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Abstract 

When electrical engineering students start their instrumentation and measurement 
course, they have previously taken calculus, physics, probability, and statistics. However, 
they have problems to apply the knowledge they acquired to solve problems related to 
electrical measurements and variables in the profession, such as water flows, solar 
radiation, wind speed and water levels. This paper shows how to integrate all the concepts 
involved in the process to calculate measurement uncertainty in order to improve the way 
the results of measurements and/or error determination processes are described. For that 
purpose, this study presents an applied exercise and a methodological process by means of 
an example, where the value of a resistance is determined taking into account the data of 
voltage and current measurements and using few data. The objective is to focus the process 
on estimating Type A and Type B uncertainty and the factors that affect the measurement 
processes, such as uncertainty due to random variations of the measured signals, 
instrument defects, imprecision of the instruments, or their resolution. During the 
calculation of uncertainty proposed here, students use the probabilistic knowledge they 
have acquired after they determined the value of the uncertainty U from the combined 
uncertainty u𝑐 (R), where the coverage factor is taken into account. This allows us to learn 
about the importance of expressing the results with higher (+) or lower (-) values of 
uncertainty. In the exercise carried out in this work, R = 733.31 +/- 8.10 ohm.  
 
Keywords 

Measurement Uncertainty, Measurement Errors, Engineering Education, Electric 

Variables, Design Methodology. 
 

Resumen 

Cuando los alumnos de Ingeniería Eléctrica inician el curso de Instrumentación y 
medidas, han visto previamente los cursos de Cálculo, Física, Probabilidad y Estadística; sin 
embargo, tienen problemas para aplicar los conocimientos adquiridos en la solución de 
problemas relacionados con mediciones, no solo eléctricas sino de las variables que tienen 
que ver con el ejercicio de la profesión como lo son: caudales de agua, radiación solar, 
velocidad del viento y niveles de agua. El artículo muestra cómo integrar todos los conceptos 
mencionados en el proceso de determinación de la incertidumbre en medidas, con el fin de 
mejorar la forma como se describen los resultados de los procesos de medición y/o 
determinación de errores. Con este propósito, se muestra el proceso metodológico descrito 
mediante un ejemplo para determinar el valor de una resistencia, teniendo en cuenta los 
datos de las medidas de voltaje y corriente, utilizando pocos datos. El objetivo es conocer la 
incertidumbre Tipo A, Tipo B y los factores que afectan los procesos de medida debida a: 
incertidumbre por variaciones aleatorias de las señales medidas, incertidumbre por defectos 
de los instrumentos, incertidumbre por imprecisión de los instrumentos e incertidumbre por 
resolución de los mismos. Durante el cálculo de la incertidumbre, el estudiante usa el 
conocimiento probabilístico adquirido después de determinar el valor de la incertidumbre U, 
a partir de la incertidumbre combinada u𝑐 (R), donde se tiene en cuenta el factor de 
cobertura. Esto permite aprender la importancia de expresar los resultados con valores 
superiores (+) o inferiores (-) de incertidumbre. Para el caso del ejercicio 
desarrollado: R = 733,31 +/- 8,10 ohm. 

 

Palabras clave 

Incertidumbre en medición, errores de medición, educación en ingeniería, variables 

eléctricas, diseño metodológico. 
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1. INTRODUCTION 

 

When learning methodologies are 

discussed, the conditions that individuals 

have to produce changes in their mental 

patterns and representations are part of 

the conversation because they allow the 

evolution of preexisting knowledge through 

learning material, interactions, or 

discovery. However, learning is a personal 

experience in the thinking and acting 

process [1]. 

 Currently, most devices people use 

measure a significant number of variables 

and can be controlled by the so-called 

Internet of Things (IoT) [2], which is based 

on a great multiplicity of physical 

principles of communication networks. 

This technology has increased the volume 

of data generated by systems and has 

created the need to develop methods to 

store and process data, such as Big Data, 

which includes various technologies 

associated with the management of 

considerable volumes of information [3]. 

