Failure

An algorithm to compute angles ¢,, ¢,, §; and §, is proposed in this section. It is
based on the trend of the planes as depicted in Figure 3. These trend lines are
treated as vectors to generate a fixed set-up, which allows defining the

corresponding mode of failure.

— Joint dip
< Slope dip

Fig. 3. Plane triangle. Joints and slope planes set-up.
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The first step is to generate a reference set-up of planes, which applies to all possible
relative orientations of input planes. The procedure proposed to find this
arrangement is the following:

1. Define two horizontal vectors ddi (plunge = 0) oriented as the dip direction, «;, of

joint planes:
dd; = (a;,0) 2)
2. Define the horizontal vector ti and express it according to their direction cosines:
t; = (sin(a;), cos(a;), 0) )

3. Order the joint planes so that the third component of the cross product is positive.
This condition guarantees a unigue order assignation for joint planes.
t; Xty = (0,0,k), V ty,t; | k >0 (4)
4. Then, considering that planes are vectors rather than axis, give a convenient
definition of the orientation of joint planes (i4,t,), and the slope (i)
u=a,—90, L, =a,—-90, ,=a;+90 (5)
With the described algorithm, a set-up such as the one plotted in Figure 3 is obtained.
Here, the angle between joint planes is always less than 180°, which generates four
regions where the slope line, ;, may lie, as shown in Figure 4. The regions
correspond to:
e Region I: Wedge slides along plane 1. i lies in this region if (; < ; <,
e Region II: Wedge slides along plane 2. i lies in this region if ¢; + 180 < 5 <
1, + 180
e Region lll: Wedge slides along intersection of planes. i lies in this region if
Ly < i, <t +180
e Region IV: No sliding wedge is formed. i lies in this region if i, + 180 < 15 <

4.
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— Joint dip
< Slope dip

Fig. 4. Plane triangle. Regions defined by joints combination.

Once identifying within which region ( falls, angles ¢, ¢,, 8, and §, are calculated.
This task requires some additional refinement depending on what quadrants ¢, t,
are located. As an example, the results for 0 < ; < 180 and 0 < (, < 180 are
presented below.
1. If i lies in region |, then:
(1=t—l, $=1l—1, 0p=dip;, &, =dip, (6)
2. If i lies in region I, then:
(G =1ts— (4 +180), ¢, =(, +180) -y, 6; =dip;, 6, =180 —dip, (7)
3. If i lies in region I, then:
(1= +180) -1, =1~ 6, =dip;, &, =dip; (8)

This process is repeated for every combination of ¢; and ¢, quadrant location.

C. Fisher Distribution

The orientation of planes within a joint set is modeled as a Fisher distributed random
variable to account for their variability. The Fisher is a unimodal rotational symmetric
distribution around a true orientation [20]. Hence, the distribution is represented by
three parameters, i.e., the dip, £, and the dip direction a of the mean orientation, as
well as a concentration parameter k. The latter represents the variability around the
mean orientation: the larger k, the larger the dispersion of the data.

In this work, the distribution parameters «, f and k of each joint set were estimated

from the measured planes. Then, several orientation planes are generated by a
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Monte Carlo simulation. A detailed explanation of the parameters estimation and

planes simulation is presented in [20], [21].

D. Removable and Unstable Blocks
The block presented in Section 2.1 is a removable block resulting from the
intersection of two joint planes and two slope planes. However, not every
combination yields a potentially unstable wedge. Hence, a kinematic analysis was
carried out to verify if the block is removable before checking the block stability. The
conditions for a block to be removable are [22]:

1. The trend of joints intersection and slope must be similar.

2. The plunge of the intersection line must be lower than the slope dip.

D. Reliability Assessment Methods
Reliability assessment methods can be classified as follows, depending on the type
of calculation [23]:
e Level I: At this level no failure probabilities are calculated. The design is
performed under standards.
e Level II: At this level, the probability of failure is calculated by linearizing the
reliability function in a carefully selected point.
e Level lll: Methods at this level compute the probability of failure considering
the probability density function of all strength and load variables.
In this work, a Monte Carlo procedure was selected, which belongs to level Il

reliability methods.

E. Probability of Failure

To perform the probabilistic analysis, the joint orientation was considered as a
random variable that represents the aleatory uncertainty inherent to the orientation
of joints. This random variable was assumed to follow a Fisher distribution.