The opportunities derived from the 

acquisition, processing, analysis, and 

storage of data open up a space for the 

innovation and development of non-

technology producing countries, which is 

why the academic sector must be 

adequately prepared to take advantage of 

the economy offered by the IoT [4]. 

Therefore, the accuracy of data 

acquisition such variables should be 

studied in the classrooms of the 

universities where engineering programs 

are taught. Actually, most students take 

measurements without caring about the 

precision of the uncertainty. For that 

reason, methodologies that lead students 

to adopt appropriate measurement 

practices should be found due to the 

importance of measurement accuracy. In 

the process of training engineers, in some 

of their courses, it is necessary to take 

measurements; for that reason, it is 

important to precisely define the concepts 

and procedures to reduce the error as 

much as possible and be certain about the 

reliability of the measurement. Taking this 

into account, the following question arises: 

¿What could be an appropriate 

methodology, for university courses of 

electrical engineering, to make 

measurements taking into account 

uncertainty factors? 

Such methodology should include 

multiple concepts: uncertainty, absolute 

error, dispersion measurements, 

fundamental statistical concepts, and clear 

theoretical components that are required 

for taking measurements. Regarding 

uncertainty, it is essential to know how to 

express its types, which are present in the 

process of taking measurements, and the 

process to calculate it. 

Many types of instruments can be used 

in measurement tests, and multiple data 

collection alternatives are available; 

nevertheless, it is essential to look for the 

highest possible precision and accuracy. 

Importantly, the criteria used to carry out 

selecting instruments and data collection 

methods is based on experience, 

knowledge, processes, and appropriate 

calculations, but, above all, on following 

the methodology taught in class, because 

on it depends the calculation of 

appropriate measures according to 

particular objectives and with minimum 

error levels. 

This paper describes a teaching process 

for engineering students that is followed to 

determine the value of a resistance based 

on measurements and uncertainties of 

voltage and current measurements. 

Section 2 is a literature review of the main 

theoretical concepts included in the 

development of the methodology. Section 3 

explains and justifies the methodological 

process carried out by the teacher. Section 

4 introduces the implementation and the 

results obtained from an exercise 

completed by students. 

 

 

 



Determination of Uncertainty in Measuring Instruments in Electrical Engineering Programs 

[174]  TecnoLógicas, ISSN-p 0123-7799 / ISSN-e 2256-5337, Vol. 22, No. 46, sep-dic de 2019, pp. 171-183 

2. THEORETICAL FRAMEWORK 

 

If appropriate classroom strategies for 

common goals are used, students develop 

interpersonal strategies and higher levels 

of thinking knowledge [5]. There is a 

general interest in implementing virtual 

learning environments, which involve both 

teaching and learning process, since they 

are open, flexible, interactive, and dynamic 

spaces; but due to their heterogeneity, it is 

necessary to evaluate them and determine 

if they meet the pedagogical objectives [6]. 

Active learning, a student-centered 

approach directly focused on the process, is 

being promoted because it has been shown 

to address significant activities and critical 

thinking, thus developing skills such as 

teamwork, problem solving, and analysis 

[7]. In engineering fields, project-driven 

education as a comprehensive strategy has 

produced good results, since it draws on 

the benefits of problem-based learning and 

integrates other approaches, which help to 

improve students’ skills, highlighting 

positive aspects of this methodology [8]. 

In activities involving electrical devices 

and measuring equipment, it is difficult to 

identify and evaluate the incompleteness of 

the results accurately and efficiently. 

There are techniques, such as problem 

probability density functions, to estimate 

measurement uncertainty [9]. According to 

[10], as a result of the variability of 

proposals for the estimation of uncertainty, 

there are tools such as the Guide to the 

Expression of Uncertainty in Measurement 

(GUM), Diffuse Sets, Polynomial Chaos 

Resampling (Bootstrap), Bayesian 

Inference, Generalized Interval, and the 

Monte Carlo Method (MCM). A 

combination of the GUM with other 

estimation methods has been used where 

mathematical models are very complex and 

the propagation of uncertainty must be 

simplified. 

To calculate measurement uncertainty 

as proposed in this work, engineering 

students must clearly understand the 

following concepts related to different 

types of measurements that will be carried 

out. 

 
2.1 Voltage Measurements 

 
For controlling the operating conditions 

of the elements that compose an electrical 
system, it is necessary to monitor variables 
such as voltage [11]. When these systems 
are scaled, as those typically used to teach 
students, voltage is measured with a 
voltmeter and connected in parallel to the 
two voltage measuring points. If the 
connection is upside down, the 
measurement is negative. 

 
2.2 Current Measurements 

 
Intensity, in mathematical terms, is 

defined, for electric current 𝒊, as the 
variation of load 𝒒 in a time interval 𝒕. 
Electric current is calculated in amperes 
[12] and measured with an ammeter that 
is connected in series in the circuit to be 
measured. It is necessary to take into 
account the polarity of the connection; if it 
is upside down, the measurement is 
negative. 

 
2.3 Resistance Measurements 

 

Electrical resistance is the opposition of 

electrical conductors to the electric current, 

that is, their opposition to moving 

electrons [13]. It is measured with an 

ohmmeter connected between the two ends 

of the resistance to be measured, which 

should be disconnected from the electrical 

circuit. 

 
2.4 Statistical Measures of Interest 

 

In engineering, the correct use of 

statistics must be understood as a tool to 

analyze variables. A data set can have 

many observations and statistics is used to 

summarize this numerical information and 

infer properties about a population [14]. 

Some related concepts will be explained 

below. 
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2.4.1 Arithmetic Mean  

 

For energy devices to be reliable, 

careful calculations must be carried out in 

order to ensure that their electrical 

parameters and other characteristics are 

optimal [15]. The arithmetic mean, the 

main measure of central tendency, is used 

for these calculations; it is defined as the 

average value of the samples (xi) divided 

by the total number of data (n) (1): 

 

𝑥 =  
1

𝑛
 ∑ 𝑥𝑖 (1) 

 
2.4.2 Variance  

 

Variance measures the dispersion of 

the data around the mean. If it is low, the 

values of the set are mainly grouped; if it is 

high, the elements are scattered [16]. 

Variance is equal to the standard deviation 

squared and is defined as the expectation 

of the squared deviation of a variable from 

its mean is obtained from (2), where xi is a 

value of a data set; x is the average of the 

data set; and N is the number of data. 

 

𝜎2 =  
∑ (𝑥𝑖 − 𝑥)2 𝑛

𝑖=1

𝑁
 (2) 

 
2.4.3 Standard Deviation  

 

Standard deviation, the most common 

dispersion measure, indicates how 

scattered the data are with respect to the 

mean; the higher the standard deviation, 

the greater the dispersion of the data [17] 

(3), where: xi is a value of a data set; x is 

the average of the data set; and N is the 

number of data. 

 
 

𝜎 =  √
∑ (𝑥𝑖 − 𝑥)2 𝑛

𝑖=1

𝑁
 

(3) 

 

 

 

2.5 Measurement Errors 

 

The supervision and real-time operation 

of electrical energy systems require precise 

measurements [18]; hence, the calculation 

of the error becomes a tool that ensures the 

reliability of the data measured in the 

system (4): 

 

𝛦𝐴𝑏𝑠 = 𝐴𝑣𝑒𝑟𝑉𝑎𝑙𝑢𝑒𝑀𝑒𝑎𝑠𝑢𝑟𝑒𝑠 −  𝑅𝑒𝑎𝑙 𝑣𝑎𝑙 (4) 

 

The error value is important and 

provides a general idea of the accuracy of 

the instrument being used to perform the 

measurement. However, to improve the 

expression that characterizes the error, it 
must be accompanied by the uncertainty, 

which is calculate based on the Guide to 

the expression of Uncertainty in 

Measurement (GUM). The latter provides 

a method to evaluate the uncertainty 

based on the law of propagation of 

uncertainty and the characterization of the 

output by a Gaussian distribution [19] (5): 

 
Ε =  𝐸𝐴𝑏𝑠 +/− 𝑈𝑥 (5) 

 

Where, 𝑼𝒙 denotes the composite 

uncertainty of that measure. 