As for the analysis, joint strength parameters were considered deterministic, as well

as slope trend and plunge.
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The procedure to compute the probability of failure of rock wedges by a Monte Carlo
simulation is the following:
1. Define joint sets by a k-means clustering algorithm.
2. Compute the Fisher distribution parameters for each joint set.
3. Simulate a joint orientation for each joint set by a Monte Carlo simulation. For
the it simulation of the two joint planes:
a. Verify the kinematic conditions for removability. If not removable, go
back to step 2. If kinematically unstable, update the number of

removable blocks, Nyemovabie-

removable +1

N. removable

b. Compute the factor of safety (FS) according to Equation 1. If FS<1.0,
update the number of unstable blocks, N, ,stapie:
Nunstabte = Nunstabte +1
4. Simulate the i"+1 combination of joint planes.
5. To repeat while i < N, where N is the desired number of realizations of the
model.

As a result, the factor of safety of each realization is obtained, along with the number
of removable and unstable blocks. Consequently, the probability of failure (PF) can
be computed as follows:

Nremovable % Nunstable _ Nunstable

PF = =
N N. removable N

From these results, a probability function can be built for the removable blocks since

the total cumulative probability must be equal to 1.

[ll. RESULTS

The algorithm proposed in this work was applied to the structural information
collected in a sandstone mine located in Une, Cundinamarca. The quarry exploits a
sedimentary rock mass that consists of interbedded layers of claystone and
sandstone, as shown in Figure 5. A detailed presentation on the geology and

structural information of the quarry is presented in [24], [25].
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s : Sandstone
foo EORy B

k

Fig. 5. El pedregal mine. Main slope with interbedded layers of shale and sandstones.

Figure 6 summarizes the structural information collected in the mine in 2017 using a
short-range stereoscopy system [25]. This information was clustered by a K-means
algorithm yielding the joint sets reported in Table 1, with their corresponding mean
orientation and concentration parameters and assuming that they follow a Fisher
distribution. There are three joint sets (red and green), two subvertical and one

bedding plane (blue).

Fig. 6. El Pedregal mine poles plot. Joint sets.

Table 1. Joint sets statistical parameters.

Joint set 1 Joint set 2 Bedding
Number of poles (N) 826 743 593
Dip direction (°) 171.1 51.9 294.4
Dip (°) 85.8 79.8 14.4
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As for the other parameters, they were assumed as deterministic as follows:
e Slope dip direction = 330° and 89°
e Slope inclination = 70°
e Upper slope angle = 10°
e Slope height = 15m
Geomechanical parameters were taken from shear tests along joints as follows:
e Friction angle = 40°
e Cohesion = 55kPa
Stability analysis was performed for wedges formed by:
e Wedge 1: Slope face, bedding, and joint 1
e Wedge 2: Slope face, joint 1, and joint 2

For these planes, the assessed values of k were 10, 20, 50, and 100, with 50,000

simulations. Accordingly, the factor of safety probability function, as well as the

probability of function were computed for each k value.

The first task is to validate the results obtained by the algorithm proposed in section

2.2. Hence, stability analyses were performed by this algorithm and compared to the

results yielded by the commercial software. Some selected results are included in

Table 2. As can be seen, results obtained with the proposed algorithm match those

yielded by Swedge. This validation is critical since the Monte Carlo simulation

requires thousands of FS computations.

Table 2. Wedge FS computed by the proposed algorithm and Swedge.

o FS by the FS computed I FS by the FS computed

Realization proposed Realization proposed
X by Swedge . by Swedge
algorithm algorithm

1 14 14 9 25 25

2 15 15 10 2.6 2.6

3 0.8 0.8 11 1.6 1.6

4 0.9 0.9 12 1.7 1.7

5 11 11 13 2.1 2.1

6 1.0 1.0 14 1.9 1.9

7 1.1 1.1 15 2.0 2.0

8 11 11
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Once the algorithm is validated, the next step is simulating the planes’ orientations
for stability analysis. According to the statistical parameters reported in Table 1,
50,000 planes were simulated from each joint set. Figure 7 depicts stereonets with
the simulated planes of each joint set with k values of 50 and 100. Results show that
the implemented algorithm does randomly simulate rotational symmetric orientation
planes around the mean orientation. Besides, results are coherent with the
dispersion expressed by «k, i.e., the lower k, the higher the dispersion (larger area

covered by simulated poles).

Bedding k=50 Joint set 1 k=50 Joint set 2 k=50

Bedding k=100 Joint set 1 k=100 Joint set 2 k=100

Fig. 7. Factor of safety probability functions of removable blocks formed by bedding and joint set 1.