 
2.6 Uncertainty Expression 

 

The word “uncertainty” means doubt, 

and “measurement uncertainty” means 

doubt about the validity of the result of a 

measurement. The ideal method to 

evaluate and express the uncertainty of 

the result of a measurement must be [20] 

universal, internally consistent, and 

transferable. 

Most common types of uncertainty in 

the literature: 

-Uncertainty: The parameter associated 

with the result of a measurement, which 

characterizes the dispersion of the values. 

It is evaluated as follows: typical 

uncertainty, Type A evaluation, Type B 
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evaluation, and combined typical 

uncertainty. 

-Expanded uncertainty: The interval 

around the result of a measurement, and 

in which a significant fraction of the 

distribution of values that could 

reasonably be attributed to the 

measurement is expected to be found [21]. 

 

 

3.  METHODOLOGY  

 

The methodology for calculating the 

uncertainty of a measurement that was 

taught and followed by engineering 

students in this work is summarized in 

eight steps (Fig. 1). The teaching strategy 

adopted in this study is project-based 

learning because it draws on the benefits 

of problem-based learning and allows 

students to follow a detailed methodology 

where they learn about the two most 

commonly used types of uncertainty: (1) 

Type A and how it must be determined 

based on the measurements obtained 

during the experiment; and (2) Type B, 

which specially refers to patterns of 

uncertainty of the instruments, which are 

normally provided by the manufacturer. 

The first step is to express, in 

mathematical terms, the dependence of the 

magnitude of output with respect to the 

input. Then, significant corrections due to 

systematic errors are identified and 

applied. The estimated value of each input 

variable is determined with statistical 

analysis, calculating, for each input 

variable, the contribution to the combined 

uncertainty and observing whether there is 

a correlation between the random 

variables. Next, a coverage factor 𝒌 is 

selected as a function of the probability to 

determine the expanded uncertainty  𝑼. 

Finally, the result of the measurement is 

expressed, indicating the estimated output, 

the associated expanded uncertainty, the 

coverage factor, and the type of assumed 

distribution. 

 

 

4.  RESULT TO DETERMINE THE ERROR 

AND UNCERTAINTY 

 

To measure resistance, engineering 

students usually employ a precision 

multimeter or a Wheatstone bridge, which 

is an electrical circuit used to measure 

unknown resistances [22]. However, for the 

purposes of this study, a precision 

ammeter and voltmeter should be used in 

order to train students to implement 

mathematical tools to validate the results 

of the calculation of the resistance by 

indirect measurement. 

Fig. 2 shows the assembly suggested to 

students, which includes DC power supply, 

ammeter, voltmeter, and resistance, whose 

value must be determined. 

The lab instruments used in this 

exercise have the following characteristics: 

Voltmeter: 4 ½ digits; range, 0 – 200 V; 

data supplied by the manufacturer in 

relation to the error, ± 0.2 % of the reading 

+ 1 digit; and internal resistance, 20 mΩ. 

Ammeter: Class 1 analogue instrument; 

range, 200 mA; αmax 200 divisions; and 

internal resistance, (Ra) = 50 mΩ. 

With these instruments, three initial 

measurements were taken; they are shown 

in Table 1: 

 
Table 1. Initial measurements of voltage and 

Current. Source: Authors. 

Variable 1 2 3 

Vmeasured [V] 118.50 120.45 122.22 

Imeasured [mA] 160.1 164.2 158.9 

 

Students seek to determine the value of 

𝑅 with a probability of 99 %, taking into 

account relevant aspects so that the value 

is as accurate as possible, and the 

expanded uncertainty assuming an 

expansion factor 𝐾 = 2.  
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Fig. 1. Methodology to calculate uncertainty. Source: Authors. 

 

 

 
Fig. 2. Circuit to make the measurements. Source: Authors. 

 
4.1 Representation of the function domain 

problem 

 

This is one of the most important 

aspects in the process of training of 

engineers: developing students’ skills to 

associate variables of the real world with a 

mathematical expression that relates and 

represents them. At this point students are 

prepared to represent the objective 

function with the external variables that 

affect the magnitude determination of the 

target problem, based on the overall 

functions (6) and (7). 

 

The function that should be analyzed is 

related to the calculation of the value of 

Resistance 𝑹 from the measured variables 

Voltage 𝑽 and Current 𝑰. The measured 

voltage includes the voltage drop in the 

ammeter due to the internal resistance of 

the same (𝑅𝑎), which should be subtracted 

to determine the exact value on the 

resistance. Then, the net voltage on the 

resistance 𝑅 will be (8). 

 
𝑌 = 𝑓(𝑋1, 𝑋2, … , 𝑋𝑁) = 𝑅 (6) 

 
𝑅 = 𝑓(𝑉measured, 𝐼measured) (7) 
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𝑉𝑟 = 𝑉 − (𝐼𝑅𝑎)      𝑅 =
𝑉𝑟 − 𝐼𝑅𝑎

𝐼
 (8) 

 

4.2 Sources of Uncertainty 

 

In this methodology students should 

analyze and determine uncertainties 

produced by the following factors: random 

variations in the measured voltage, 

random variations in the measured 

current, operating malfunction of the 

voltmeter, ammeter malfunction, finite 

resolution of the voltmeter, difficulty to 

read the ammeter, and combined 

uncertainty. 

 
4.3 Uncertainty due to random variations in 

the measured voltage 

 

To determine the average voltage of the 

measurements should be calculated, as 

shown in (9). The experimental standard 

deviation of the measured voltage is 

expressed in (10). 

 

𝑉average =
1

3
∑ (𝑉𝑖)3

𝑖=1  = 120,39 V (9) 

 

If the measurements include less than 

10 samples, the t-student distribution is 

used, with the degrees of freedom for 

samples n, (in this case 𝒏 = 𝟑  and a 

68.27 % probability), to ensure that the 

range has up to one standard deviation; for 

that purpose, factor t [23] has a value of 

1.32. Therefore, the uncertainty of the 

measured voltage is (11). 

 
4.4 Uncertainty by random variations in the 

measured current 

 

This type of uncertainty is evaluated as 

Type A uncertainty; therefore, it is 

necessary to calculate the average and the 

standard deviation as in, (12), (13) and 

(14). 

 
4.5 Uncertainty due to malfunction of the 

voltmeter 

 

In this case, professors explain to 

students that uncertainty due to 

malfunction of the voltmeter, because it is 

a digital device, is directly related to the 

error that the manufacturer specifies, that 

is to say, the “Accuracy Class” of the 

instrument (15). 

Uncertainty due to the incorrect 

operation of the voltmeter is given by the 

norm as a rectangular distribution (16). 

 

 

𝑆(𝑉 measured) = √
1

3 − 1
∑(𝑉𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑(𝑖) − 𝑉𝑎𝑣𝑒𝑟𝑎𝑔𝑒)

2
3

𝑖=1

𝑆(𝑉 𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑) = 1.8604 𝑉 (10) 

 

𝑈(𝑉 𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑) ≅ 𝑡
𝑆(𝑉 𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑)

√𝑛
= 1.32 ∗  

1.8604 𝑉

√3
  𝑈(𝑉 𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑) = 1.4178 𝑉 (11) 

 

𝐼average =
1

3
∑(𝐼𝑖)

3

𝑖=1

 

𝐼average = 163.63 𝑚𝐴=0.16363 A 

(12) 

 

𝑆(𝐼 𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑)√
1

3−1
∑ (𝐼𝑚𝑒𝑎𝑠𝑢𝑟𝑒(𝑖) − 𝐼aver)

23
𝑖=1 =3.28 𝑚𝐴 (13) 
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𝑈(𝐼 𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑) ≅ 𝑡
𝑆(𝐼 𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑)