Subsequently, with the simulated planes, the factor of safety was computed 50,000

times for each x value. The probability of failure was calculated by using them and

Revista Facultad de Ingenieria (Rev. Fac. Ing.) Vol. 32 (63), e14768, January-March 2023. Tunja-Boyaca,
Colombia. L-ISSN: 0121-1129, e-ISSN: 2357-5328.
DOI: https://doi.org/10.19053/01211129.v32.n63.2023.14768



https://doi.org/10.19053/01211129.v32.n63.2023.14768

Rock Wedge Stability Analysis by a Level Ill Reliability Method

summarized in Table 3. Moreover, the probability functions defined for the factor of

safety are depicted in figures 8 and 9 for wedge 1 and wedge 2, respectively.

Table 3. Probability of failure of the wedge formed by bedding and joint set 1.

Concentration Bedding — Joint 1 (Wedge 1) Joint 1- Joint 2 (Wedge 2)
parameter, K Probability of failure Probability of failure
10 0.04895 0.18250
20 0.01402 0.16872
50 0.00028 0.07352
100 0.00000 0.05516
1.0 1.0
Zos Zos
g 2
O 0.6 o 06
E 0.4 E 0.4
g g
O o2 3 o2
0.0 0.0
0 2 4 6 8 10 0 2 4 6 8 10
Factor of Safety Factor of Safety
K=10 K=20
1.0 1.0
Z o8 Z o8
8 g
O 0.6 © 0.6
g o4 B 049
E E
3 o2 302
0.0 T T T T 0.0 T T T T
0 2 4 6 8 10 0 2 4 6 8 10
Factor of Safety Factor of Safety
K =50 K=100
Fig. 8. Factor of safety probability functions of removable blocks formed by bedding and joint set 1
(Wedge 1).
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Fig. 9. Factor of safety probability functions of removable blocks formed by bedding and joint set 1
(Wedge 2).

The first noticeable result is that the probability of failure reported in Table 3 is
smaller than the one included in figures 8 and 9. This is because the probability of
failure is computed using the total number of realizations of the model, while the
probability function is built with the removable blocks. This is the result of performing
a kinematic analysis before the kinetic stability assessment.

This result highlights the importance of considering the total number of simulations
to compute the probability of failure, not only the removable blocks, since the
combination of planes that lead to nonremovable blocks is also likely. If they are not
considered, the probability of failure is overestimated.

On the other hand, there is a reduction in the probability of failure as x increases,
I.e., as the orientation concentration increases. This result reflects that the closer the
planes to the mean orientation, the less critical is the stability condition. Hence,

Revista Facultad de Ingenieria (Rev. Fac. Ing.) Vol. 32 (63), e14768, January-March 2023. Tunja-Boyaca,

Colombia. L-ISSN: 0121-1129, e-ISSN: 2357-5328.
DOI: https://d0i.org/10.19053/01211129.v32.n63.2023.14768



https://doi.org/10.19053/01211129.v32.n63.2023.14768

Rock Wedge Stability Analysis by a Level Ill Reliability Method

higher dispersion leads to several plane combinations that are more critical than the
mean condition.

The probability functions also provide information on the failure modes, even for the
same set of planes. For instance, for wedge 1, as k increases, the number of wedges
that lose contact on both planes decreases, which is reflected in the lower number
of wedges with FS=0.

IV. CONCLUSIONS

This paper presents a reliability assessment of rock wedges by Monte Carlo
simulation. An algorithm based on joints and slope planes trend vectorial analysis is
proposed to define the modes of failure and it was incorporated within a limit
equilibrium wedge stability model. This algorithm is the main contribution of this
work. The algorithm was coded in Python and compared to a commercial software
to validated it.

Besides, the reliability analysis involves a kinematic analysis to define the removable
block prior to the latter to assess the wedge stability. Therefore, the total number of
realizations of the analysis should be considered to compute the probability of failure;
otherwise, this probability is overestimated.

The reliability analysis showed the importance of accounting for the variability of joint
orientation; if not, several likely combinations of joint orientation with a more critical
stability condition than the vyielded by the mean orientation are disregarded.
Unfortunately, there is no way to consider those critical wedges by a deterministic
analysis.

We suggest further analysis considering rotational nonsymmetric distributions to
model the variability of joint sets orientation to get a more accurate description and

more reliable results on the probability of failure.
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