√𝑛
= 1.32 ∗

3.2868 𝑚𝐴

√3
=2.5248 𝑚𝐴 =0.00252A (14) 

 
𝐸𝑟𝑟𝑜𝑟 voltmeter operation = ±(0.20% rea + 1 𝑑𝑖𝑔) 

𝐸𝑟𝑟𝑜𝑟 voltmeter operation = (
0.2

100
∗ 120,39 𝑉 + 0.01)  = 0.25078 𝑉 

(15) 

 

𝑈(voltmeter operation) =
𝑎

√3
𝑈(voltmeter operation) =

0.25078 𝑉

√3
  = 0.14478 𝑉 (16) 

 
4.6 Uncertainty due to ammeter malfunction 

 

Analogously, the uncertainty, in the 

case of the current measurement made 

with the analogue ammeter, is related to 

the error in the readings provided by the 

manufacturer, which is called “Class” and 

a rectangular probability distribution, (17) 

and (18): 

 

𝐸𝑟𝑟𝑜𝑟 𝑎𝑚𝑚𝑒𝑡𝑒𝑟 𝑟𝑒𝑎𝑑𝑖𝑛𝑔 = ±
𝐶𝑙𝑎𝑠𝑠 ∗ Scope

𝛼 𝑚𝑎𝑥
 

 
𝐸𝑟𝑟𝑜𝑟 𝑎𝑚𝑚𝑒𝑡𝑒𝑟 𝑟𝑒𝑎𝑑𝑖𝑛𝑔 = 1 𝑚𝐴 

(17) 

 

𝑢(𝑓𝑢𝑛𝑐 𝑎𝑚𝑚𝑒𝑡) =
𝑎

√3
 = 0.5773 𝑚𝐴 = 0.0005773𝐴 (18) 

 
4.7 Uncertainty caused by the finite 

resolution of the voltmeter 

 

The instrument is 4 ½ digits; therefore, 

it must be taken into account that the 

reading would have five digits, the first of 

which would be number 1. The maximum 

readingis 19999 on the scale of 200 volts, 

and the maximum measurement is 199.99; 

hence, its resolution is 0.01 V. By the the 

Guide to the expression of Uncertainty in 

Measurement (GUM), uncertainty is 

associated with the rectangular 

distribution (19): 

 

𝑈(voltmeter resolution) =
𝑎

√3
 = 0.00288 𝑉 (19) 

 
4.8 Uncertainty due to difficulty to read the 

ammeter 

 

As it is a class 1 instrument, its reading 

uncertainty is ¼ of division, which is the 

minimum acceptable variation (20) y (21). 

This type of uncertainty is associated to 

the rectangular distribution taking into 

account the uncertainty rules.  

 
4.9 Correlation Determination 

 

Starting from the simple observation of 

the circuit, one may determine that there 

is a correlation because there is variation 

in the supply voltage 𝑽, which leads to a 

change in the current 𝑰 of the circuit that is 

circulating through resistance 𝑹. The 

objective is that the student notices the 

direct relationship between the physical 

phenomena, the concept, and the 

mathematical representation 

Conceptually, the correlation is 

mathematically [24] defined as (22). 

 

𝐼 Minimal Appreciable Variation =
1

4
𝑑𝑖𝑣 ∗

Scope

𝛼 𝑚𝑎𝑥
   = 0.25 𝑚𝐴 (20) 

 

𝑈(difficulty lect amp) =
𝑎

√3
= 0.1443 𝑚𝐴 = 0.00014𝐴 (21) 

 

𝑟(𝑋𝑖 , 𝑋𝑗) =
covariance (𝑋𝑖𝑋𝑗)

√𝑣𝑎𝑟𝑖𝑎𝑛𝑐𝑒 𝑋𝑖  𝑣𝑎𝑟𝑖𝑎𝑛𝑐𝑒 𝑋𝑗

 (22) 
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The covariance associated with the 

estimates of two input magnitudes Xi and 

Xj may be considered equal to cero or 

negligible when the input magnitudes Xi 

and Xj are independent, one of them is 

constant, or there is not enough 

information to evaluate it. In order to 

evaluate the (22), students are instructed 

to use few measurement values so that 

they complete the process manually, 

without help from a computer, and 

understand the operation they are 

performing (23). 

For this problem, it will be necessary to 

determine the correlation between the 

average Voltage = 𝑉measured and average 

Current =𝐼measured. We should take into 

account that the product of the two 

standard deviations (24), can also be seen 

in (23). 

This means that the two variables are 

strongly and positively correlated. 

 
4.10 Combined Uncertainty 

 

The measurements evaluated in this 

study are correlated because a variation in 

the voltage led to a linear change in the 

current passing through the resistance, 

and this is demonstrated with the 

calculation of the correlation coefficient 

(25). The objective function for this 

problem is: 

 

𝑅 =
𝑉average−𝐼average(𝑅𝑎)

𝐼 average
 = 733.31 𝑜ℎ𝑚 (25) 

 

It is important to take into account that, 

to obtain this expression and facilitate its 

derivation, 𝑅𝑎  must be assumed as a small 

value, which is why the term is 

negligible (26). 

 

 

𝑟(𝑋𝑖 , 𝑋𝑗) =

1
3 − 1

∑ (𝑋(𝑖𝑘) − 𝑋𝑖 average)(𝑋(𝑗𝑘) − 𝑋𝑗 average)3
𝑘=1

𝑆𝑋𝑖 measured
∗ 𝑆𝑋𝑗 measured

 (23) 

 

 

(𝑉measured, 𝐼measured) =

1
3 − 1

∑ (𝑉measured(𝑖) − 𝑉average)(𝐼measured(𝑖) − 𝐼average)3
𝑖=1

𝑆𝑉measured
∗ 𝑆𝐼measured

 

 

(24) 

 

 

𝐶𝑣 =
𝜕𝑅

𝜕𝑉
=

1

𝐼𝑎𝑣𝑒𝑟𝑎𝑔𝑒
 = 

1

163.63∗10−3𝐴
=  0,1227  𝐴−1 

 

𝐶𝑖 =
𝜕𝑅

𝜕𝐼
= −

𝑉𝑎𝑣𝑒𝑟𝑎𝑔𝑒

𝐼𝑎𝑣𝑒𝑟𝑎𝑔𝑒
2 = 

120.39 𝑉

0.163632𝐴
 = 4496.39 

𝑉

𝐴2 

(26) 

 

 

𝑈𝑐(𝑅)2 =  (
1

𝐼𝑎𝑣𝑒𝑟𝑎𝑔𝑒
)

2

(𝑈(𝑉𝑚𝑒𝑎𝑠𝑢𝑟𝑒)
2 + 𝑈(𝑓𝑢𝑛𝑐 𝑣𝑜𝑙𝑡)

2 + 𝑈(𝑟𝑒𝑠𝑜𝑙 𝑣𝑜𝑙𝑡)
2)

+ (−
𝑉𝑎𝑣𝑒𝑟𝑎𝑔𝑒

𝐼𝑎𝑣𝑒𝑟𝑎𝑔𝑒
2)

2

(𝑈(𝐼𝑚𝑒𝑎𝑠𝑢𝑟𝑒)
2 + 𝑈(𝑓𝑢𝑛𝑐 𝑎𝑚𝑝)

2 + 𝑈(𝑑𝑖𝑓𝑖𝑐 𝑙𝑒𝑐𝑡 𝑎𝑚𝑝)
2)  

 +  2 (
1

𝐼𝑎𝑣𝑒𝑟𝑎𝑔𝑒
) (−

𝑉𝑎𝑣𝑒𝑟𝑎𝑔𝑒

𝐼𝑎𝑣𝑒𝑟𝑎𝑔𝑒
2) (𝑈(𝑉𝑚𝑒𝑎𝑠𝑢𝑟𝑒) ∗ 𝑈(𝐼𝑚𝑒𝑎𝑠𝑢𝑟𝑒)∗𝑟(𝑉𝑚𝑒𝑎𝑠𝑢𝑟𝑒 , 𝐼𝑚𝑒𝑎𝑠𝑢𝑟𝑒)) 

(27) 
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After these values are obtained, the 

uncertainty for correlated variables is 

calculated solving the derivatives as (27). 

After the (27) is evaluated with each of 

the terms, it is possible to obtain the value 

of the combined uncertainty, which is (28). 

 
𝑈𝑐(𝑅)2 =75.85 + 135.52 + (-194.89) 

𝑈𝑐(𝑅)2 =  16.48 ohm 
𝑈𝑐(𝑅) =  4.05 𝑜ℎ𝑚 

(28) 

 

As the problem requires an expansion 

with a coverage factor k=2, it is obtained 

from (29). 

 

𝑈 =   u𝑐(R) = 2. u𝑐(R) = 2*4.05 ohm=8.10 ohm (29) 

 

 

Thus, the final R value determined 

with this method is (30): 

 
𝑅 = 733,31 +/−   8,10 𝑜ℎ𝑚 (30) 

 

 

5.  DISCUSSIONS 

 

With the exercise previously described, 

engineering students learn how to model a 

real-life problem through mathematical 

expressions that represent functions 

related to different variables (see (8)). 

Using this methodology, students will 

understand the importance of taking 

accurate measurements through the 

incorporation of uncertainty factors. To 

obtain this (25), students need to relate 

variables that are obtained as 

measurements (current and voltage) in 

order to determine the value of the 

resistance (𝑹). The ation, by itself, gives an 

approximate value of 𝑹 in ohms, but to 

obtain a more realistic value, uncertainty 

𝑼(𝑉measured, 𝐼measured) must be 

incorporated. Such uncertainty depends on 

two correlated variables, as demonstrated 

after the correlation coefficient is 

calculated. In order to evaluate the 

equations, students should use few 

measurement values so that they complete 

the process manually, without help from a 

computer, and understand the operation. 

A basic and elementary circuit was 

selected in order to focus this study the 

process on the methodology, the 

application of statistics, probability, 

differential calculation, and the conceptual 

side of uncertainty rather than the 

complex equations that may arise in a 

capacitive or inductive circuit. 

Students can thus learn about the two 

most commonly used types of uncertainty: 

(1) Type A, how it must be determined 

based on the measurements obtained 

during the experiment; and (2) Type B, 

which especially refers to the patterns of 

uncertainty of the instruments, which is 

normally provided by the manufacturer. 

The implementation of this type of 

methodology, which makes learning 

methods more accurate, has a direct 

impact on students’ performance and the 

knowledge they obtain due to the precision 

and extra work they carry out. 

 

 

6.  CONCLUSIONS 

 

Unlike the engineering teaching 

processes analyzed in the state of the art, 

the proposed methodology allows students 

to interact with the devices and 

understand, with mathematical 

calculations, the importance of applying 

statistics to solve real problems such as 

measurement uncertainty. 

After the correlation coefficient is 

determined 𝑟(𝑉measured, 𝐼measured)=0,992574

76 and a result close to (1) positive is 

observed, students learn and prove that 

there is correlation in the practice circuit: 

the voltage variation leads to a 

proportional current variation. In this 

case, that could be an indicator to 

determine the value of the combined 

uncertainty, which complicates the 

mathematical calculation to determine 

that value (see (27)). 
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Four fundamental sources of 

uncertainty were taken into account for 

each of the variables: random variations of 

the measured signals, instrument defects, 

instrument imprecision, and instrument 

resolution. Even if more uncertainty 

factors may be taken into account, 

students learn that they must consider 

possible uncertainty factors in their 

professional life. 

During the calculation of the 

uncertainty, students use the probabilistic 

knowledge they acquired after they 

determined the value of the uncertainty U 

from the combined uncertainty u𝑐 (R), 

where the coverage factor is taken into 

account. This allows us to learn the 

importance of expressing the results with 

higher (+) or lower (-) values of 

uncertainty. In the case of the exercise 

carried out in this work, 

R = 733.31 +/ 8.10 ohm. 
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